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Preface

This volume contains the proceedings of the 15th International Conference on
Theorem Proving in Higher Order Logics (TPHOLs 2002) held on 20–23 August
2002 in Hampton, Virginia, USA. The conference serves as a venue for the pre-
sentation of work in theorem proving in higher-order logics, and related areas
in deduction, formal specification, software and hardware verification, and other
applications.

Each of the 34 papers submitted in the full research category was refereed by
at least three reviewers from the program committee or by a reviewer appointed
by the program committee. Of these submissions, 20 papers were accepted for
presentation at the conference and publication in this volume.

Following a well-established tradition in this conference series, TPHOLs 2002
also offered a venue for the presentation of work in progress. For the work in
progress track, short introductory talks were given by researchers, followed by
an open poster session for further discussion. Papers accepted for presentation
in this track have been published as Conference Proceedings CP NASA-2002-
211736.

The organizers would like to thank Ricky Butler and Gérard Huet for grace-
fully accepting our invitation to give talks at TPHOLs 2002. Ricky Butler was
instrumental in the formation of the Formal Methods program at the NASA
Langley Research Center and has led the group since its beginnings. The NASA
Langley Formal Methods group, under Ricky Butler’s guidance, has funded,
been involved in, or influenced many formal verification projects in the US over
more than two decades. In 1998 Gérard Huet received the prestigious Herbrand
Award for his fundamental contributions to term rewriting and theorem proving
in higher-order logic, as well as many other key contributions to the field of au-
tomated reasoning. He is the originator of the Coq System, under development
at INRIA-Rocquencourt. Dr. Huet’s current main interest is computational lin-
guistics, however his work continues to influence researchers around the world in
a wide spectrum of areas in theoretical computer science, formal methods, and
software engineering.

The venue of the TPHOLs conference traditionally changes continent each
year in order to maximize the likelihood that researchers from all over the world
will attend. Starting in 1993, the proceedings of TPHOLs and its predecessor
workshops have been published in the following volumes of the Springer-Verlag
Lecture Notes in Computer Science series:

1993 (Canada) 780 1998 (Australia) 1479
1994 (Malta) 859 1999 (France) 1690
1995 (USA) 971 2000 (USA) 1869
1996 (Finland) 1125 2001 (UK) 2152
1997 (USA) 1275



VI Preface

The 2002 conference was organized by a team from NASA Langley Research
Center, the ICASE Institute at Langley Research Center, and Concordia Uni-
versity. Financial support came from Intel Corporation. The support of all these
organizations is gratefully acknowledged.

August 2002 Vı́ctor A. Carreño
César A. Muñoz
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Formalizing the Trading Theorem for the Classification of Surfaces . . . . . . . 148
Christophe Dehlinger, Jean-François Dufourd

Free-Style Theorem Proving . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
David Delahaye

A Comparison of Two Proof Critics: Power vs. Robustness . . . . . . . . . . . . . . 182
Louise A. Dennis, Alan Bundy



X Table of Contents

Two-Level Meta-reasoning in Coq . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
Amy P. Felty

PuzzleTool: An Example of Programming Computation and Deduction . . 214
Michael J.C. Gordon

A Formal Approach to Probabilistic Termination . . . . . . . . . . . . . . . . . . . . . . . 230
Joe Hurd

Using Theorem Proving for Numerical Analysis . . . . . . . . . . . . . . . . . . . . . . . . 246
Micaela Mayero

Quotient Types: A Modular Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263
Aleksey Nogin

Sequent Schema for Derived Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
Aleksey Nogin, Jason Hickey

Algebraic Structures and Dependent Records . . . . . . . . . . . . . . . . . . . . . . . . . 298
Virgile Prevosto, Damien Doligez, Thérèse Hardin
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Formal Methods at NASA Langley

Ricky Butler

Assessment Technology Branch
Mail Stop 130, NASA Langley Research Center

Hampton, VA 23681-2199
r.w.butler@larc.nasa.gov

Extended Abstract

In this talk, a short history of NASA Langley’s research in formal methods is
presented. The talk begins with an examination of the attempted formal verifi-
cation of the SIFT (Software Implemented Fault Tolerance) operating system in
the late 1970s. The primary goal of the SIFT verification project was to verify an
operating system for a fault-tolerant, distributed, real-time, avionics computing
platform. The SIFT project was deemed a failure because it did not meet its pri-
mary objective. However, important results in the field of computer science were
obtained from the SIFT project including fault tolerant clock synchronization,
Byzantine agreement (interactive consistency), and others.

After the SIFT project, formal methods at NASA Langley went through a
period of hibernation and would have probably died except for the providential
visit of John Cullyer to NASA Langley in 1988. Soon after this, a Memoran-
dum of Understanding (MOU) between NASA Langley and The Royal Signal
and Radar Establishment (RSRE) was initiated. NASA Langley was asked to
perform a critical assessment of the VIPER microprocessor, which had been de-
signed at the RSRE research laboratory. With the help of Computational Logic
Inc. (CLI) and the Boeing Commercial Airplane Company, the usefulness of
the VIPER processor for aerospace application was investigated. Computational
Logic wrote a critical review emphasizing the incompleteness of the VIPER me-
chanical proofs. Although an unprecedented level of analysis had been performed
on the VIPER, the CLI team did not consider hand-proofs to be adequate for
something like the VIPER. Once again Langley found itself in the midst of a
formal methods controversy. At the heart of this controversy was the nature of
proof itself. How rigorous does a proof have to be before one can claim that a
mathematical proof has been accomplished?

Next, NASA Langley began to fund the direct application of existing formal
methods to real problems in the aerospace industry. A competitive procurement
resulted in three contracts to Computational Logic Inc, SRI International, and
Odyssey Research Associates. During this period NASA Langley had its first
recognized successes in formal methods: the formal verification of the Rockwell
Collins AAMP5 microprocessor and the formal verification of the Draper FTPP
scoreboard circuit. Most of the work centered on fault-tolerance and hardware

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 1–2, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 Ricky Butler

verification at this time, but some initial work in modeling software was also ini-
tiated. The Jet Select subsystem of the Space Shuttle was modeled and later the
GPS upgrade and 3-Engine-Out upgrade was formally analyzed. Both theorem
proving and model checking approaches were pursued.

Towards the end of the 1990s the Langley team began to look into ways of
using formal methods to improve critical flight deck software. After the Pentium
bug mobilized the commercial silicon manufacturers to pursue formal verifica-
tion technology, the Langley team decided to focus its attention on software and
systems. Cooperative work with industry to model flight guidance systems, Ada
run-time systems, operating systems that support integrated modular avionics,
and other safety-critical applications were begun. In FY2000, the Langley for-
mal methods team began to work for the Aviation Safety Program. The Aviation
Safety Program is a NASA focused program with a goal of reducing the fatal
aviation accident rate by 80% in ten years and 90% in twenty years. Four new
contracts were started with a goal of using formal methods to make flight sys-
tems safer: (1) Rockwell Collins Advanced Technology Center to develop formal
requirements modeling and analysis techniques to detect and remove flight deck
mode confusion, (2) Honeywell Engines and Systems with SRI International to
adapt the Time Triggered Architecture (TTA) to a Full Authority Digital Engine
Control (FADEC), (3) Barron Associates/Goodrich to develop formal verifica-
tion methods that can serve as a basis for certifying non-adaptive neural nets,
and (4) University of Virginia to develop formal specification tools that inte-
grate formal and informal languages enabling the analysis of the combination.
In FY2001, the Langley formal methods team was asked to apply formal meth-
ods technology to the Air Traffic Management problem. Current work is looking
at conflict detection and resolution algorithms (CD&R) needed in future free
flight concepts and at merging and self-spacing algorithms in the terminal area.
These later algorithms are being developed in support of NASA Langley’s Small
Aircraft Transportation Systems (SATS) program. The Langley team has had
some early successes with the verification of Air Traffic Management concepts
and the outlook is quite promising for this area.

Future goals for the Langley formal methods program include (1) facilitating
the transfer of successful formal approaches into the product lines of aerospace
companies by developing cost-effective tools that integrate well with existing
industrial life-cycle processes, (2) working with the FAA to develop new cer-
tification processes that take advantage of the capabilities of formal methods,
(3) performing fundamental research in new challenging areas such as systems
where there are complex interactions between discrete and continuous compo-
nents, and (4) integrating formal methods technology into existing engineering
tools such as Mathworks.



Higher Order Unification 30 Years Later

(Extended Abstract)

Gérard Huet

INRIA-Rocquencourt
BP 105, F-78153 Le Chesnay Cedex

Gerard.Huet@inria.fr

Abstract. The talk will present a survey of higher order unification,
covering an outline of its historical development, a summary of its appli-
cations to three fields: automated theorem proving, and more generally
engineering of proof assistants, programming environments and software
engineering, and finally computational linguistics. It concludes by a pre-
sentation of open problems, and a few prospective remarks on promising
future directions. This presentation assumes as background the survey
by Gilles Dowek in the Handbook of automated theorem proving [28].

1 Theory

1.1 Early History

The problem of automating higher order logic was first posed by J. A. Robinson
in [100,101]. Peter Andrews formulated a version of the resolution principle for
accommodating Church’s Simple Theory of Types [16,4], and as early as 1964
Jim Guard’s team at Applied Logic Corporation had been independently inves-
tigating higher order logic versions of unification [42,41], but the complexity of
the problem appeared when higher order unification was shown to be undecid-
able in 1972, independently by G. Huet [46] and C. Lucchesi [61], a result to
be sharpened by W. Goldfarb [39]. Jensen and Pietrzykowky [89,50], at Uni-
versity of Waterloo, gave a complete recursive enumeration of unifiers, but the
process was over-generative in an untractable fashion, since computational quag-
mires happened where at every step of the process all previous solutions were
subsumed by the next one. Huet proposed a more tractable enumeration of pre-
unifiers for better conditioned problems, where rigidity of one of the problem
terms led to sequential behavior. By delaying ill-conditioned problems in the
form of constraints, it became possible to implement a complete version of the
resolution principle for Church’s Type Theory [49]. An extensive theory of uni-
fication in various algebraic settings, building on early work of G. Plotkin [90]
was developed by G. Huet in his Thèse d’Etat [47], while P. Andrews and his
collaborators at CMU went on implementing constrained resolution in the proof
assistant TPS [5].

Thus the original motivation for higher-order unification was its use as a
fundamental algorithm in automated theorem-provers. We shall see below that

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 3–12, 2002.
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4 Gérard Huet

the design and implementation of proof assistants is still its main application
area, not just in the setting of classical logic with versions of the resolution
principle, but in more general meta-theoretic frameworks, where it is the work
horse of pattern-matching and more generally proof search. For instance, exten-
sions of the term-rewriting paradigm of equational logic, building on higher-order
unification, were proposed by Nipkow, Jouannaud and Okada, Breazu-Tannen,
Blanqui, and many others [76,10], while C. Benzmüller investigated the addition
of equality paramodulation to higher-order resolution [8,9].

1.2 λ Prolog

It was soon realized that resolution was better behaved in the restricted context
of Horn sentences, and Colmerauer and Kowalski took advantage of this quality
in the framework of first-order logic with the design of PROLOG, which spurred
the whole new field of Logic Programming. The generalization of this promis-
ing technology to higher-order logic was successfully accomplished by D. Miller
with his λ-PROLOG system [65,73]. G. Nadathur further investigated the λ-
PROLOG methodology and its efficient implementation [71,72,70,73,74]. In the
Mali team in Rennes, Yves Bekkers and colleagues implemented a λ-PROLOG
machine with specific dynamic memory management [7,14]. The most impres-
sive application of the λ-PROLOG formalism was accomplished by F. Pfenning
in his ELF system, a logic programming environment for Edinburgh’s Logical
Framework [85,88].

The theory of higher-order unification in more powerful higher order frame-
works, encompassing dependent types, polymorphism, or inductive types, was
investigated by C. Elliott[31,32], G. Pym [96], G. Dowek [20,26], F. Pfenning
[86,87] etc. in a series of publications in the 80’s and 90’s. We refer the inter-
ested reader to the extensive presentation in G. Dowek’s survey [28].

1.3 Matching

An important special case of unification (i.e. solving equations in term struc-
tures) is when one of the terms is closed. Unification in this special case is
pattern matching, a specially important algorithm in symbolic computation.
Huet’s semi-decision algorithm turned into an algorithm generating a finite set
of solutions in the case of second-order terms [47,48,22]. Furthermore, it was
possible to combine pattern-matching for linear terms with first-order unifica-
tion, as Miller demonstrated with his higher-order patterns [66]. However, the
general problem in the full higher-order hierarchy remained open for a long time.
G. Dowek showed that the third-order problem was decidable [27], while exten-
sions in various other directions led to undecidability [21,24]. Padovani showed
that the fourth-order case was decidable [80,81,82]. Wolfram gave an algorithm
which always terminate [115], but whose completeness is dubious. More recently,
Loader announced the undecidability of higher-order matching in [59,60], but the
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argument does not carry over if the η rule of extensionality is added to β com-
putation rule of λ calculus. This vexing but important problem is thus still open
after 30 years of intense investigation.

2 Applications

The talk will survey applications in three domains.

2.1 Proof Technology

Early experiments with resolution systems as proof assistants were extremely
naive, since full automation was aimed at, for mathematical theories which are
undecidable or at least badly untractable. It is interesting that to this day re-
search teams keep the pretense of solving deep mathematical problems in a fully
automated fashion, despite all evidence to the contrary.

Hopefully better methodologies exist than attempting to solve mathematics
with combinatorial blackboxes. Proof Assistants, following the early models of
Automath, LCF and NuPRL, have been designed as interactive systems, where
the mathematically sophisticated user drives a proof search process with the
help of specialized, programmable tactics implementing decision or semi-decision
procedures, which operate on formulas kept in user-understandable terms. Two
paradigms are of paramount importance in this newer vision of proof search: the
use of general meta-level formalisms (the so-called logical frameworks, where
generic pattern-matching and unification algorithms are put to use), and the
recognition of proof structures as higher-order objects themselves (through suit-
able instances of the Curry-Howard correspondence). This gave a second life to
higher-order unification, at the level of proof search this time (and not just at the
level of terms search). This methodology was clearly articulated by G. Dowek
in his thesis [20,23] and by by D. Miller and A. Felty [2,35]. Typical of this ap-
proach are the proof assistants Isabelle [83], the Edinburgh Logical Framework
and its ELF Logic Programming engine [85,88], and the various versions of the
Calculus of Constructions or Intuitionistic Type Theory implementations (Coq,
Lego, Alf).

2.2 Program Schemas Manipulation and Software Engineering

The second-order matching algorithm presented in the 70’s by Huet and Lang
[48] was motivated by an application to program schemas recognition, in a soft-
ware engineering paradigm of program transformations originally proposed by
Burstall and Darlington. Indeed, all the Burstall and Darlington rewrite rules
were easily encompasssed by this technology, but it seemed difficult to extrapo-
late this simple methodology to software engineering in the large. Still, grandiose
projects of Inferential Programming based on Semantically Based Program-
ming Tools were lavishly financed in the 80’s on such principles [55]. What
finally emerged when the dust settled was the notion of Higher-order Abstract
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Syntax as a fundamental structure for logic-based programming environments
[67,45,84,3,51,64].

2.3 Anaphora Resolution and Other Computational Linguistics
Applications

Meanwhile, researchers in computational linguistics working at the frontier be-
tween syntax and semantics, and notably within Montague Semantics, had been
investigating the resolution of anaphora constructions (pronouns, focus, ellipsis,
etc.) through the higher order unification algorithm. Such experiments were fa-
cilitated by the widespread adoption of PROLOG as a computation paradigm in
this community. Typical representatives of this approach were Dale Miller and
Gopalan Nadathur at CMU [68], S. Shieber and colleagues in Harvard [62,114], S.
Pulman in SRI/Cambridge [95], and C. Gardent and colleagues in Saarbrücken
[15,37,38,36].

3 Prospective

The talk will end with some prospective remarks.
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de Doctorat, Université de Paris VII, 1991.
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Abstract. Combining Higher Order Abstract Syntax (HOAS) and in-
duction is well known to be problematic. We have implemented a tool
called Hybrid, within Isabelle HOL, which does allow object logics to
be represented using HOAS, and reasoned about using tactical theorem
proving in general and principles of (co)induction in particular. In this
paper we describe Hybrid, and illustrate its use with case studies. We also
provide some theoretical adequacy results which underpin our practical
work.

1 Introduction

Many people are concerned with the development of computing systems which
can be used to reason about and prove properties of programming languages.
However, developing such systems is not easy. Difficulties abound in both prac-
tical implementation and underpinning theory. Our paper makes both a theoret-
ical and practical contribution to this research area. More precisely, this paper
concerns how to reason about object level logics with syntax involving variable
binding—note that a programming language can be presented as an example
of such an object logic. Our contribution is the provision of a mechanized tool,
Hybrid, which has been coded within Isabelle HOL, and

– provides a form of logical framework within which the syntax of an object
level logic can be adequately represented by higher order abstract syntax
(HOAS);

– is consistent with tactical theorem proving in general, and principles of in-
duction and coinduction in particular; and

– is definitional which guarantees consistency within a classical type theory.

We proceed as follows. In the introduction we review the idea of simple logical
frameworks and HOAS, and the problems in combining HOAS and induction.
In Section 2 we introduce our tool Hybrid. In Section 3 we provide some key
technical definitions in Hybrid. In Section 4 we explain how Hybrid is used to
represent and reason about object logics, by giving some case studies. In Section 5
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we give a mathematical description of Hybrid together with some underpinning
theory. In Section 6 we review the articles related to our work. In Section 7 we
comment on future plans.
Hybrid provides a form of logical framework. Here we briefly recall some

fundamental technical details of a basic logical framework, by using
the vehicle of quantified propositional logic (QPL) as an object level
logic—the notation will be used in Sections 4 and 5. While this is a
very small logic, it comes with a single binding construct which exemplifies the
problems we are tackling. We let V1, V2, . . . be a countable set of (object level)
variables. The QPL formulae are given by Q ::= Vi | Q ⊃ Q | ∀Vi. Q. Recall how
to represent QPL in a simple logical framework—the framework here provides
a form of HOAS, following [25]. A framework theory is specified by a signature
of ground types which generate function types, and constants. The objects of
the theory are given by e ::= name | vi | e e | λ vi. e where name ranges over
constants, and i ranges over N giving a countable set of (meta) variables vi. From
this, a standard type assignment system can be formulated, leading to a notion
of canonical form. We refer the reader to [25] for the full definition. To represent
QPL we take a ground type oo of formulae. We also give the constants of the
theory, each of which corresponds to a QPL constructor. For QPL we specify
Imp :: oo ⇒ oo ⇒ oo and All :: (oo ⇒ oo) ⇒ oo. One can define a translation
function �−� by the clauses

�Vi� def= vi �Q1 ⊃ Q2� def= Imp �Q1� �Q2� �∀Vi. Q� def= All (λ vi. �Q�)

One can then show that this translation gives a “sensible” representation of QPL
in the framework, meaning that the function �−� provides a bijection between
QPL and canonical objects, and further �−� is compositional on substitution.
Although there are well known benefits in working with such higher order

abstract syntax, there are also difficulties. In general, it is not immediately clear
how to obtain a principle of induction over expressions or how to define functions
on them by primitive recursion, although such principles do exist [27]. Worse still,
apparently promising approaches can lead to inconsistencies [16]. The axiom of
choice leads to loss of consistency, and exotic terms may lead to loss of adequacy.
In our example, one would like to view the constants above as the constructors
of a datatype oo ::= var | Imp (oo ∗ oo) | All (oo ⇒ oo) so that an induction
principle is “immediate”. Such datatype declarations would be perfectly legal in
functional programming languages. In a theorem prover such as Isabelle HOL the
constructors of a datatype are required to be injective [13]. However, the function
All : : (oo ⇒ oo)⇒ oo cannot be injective for cardinality reasons (Cantor’s proof
can be formalized within HOL) as Isabelle HOL provides a classical set theory.
Moreover, the function space oo ⇒ oo yields Isabelle HOL definable functions
which do not “correspond” to terms of QPL. Such functions give rise to terms
in oo which are unwanted, so-called exotic terms such as

All (λx. if x = u then u else All (λ z. z))
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We show that it is possible to define a logical framework in which All is injective
on a subset of oo ⇒ oo. The subset is sufficiently large to give an adequate
representation of syntax—see Section 4.1.

2 Introducing Hybrid

Within Isabelle HOL, our goal is to define a datatype for λ-calculus with
constants over which we can deploy (co)induction principles, while
representing variable binding through Isabelle’s HOAS. We do this in
a tool called Hybrid, which we introduce in this section. Our starting
point is the work [1] of Andrew Gordon, which we briefly review. It is well known
(though rarely proved—see Section 5) that λ-calculus expressions are in bijection
with (a subset of) de Bruijn expressions. Gordon defines a de Bruijn notation
in which expressions have named free variables given by strings. He can write
T = dLAMBDA v t (where v is a string) which corresponds to an abstraction in
which v is bound in t. The function dLAMBDA has a definition which converts
T to the corresponding de Bruijn term which has an outer abstraction, and
a subterm which is t in de Bruijn form, in which (free) occurrences of v are
converted to bound de Bruijn indices. For example,

dLAMBDA v (dAPP (dVAR v) (dVAR u)) = dABS (dAPP (dBND 0) (dVAR u))

Gordon demonstrates the utility of this approach. It provides a good mechanism
through which one may work with named bound variables, but it does not exploit
the built in HOAS which Isabelle HOL itself uses to represent syntax. The novelty
of our approach is that we do exploit the HOAS at the meta (machine) level.
We introduce Hybrid by example. First, some basics. Of central importance

is a Isabelle HOL datatype of de Bruijn expressions, where bnd and var are the
natural numbers, and con provides names for constants

expr ::= CON con | VAR var | BND bnd | expr $$ expr | ABS expr

Let TO = ΛV1. Λ V2. V1 V3 be a genuine, honest to goodness (object level) syn-
tax1 tree. Gordon would represent this by

TG = dLAMBDA v1 (dLAMBDA v2 (dAPP (dVAR v1) (dVAR v3)))

which equals
dABS (dABS (dAPP (dBND 1) (dVAR v3)))

Hybrid provides a binding mechanism with similarities to dLAMBDA. Gordon’s
T would be written as LAM v. t in Hybrid. This is simply a definition for a
de Bruijn term. A crucial difference in our approach is that bound variables
in the object logic are bound variables in Isabelle HOL. Thus the v in LAM v. t

1 We use a capital Λ and capital V to avoid confusion with meta variables v and meta
abstraction λ.
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is a metavariable (and not a string as in Gordon’s approach). In Hybrid we
also choose to denote object level free variables by terms of the form VAR i;
however, this has essentially no impact on the technical details—the important
thing is the countability of free variables. In Hybrid the TO above is rendered
as TH = LAM v1. (LAM v2. (v1 $$ VAR 3)). The LAM is an Isabelle HOL binder,
and this expression is by definition

lambda (λ v1. (lambda (λ v2. (v1 $$ VAR 3))))

where λvi is meta abstraction and one can see that the object level term is
rendered in the usual HOAS format, where lambda : : (expr ⇒ expr) ⇒ expr is
a defined function. Then Hybrid will reduce TH to the de Bruijn term

ABS (ABS (BND 1 $$ VAR 3))

as in Gordon’s approach. The key to this is, of course, the definition of lambda,
which relies crucially on higher order pattern matching. We return to its defini-
tion in Section 3. In summary, Hybrid provides a form of HOAS where object
level

– free variables correspond to Hybrid expressions of the form VAR i;
– bound variables correspond to (bound) meta variables;
– abstractions ΛV.E correspond to expressions LAM v. e = lambda (λ v. e);
– applications E1 E2 correspond to expressions e1 $$ e2.

3 Definition of Hybrid in Isabelle HOL

Hybrid consists of a small number of Isabelle HOL theories. One of these provides
the dataype of de Bruijn expressions given in Section 2. The theories also contain
definitions of various key functions and inductive sets. In this section we
outline the definitions, and give some examples, where e ranges over
Isabelle HOL expressions. We show how Hybrid provides a form of
HOAS, and how this can be married with induction.
We are going to use a pretty-printed version of Isabelle HOL concrete syntax;

a rule
H1 . . .Hn

C

will be represented as [[ H1; . . . ;Hn ]] =⇒ C. An Isabelle HOL type declaration
has the form s : : [ t1, . . . tn ] ⇒ t. The Isabelle metauniversal quantifier is

∧
,

while Isabelle HOL connectives are represented via the usual logical notation.
Free variables are implicitly universally quantified. Datatypes will be introduced
using BNF grammars. The sign == (Isabelle metaequality) will be used for
equality by definition.
Note that all of the infrastructure of Hybrid, which we now give, is specified

definitionally. We do not postulate axioms, as in some approaches reviewed in
Section 6, which require validation.
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level : : [ bnd , expr ]⇒ bool Recall that BND i corresponds to a bound vari-
able in the λ-calculus, and VAR i to a free variable; we refer to bound and free
indices respectively. We call a bound index i dangling if i or less Abs labels
occur between the index i and the root of the expression tree. e is said to be at
level l ≥ 1, if enclosing e inside l Abs nodes ensures that the resulting expression
has no dangling indices. These ideas are standard, as is the implementation of
level .

proper : : expr ⇒ bool One has proper e == level 0 e. A proper expression is
one that has no dangling indices and corresponds to a λ-calculus expression.

insts : : bnd ⇒ (expr )list ⇒ expr ⇒ expr We explain this function by ex-
ample. Suppose that j is a bound index occurring in e, and v0, . . . , vm a list of
metavariables of type expr . Let BND j be enclosed by a ABS nodes. If a ≤ j
(so that j dangles) then insts replaces BND j by vj−a. If j does not dangle, then
insts leaves BND j alone. For example, noting 5− 2 = 3,
insts 0 v0, . . . , vm ABS (ABS (BND 0 $$ BND 5)) = ABS (ABS (BND 0 $$ v3))

abst : : [ bnd , expr ⇒ expr ]⇒ bool This predicate is defined by induction as
a subset of bnd ∗ (expr ⇒ expr). The inductive definition is

=⇒ abst i (λ v. v)
=⇒ abst i (λ v.VAR n)

j < i =⇒ abst i (λ v.BND j)
[[ abst i f ; abst i g ]] =⇒ abst i (λ v. f v $$ g v)

abst (Suc i) f =⇒ abst i (λ v.ABS (f v))

This definition is best explained in terms of the next function.
abstr : : [ expr ⇒ expr ]⇒ bool We set abstr e == abst 0 e. This function de-

termines when an expression e of type expr ⇒ expr is an abstraction. This
is a key idea, and the notion of an abstraction is central to the formulation of
induction principles. We illustrate the notion by example. Suppose that ABS e
is proper; for example let e = ABS (BND 0 $$ BND 1). Then e is of level 1, and
in particular there may be some bound indices which now dangle; for exam-
ple BND 1 in ABS (BND 0 $$ BND 1). An abstraction is produced by replacing
each occurrence of a dangling index with a metavariable (which can be auto-
mated with insts) and then abstracting the meta variable. Our example yields
the abstraction λ v.ABS (BND 0 $$ v).

lbnd : : [ bnd , expr ⇒ expr , expr ]⇒ bool This predicate is defined as an in-

ductive subset of S def= bnd ∗ (expr ⇒ expr) ∗ expr . The inductive definition
is

=⇒ lbnd i (λ v. v) (BND i)
=⇒ lbnd i (λ v.VAR n) (VAR n)
=⇒ lbnd i (λ v.BND j) (BND j)

[[ lbnd i f s; lbnd i g t ]] =⇒ lbnd i (λ v. f v $$ g v) (s $$ t)
lbnd (Suc i) f s =⇒ lbnd i (λ v.ABS (f v)) (ABS s)



18 Simon J. Ambler et al.

There is a default case (omitted above) which is called when the second argument
does not match any of the given patterns. It is a theorem that this defines a
function. The proof is by induction on the rank of the function where rank f =
= size (f (VAR 0)).

lbind : : [ bnd, expr ⇒ expr ]⇒ expr Set lbind i e == ε s. lbnd i e s where ε

is the description operator. Consider the abstraction λ v.ABS (BND 0 $$ v). The
arguments to lbind consist of a bound index, and an abstraction. The intuitive
action of this function is that it replaces each bound occurrence of a binding
variable in the body of an abstraction, with a bound index, so that a level 1
expression results. This is the reverse of the procedure defined in the paragraph
concerning abstractions, where dangling indices were instantiated to metavari-
ables using insts. In practice, lbind will be called on 0 at the top level. Thus one
has

lbind 0 (λ v.ABS (BND 0 $$ v)) = . . . = ABS (BND 0 $$ BND 1)

lambda : : (expr ⇒ expr)⇒ expr Set lambda e == ABS (lbind 0 e). Its pur-
pose is to transform an abstraction into the “corresponding” proper de Bruijn
expression. Our running example yields

lambda (λ v.ABS (BND 0 $$ v)) = ABS (ABS (BND 0 $$ BND 1))

It is easy to perform induction over a datatype of de Bruijn terms. However,
we wish to be able to perform induction over the Hybrid expressions which we
have just given. In order to do this, we want to view the functions CON, VAR,
$$, and lambda as datatype constructors, that is, they should be injective, with
disjoint images. In fact, we identify subsets of expr and expr ⇒ expr for which
these properties hold. The subset of expr consists of those expressions which are
proper. The subset of expr ⇒ expr consists of all those e for which LAM v. e v
is proper. In fact, this means e is an abstraction, which is intuitive but requires
proof—it is a Hybrid theorem. We can then prove that

[[ abstr e; abstr f ]] =⇒ (Lamx. e x = Lam y. f y) = (e = f) INJ

which says that lambda is injective on the set of abstractions. This is crucial for
the proof of an induction principle for Hybrid, which is omitted for reasons of
space, but will appear in a journal version of this paper.

4 Hybrid as a Logical Framework

Recall that in Section 2 we showed that Hybrid supports HOAS. In this section
we show how Hybrid can be used as a logical framework to represent
object logics, and further how we can perform tactical theorem prov-
ing.
The system provides:

– A number of automatic tactics: for example proper tac (resp. abstr tac) will
recognize whether a given term is indeed proper (resp. an abstraction).
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– A suite of theorems: for example, the injectivity and distinctness properties
of Hybrid constants, and induction principles over expr and expr ⇒ expr,
as discussed in Section 3.

Note that the adequacy of our representations will be proved in a forthcoming
paper.

4.1 Quantified Propositional Logic

We begin with an encoding of the quantified propositional logic introduced in
Section 1. While the fragment presented there is functionally complete, we choose
to work with the following syntax

Q ::= Vi | ¬Q | Q ∧Q′ | Q ∨Q′ | Q ⊃ Q′ | ∀Vi. Q | ∃Vi. Q

This will allow us to demonstrate the representation of object level syntax in
detail, and show some properties of an algorithm to produce negation normal
forms.
So far we have written expr for the type of Hybrid expressions. This was

to simplify the exposition, and does not correspond directly to our code. There
one sees that Hybrid actually provides a type con expr of de Bruijn expressions,
where con is a type of names of constants. Typically, such names are for object
logic constructors. Thus we can define a different type con for each object logic
we are dealing with. In the case of QPL, we declare

con ::= cNOT | cIMP | cAND | cOR | cALL | cEX

followed by a Isabelle HOL type whose elements represent the object level formu-
lae, namely oo == con expr . Readers should pause to recall the logical framework
(and HOAS) of Section 1.
Now we show how to represent the object level formulae, as Hybrid expres-

sions of type oo. The table below shows analogous constructs in LF and Hybrid.

Constants Application Abstraction
LF name e1 e2 λ vi. e

Hybrid CON cNAME e1 $$ e2 LAM vi. e

In the next table, we show the representation of the object level formulae Q ⊃ Q′

and ∀Vi. Q in LF and Hybrid, where �−� is a translation function
LF Imp �Q� �Q′� All (λ v. �Q�)

Hybrid CON cIMP $$ �Q� $$ �Q′� CON cALL $$ LAM v. �Q�
Abbrevs �Q� Imp �Q′� All v. �Q�

The bottom row introduces some Isabelle HOL binders as abbreviations for the
middle row, where the Isabelle HOL definitions are

q Imp q′ == CON cIMP $$ q $$ q′ where Imp : : [ oo, oo ]⇒ oo
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and

All v. q v == CON cALL $$ LAM v. q v where All : : (oo ⇒ oo)⇒ oo

The code for the representation of the remainder of QPL is similar:

And : : [ oo, oo ]⇒ oo Or : : [ oo, oo ]⇒ oo
q And q′ == CON cAND $$ q $$ q′ q Or q′ == CON cOR $$ q $$ q′

Not : : oo ⇒ oo Ex : : (oo ⇒ oo)⇒ oo
Not q == CON cNOT $$ q Ex v. q v == CON cEX $$ LAM v. q v

The QPL formula ∀V1. ∀V2. V1 ⊃ V2 is represented by All v1.All v2. v1 Imp v2,
although the “real” underlying form is

CON cALL $$ (LAM v1.CON cALL $$ LAM v2. (CON cIMP $$ v1 $$ v2)

These declarations almost induce a data-type, in the sense the above defined
constants enjoy certain freeness properties, much as they would if they were
datatype constructors. We can prove that they define distinct values; for ex-
ample All v. q v �= Ex v. q v. This is achieved by straightforward simplification
of their definitions to the underlying representation. Injectivity of higher-order
constructors (recall the end of Section 1) holds conditionally on their bodies be-
ing abstractions. In particular, recall from Section 3 the result INJ that the
LAM binder is injective on the set of abstractions. Simplification will yield
[[ abstr e; abstr f ;All v. e v = All v. f v ]] =⇒ e = f. Since the type oo of le-
gal formulae is merely an abbreviation for Hybrid expressions, we need to in-
troduce a “well-formedness” predicate, such that isForm �Q� holds iff Q is a
legal object level formula.2 The inductive definition of isForm in Isabelle HOL
is immediate as far as the propositional part of QPL is concerned, for exam-
ple [[ isForm p; isForm q ]] =⇒ isForm ( p Imp q). For the quantified part, we first
remark that in a framework such as LF one would write

[[ ∀y. isForm y → isForm (p y) ]] =⇒ isForm (All v. p v)

This is not possible in Isabelle HOL, since the above clause, if taken as primitive,
would induce a (set-theoretic) non-monotone operator, and cannot be part of an
introduction rule in an inductive definition. Therefore, we instead descend into
the scope of the quantifier replacing it with a fresh free variable and add the
corresponding base case:

isForm (VAR i)
[[ abstr p; ∀i. isForm (p (VAR i)) ]] =⇒ isForm (All v. p v)

We can now proceed to an encoding of an algorithm for negation normal
form as an inductive relation, where we skip some of the propositional clauses,

2 Please see remarks in Section 7 concerning internalizing such predicates as types.
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and Φ abbreviates abstr p; abstr q;

nnf (VAR i) (VAR i)
nnf (Not (VAR i)) (Not (VAR i))

nnf b d =⇒ nnf (Not (Not b)) d
[[ nnf (Not p) d; nnf (Not q)e ]] =⇒ nnf (Not ( p And q)) ( d Or e)

. . .
[[ Φ; ∀i. nnf (Not (p (VAR i)))(q (VAR i)) ]] =⇒ nnf (Not (Ex v. p v)) (All v. q v)
[[ Φ; ∀i. nnf (Not (p (VAR i)))(q (VAR i)) ]] =⇒ nnf (Not (All v. p v)) (Ex v. q v)
[[ Φ; ∀i. nnf (Not (p (VAR i)))(q (VAR i)) ]] =⇒ nnf (All v. p v) (All v. q v)
[[ Φ; ∀i. nnf (Not (p (VAR i)))(q (VAR i)) ]] =⇒ nnf (Ex v. p v) (Ex v. q v)

Note how, in the binding cases, we explicitly state in Φ which second-order
terms are abstractions; this allows us to exploit the injectivity of abstractions to
derive the appropriate elimination rules.
It is possible to show in a fully automatic way that the algorithm yields

negation normal forms (whose definition is omitted), that is nnf q q′ =⇒ isNnf q′.
Moreover it is a functional relation: nnf q q1 =⇒ ∀q2. nnf q q2 → q1 = q2. The
latter proof exploits a theorem regarding extensionality of abstractions, namely:

[[ abstr e; abstr f ; ∀i. e (VAR i) = f (VAR i) ]] =⇒ e = f

Note that the above is taken as an axiom in the Theory of Contexts [17].

4.2 Operational Semantics in the Lazy Lambda Calculus

The object logic in this section is yet another λ-calculus, Abramsky’s lazy one
[2]. We describe some properties of its operational semantics. In particular, we
give HOAS encodings of some notions such as divergence and simulation which
are naturally rendered coinductively—this can only be approximated in other
approaches, as we discuss in Section 6.
To represent the lazy λ-calculus, the type con will contain the names cAPP

and cABS , used to represent object level application and abstraction. We then
define the constants below from these names, where lexp == con expr .

@ : : [ lexp, lexp ]⇒ lexp Fun . : : (lexp ⇒ lexp)⇒ lexp
p @ q == CON cAPP $$ p $$ q Funx. f x == CON cABS $$ LAM x. f x

The definition of the well-formedness predicate isExp is analogous to the one in
Section 4 and is omitted.
The benefits of obtaining object-level substitution via metalevel β-conversion

are exemplified in the encoding of call-by-name evaluation (on closed terms) via
the inductive definition of >> : : [ lexp, lexp ]⇒ bool .

[[ abstr e; ∀i. isExp (e (VAR i)) ]] =⇒ Funx. e x >> Funx. e x
[[ e1 >> Funx. e x; abstr e; isExp e2; (e e2) >> v ]] =⇒ (e1 @ e2) >> v

Standard properties such as uniqueness of evaluation and value soundness have
direct proofs based only on structural induction and the introduction and elim-
ination rules.
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Divergence can be defined co-inductively as the predicate divrg : : lexp ⇒
bool :

[[ isExp e1; isExp e2; divrg e1 ]] =⇒ divrg (e1 @ e2)
[[ e1 >> Funx. e x; abstr e; isExp e2; divrg (e e2) ]] =⇒ divrg (e1 @ e2)

We can give a fully automated co-inductive proof of the divergence of combi-
nators such as Ω

def= (Funx. x @ x) @ (Funx. x @ x), once we have added the
abstr tac tactic to the built-in simplifier. Moreover, there is a direct proof that
convergence and divergence are exclusive and exhaustive.
Applicative (bi)simulation ≤ : : [ lexp, lexp ] ⇒ bool is another interesting

(co-inductive) predicate with the single introduction rule

[[ ∀t. r >> Funx. t x ∧ abstr t→ (∃u. s >> Funx. u x ∧ abstr u ∧
(∀p.isExp p→ (t p) ≤ (u p))) ]] =⇒ r ≤ s

The HOAS style here greatly simplifies the presentation and correspondingly
the metatheory. Indeed, with the appropriate instantiation of the coinductive
relation, the proofs that simulation is a pre-order and bisimulation an equivalence
relation are immediate. Other verified properties include Kleene equivalence is
a simulation, and divergent terms are the least element in this order.

4.3 The Higher-Order π-Calculus

We present an encoding of the monadic higher-order π-calculus [24], with struc-
tural congruence and reaction rules; see [11] for a review of other styles of en-
codings for the first-order case. The syntax is given by the following, where a, a
ranges over names, X over agent variables:

α ::= τ | a(X) | a〈P 〉
P ::= X | Σi∈Iαi. P | (P1 | P2) | (νa)P

The encoding introduces appropriate type abbreviations (namely pi and name)
and constants; we concentrate on restriction, input and output:

New : : (name ⇒ pi)⇒ pi
(New a)p a == CON cNU $$ LAM a. p a

In : : [name, (pi ⇒ pi) ]⇒ pi
In a (p) == CON cIN $$ lambda p

Out : : [name, pi , pi ]⇒ pi
Out a〈p〉q == CON cOUT $$ a $$ p $$ q

Replication is defined from these constants and need not be primitive:

! p == (New a)(D|Out a〈p|D〉) where D == In a (λx. (x|Out a〈x〉))
We then inductively define well-formed processes isProc p, whose introduction
rules are, omitting non-binding cases,

isProc (VAR i)
[[ abstr p; ∀a. isName a→ isProc (p a) ]] =⇒ isProc (New a)p a

[[ abstr p; isName a; ∀i. isProc (p (VAR i)) ]] =⇒ isProc In a (p)
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Restriction, being represented as a function of type name ⇒ pi is well-formed if
its body (p a) is, under the assumption isName a; this differs from input, which
contains a function of type pi ⇒ pi .

Process abstraction is defined by procAbstr p == abstr p ∧ (∀q. isProc q →
isProc (p q)). Next, structural congruence is introduced and we proceed to encode
reaction rules as the inductive definition �−→ : : [ pi ⇒ pi ]⇒ bool . Note that the
presence of the structural rule make this unsuitable for search. Here is a sample:

[[ procAbstr p; isProc q; isProc p′; isName a ]] =⇒ In a (p)|Out a〈q〉p′ �−→ (p q)|p′

[[ abstr p; abstr p′; (∀a. isName a→ (p a) �−→ (p′ a)) ]] =⇒ (New a)p a �−→ (New a)p′ a

A formalization of late operational semantics following [18] is possible and will
be treated within a separate paper.

5 A Theory of Hybrid

The goal of this section is to describe a mathematical model of Hybrid
and then show that the model provides an adequate representation
of the λ-calculus. The work here serves to illustrate and under-pin
Hybrid. We proceed as follows. In Section 5.1 we set up an explicit bijection
between the set of alpha equivalence classes of lambda expressions, and the set
of proper de Bruijn terms. This section also allows us to introduce notation.
In Section 5.2 we prove adequacy for an object level λ-calculus by proving an
equivalent result for (proper) object level de Bruijn expressions, and appealing
to the bijection.
First, some notation for the object level. λ-calculus expressions are inductively

defined by E ::= Vi | E E | ΛVi. E. We write E[E′/Vi] for capture avoiding
substitution, E ∼α E′ for α-equivalence, and [E]α for alpha equivalence classes.
We write LE for the set of expressions, and LE/∼α for the set of all alpha
equivalence classes. The set of de Bruijn expressions is denoted by DB, and
generated by D ::= i | i | D $ D | A(D) where i is a free index. We write DB(l)
for the set of expressions at level l, and PDB for the set of proper expressions.
Note that PDB = DB(0) ⊂ DB(1) . . . ⊂ DB(l) . . . ⊂ DB and DB = ⋃l<ω DB(l).

5.1 A Bijection between λ-Calculus and Proper de Bruijn

Theorem 1. There is a bijection θ:LE/∼α � PDB:φ between the set LE/∼α

of alpha equivalence classes of λ-calculus expressions, and the set PDB of proper
de Bruijn expressions,

In order to prove the theorem, we first establish in Lemma 1 and Lemma 2
the existence of a certain family of pairs of functions [[−]]L:LE � DB(|L|): (|−|)L.
Here, list L of length |L| is one whose elements are object level variables Vi. We
say that L is ordered if it has an order reflected by the indices i, and no repeated
elements. The first element has the largest index. We write ε for the empty list.

Lemma 1. For any L, there exists a function [[−]]L:LE → DB(|L|) given recur-
sively by
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– [[Vi]]L
def= if Vi �∈ L then i else posn Vi L where posn Vi L is the position of Vi

in L, counting from the head, which has position 0.
– [[E1 E2]]L

def= [[E1]]L $ [[E2]]L
– [[ΛVi. E]]L

def= A([[E]]Vi,L
)

Lemma 2. For any ordered L, there exists a function (|−|)L:DB(|L|) → LE
given recursively by

– (|i|)L def= Vi

– (|j|)L def= elem j L the jth element of L

– (|D1 $ D2|)L def= (|D1|)L (|D2|)L
– (|A(D)|)L def= ΛVM+1. (|D|)VM+1,L where M

def= Max (D;L)

Max (D;L) denotes the maximum of the free indices which occur in D and the
index j, where Vj is the head of L.

The remainder of the proof involves establishing facts about these functions.
It takes great care to ensure all details are correct, and many sub-lemmas are
required! We prove that each pair of functions “almost” gives rise to an isomor-
phism, namely that [[(|D|)L]]L = D and that (|[[E]]L|)L′ ∼α E[L′/L]. Let q:LE →
LE/∼α be the quotient function. We define θ([E]α)

def= [[E]]ε and φ
def= q ◦ (|−|)ε,

and the theorem follows by simple calculation. Although our proofs take great
care to distinguish α-equivalence classes from expressions, we now write simply
E instead of [E]α, which will allow us to write [[−]]L:LE/∼α � DB(|L|): (|−|)L

5.2 Adequacy of Hybrid for the λ-Calculus

It would not be possible to provide a “complete” proof of the adequacy of the
Hybrid machine tool for λ-calculus. A compromise would be to work with a
mathematical description of Hybrid, but even that would lead to extremely long
and complex proofs. Here we take a more narrow approach—we work with what
amounts to a description of a fragment of Hybrid as a simply typed lambda
calculus—presented as a theory in a logical framework as described in Section 1.
Before we can state the adequacy theorem, we need a theory in the logical
framework which we regard as a “model” of Hybrid. The theory has ground types
expr , var and bnd . The types are generated by σ ::= expr | var | bnd | σ ⇒ σ.
We declare constants

i :: var BND :: bnd ⇒ expr
i :: bnd $$ :: expr ⇒ expr ⇒ expr

VAR :: var ⇒ expr ABS :: expr ⇒ expr

where i ranges over the natural numbers. The objects are generated as in Sec-
tion 1. Shortage of space means the definitions are omitted—here we aim to give
a flavour of our results. Our aim is to prove
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Theorem 2 (Representational Adequacy).

– There is an injective function || − ||ε:LE/∼α → CLFexpr(∅) which is
– compositional on substitution, that is

||E[E′/Vi]||ε = subst ||E′||ε i ||E||ε
where subst e′ i e is the function on canonical expressions in which e′ replaces
occurrences of VAR i in e. The definition of meta substitution, and the set
CLFexpr (Γ ) of canonical objects in typing environment Γ is omitted.

To show adequacy we establish the existence of the following functions

LE/∼α
|| − ||L✲ CLFexpr(β(L)) ✛ΣL DB(|L|)

The function β is a bijection between object level variables Vi and meta variables
vi. Thus β(Vi) = vi. The notation β(L) means “map” β along L. We write β(L)
for a typing environment in the framework with all variables of type expression.
From now on, all lists L are ordered. The function ΣL is defined by the clauses

– ΣL i
def= VAR i

– ΣL i
def= elem i β(L)

– ΣL (D1 $ D2)
def= ΣL D1 $$ ΣL D2

– ΣLA(D)
def= lambda (λ vM+1. ΣVM+1,L D) = LAM vM+1. ΣVM+1,L D where

M
def= Max (D;L) (see Lemma 2).

The definition of ||−||L is ΣL ◦ [[−]]L. Note that this is a well defined function on
an α-equivalence class because [[−]]L is. In view of Theorem 1, and the definition
of || − ||ε, it will be enough to show the analogous result for the function Σε .
The proof strategy is as follows. We show that there is a function insts which
maps de Bruijn expressions to canonical objects, possesses a left inverse, and
is compositional with respect to substitution. Then we prove that the action of
ΣL is simply that of the insts function. Proofs of results will appear in a journal
version of this paper.

6 Related Work

Our work could not have come about without the contributions of others. Here,
following [28] we classify some of these contributions according to the mathemati-
cal construct chosen to model abstraction. The choice has dramatic consequences
on the associated notions of recursion and proof by induction.

– De Bruijn syntax [4]: we do not review this further.
– Name-carrying syntax: here abstractions are pairs “(name, expression)” and
the mechanization works directly on parse trees, which are quotiented by α-
conversion [22,29,9]. While recursion/induction is well-supported, the detail



26 Simon J. Ambler et al.

that needs to be taken care of on a case-by-case basis tends to be overwhelm-
ing. To partially alleviate this [1] defines name-carrying syntax in terms of
an underlying type of De Bruijn λ-expressions, which is then used as a meta-
logic where equality is α-convertibility. Very recently, in [10,28] Gabbay and
Pitts have introduced a novel approach, based on the remarkable observation
that a first-order theory of α-conversion and binding is better founded on
the notion of name swapping rather than renaming. The theory can either
be presented axiomatically as formalizing a primitive notion of swapping
and freshness of names from which binding can be derived, or as a non-
classical set-theory with an internal notion of permutation of atoms. Such
a set-theory yields a natural notion of structural induction and recursion
over α-equivalence classes of expressions, but it is incompatible with the
axiom of choice. The aim of Pitts and Gabbay’s approach is to give a sat-
isfying foundation of the informal practice of reasoning modulo renaming,
more than formulate an alternative logical framework for metareasoning (al-
though this too is possible). An ML-like programming language, FreshML,
is under construction geared towards metaprogramming applications.

– Abstractions as functions from names to expressions: mentioned in [1] (and
developed in [12]) it was first proposed in [5], as a way to have binders
as functions on inductive data-types, while coping with the issue of exotic
expressions stemming from an inductive characterization of the set of names.
The most mature development is Honsell et al.’s framework [17], which
explicitly embraces an axiomatic approach to metareasoning with HOAS.
It consists of a higher-order logic inconsistent with unique choice, but ex-
tended with a set of axioms, called the Theory of Contexts, parametric to
a HOAS signature. Those axioms include the reification of key properties
of names akin to freshness. More crucially, higher-order induction and re-
cursion schemata on expressions are also assumed. The consistency of such
axioms with respect to functor categories is left to a forthcoming paper. The
application of this approach to object logics such as the π-calculus [18] suc-
ceeds not only because the possibility to “reflect” on names is crucial for
the metatheory of operations such as mismatch, but also because here hy-
pothetical judgments, which are only partially supported in such a style [5]
are typically not needed. Moreover β-conversion can implement object-level
substitution, which is in this case simply “name” for bound variable in a
process. The latter may not be possible in other applications such as the
ambient calculus. This is also the case for another case-study [23], where
these axioms seem less successful. In particular, co-induction is available,
but the need to code substitution explicitly makes some of the encoding
fairly awkward.

– Abstractions as functions from expressions to expressions [26,15]. We can
distinguish here two main themes to the integration of HOAS and induc-
tion: one where they coexist in the same language and the other where
inductive reasoning is conducted at an additional metalevel. In the first one,
the emphasis is on trying to allow (primitive) recursive definitions on func-
tions of higher type while preserving adequacy of representations; this has
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been realized for the simply-typed case in [7] and more recently for the
dependently-typed case in [6]. The idea is to separate at the type-theoretic
level, via an S4 modal operator, the primitive recursive space (which encom-
passes functions defined via case analysis and iteration) from the parametric
function space (whose members are those convertible to expressions built
only via the constructors).
On the other side, the Twelf project [27] is built on the idea of devising an ex-
plicit (meta)metalogic for reasoning (inductively) about logical frameworks,
in a fully automated way.M2 is a constructive first-order logic, whose quan-
tifiers range over possibly open LF object over a signature. In the metalogic
it is possible to express and inductively prove metalogical properties of an
object logic. By the adequacy of the encoding, the proof of the existence
of the appropriate LF object(s) guarantees the proof of the correspond-
ing object-level property. It must be remarked that Twelf usage model is
explicitly non-interactive (i.e. not programmable by tactics). Moreover, co-
inductive definitions have to be rewritten in an inductive fashion, exploiting
the co-continuity of the said notion, when possible.
Miller and McDowell [20] introduce a metameta logic, FOλ∆IN , that is based
on intuitionistic logic augmented with definitional reflection [14] and induc-
tion on natural numbers. Other inductive principles are derived via the use of
appropriate measures. At the metameta level, they reason about object-level
judgments formulated in second-order logic. They prove the consistency of
the method by showing that FOλ∆IN enjoys cut-elimination [19]. FOλ∆IN

approach [20] is interactive; a tactic-based proof editor is under development,
but the above remark on co-induction applies.

7 Conclusions and Future Work

The induction principles of Hybrid involve universal quantifications over free
variables when instantiating abstractions. It remains future work to determine
the real utility of our principles, and how they compare to more standard treat-
ments. Informal practice utilises the some/any quantifier that has emerged for-
mally in [10]. McKinna and Pollack discuss some of these issues in [21].
Several improvements are possible:
We will internalize the well-formedness predicates as abstract types in Is-

abelle HOL, significantly simplifying judgments over object logics. For example,
the subset of lazy λ-calculus expressions identified by predicate isExp will become
a type, say tExp, so that evaluation will be typed as >> : : [ tExp, tExp ]⇒ bool .
We will specialize the abstr predicate to the defined logic so that it will have
type (tExp ⇒ tExp)⇒ bool .
We envisage eventually having a system, similar in spirit to Isabelle HOL’s

datatype package, where the user is only required to enter a binding signature
for a given object logic; the system will provide an abstract type characterizing
the logic, plus a series of theorems expressing freeness of the constructors of such
a type and an induction principle on the shape of expressions analogous to the
one mentioned in Section 3.
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We are in the process of further validating our approach by applying our
methods to the compiler optimization transformations for Benton & Kennedy’s
MIL-lite language [3].
We intend to develop further the theory of Hybrid. Part of this concerns

presenting the full details of the material summarized here. There are also addi-
tional results, which serve to show how Hybrid relates to λ-calculus. For exam-
ple, we can prove that if abstr e, then there exists [ΛVi. E]α ∈ LE/∼α such that
||ΛVi. E||ε = LAM vi. e vi. On a deeper level, we are looking at obtaining cate-
gorical characterisations of some of the notions described in this paper, based
on the work of Fiore, Plotkin, and Turi in [8].
A full journal version of this paper is currently in preparation, which in

particular will contain a greatly expanded section on the theory of Hybrid, and
provide full details of the case studies.
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Abstract. We describe a package to reason e�ciently about executable
speci�cations in Coq. The package provides a command for synthesizing
a customized induction principle for a recursively de�ned function, and
a tactic that combines the application of the customized induction prin-
ciple with automatic rewriting. We further illustrate how the package
leads to a drastic reduction (by a factor of 10 approximately) of the size
of the proofs in a large-scale case study on reasoning about JavaCard.

1 Introduction

Proof assistants based on type theory, such as Coq [9] and Lego [15], combine
an expressive speci�cation language (featuring inductive and record types) and
a higher-order predicate logic (through the Curry-Howard Isomorphism) to rea-
son about speci�cations. Over the last few years, these systems have been used
extensively, in particular for the formalization of programming languages. Two
styles of formalizations are to be distinguished:

� the functional style, in which speci�cations are written in a functional pro-
gramming style, using pattern-matching and recursion;

� the relational style, in which speci�cations are written in a logic programming
style, using inductively de�ned relations;

In our opinion, the functional style has some distinctive advantages over its rela-
tional counterpart, especially for formalizing complex programming languages.
In particular, the functional style o�ers support for testing the speci�cation and
comparing it with a reference implementation, and the possibility to generate
programs traces upon which to reason using e.g. temporal logic. Yet, it is strik-
ing to observe that many machine-checked accounts of programming language
semantics use inductive relations. In the case of proof assistants based on type
theory, two factors contribute to this situation:

� �rstly, type theory requires functions to be total and terminating (in fact,
they should even be provably so, using a criterion that essentially captures
functions de�ned by structural recursion), therefore speci�cations written in
a functional style may be more cumbersome than their relational counter-
part;
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� secondly, a proof assistant like Coq o�ers, through a set of inversion [10,11]
and elimination tactics, e�ective support to reason about relational speci�-
cations. In contrast, there is no similar level of support for reasoning about
executable functions.

Here we address this second issue by giving a package that provides e�ective sup-
port for reasoning about complex recursive de�nitions, see Section 2. Further,
we illustrate the bene�ts of the package in reasoning about executable speci�ca-
tions of the JavaCard platform [3,4], and show how its use yields compact proofs
scripts, up to 10 times shorter than proofs constructed �by hand�, see Section 3.
Related work is discussed in Section 3. We conclude in Section 5.

2 Elimination Principles for Functions

2.1 Elimination on Inductive Types and Properties

One of the powerful tools provided by proof assistants like Coq for reasoning on
inductive types is the elimination principle, which is usually generated automat-
ically from the de�nition of the type. We see here the de�nition in Coq of the
type nat and the type of its associated principle:

Inductive nat : Set := O : nat | S : nat→nat.
nat_ind:
(P: nat→Prop) (P O) →((n:nat)(P n)→(P (S n))) →(n:nat)(P n).

The logical meaning of an elimination principle attached to an inductive type
T is that closed normal terms of type T have a limited set of possible forms,
determined by the constructors of T . It also captures the recursive structure of
the type. It is important to notice that elimination principles are nothing else
than recursive functions, for example the de�nition of nat_ind is the following:

[P: nat→Prop; f:(P O); f0:((n:nat)(P n)→(P (S n)))]
Fixpoint F [n:nat] : (P n) :=
<[x:nat](P x)> Cases n of O ⇒f

| (S n0) ⇒(f0 n0 (F n0))
end}

The expression <[x:nat](P x)> is a speci�c type scheme for dependently
typed case expressions (dependent types are necessary to represent predicates
like P). It is used to build case branches having di�erent types, provided that
each one corresponds to the scheme applied to the corresponding pattern. For
example the �rst branch is correct because ([x:nat](P x) O)=(P O). Sim-
ilarly the second case is accepted because (f0 n0 (F n0)) has type (P (S
n0)), which is equal to ([x:nat](P x) (S n0)).

The type of the whole case expression is obtained by applying the scheme to
the term on which the case analysis is done, here n, i.e. (P n).

Reasoning by elimination on an inductive property P can be understood
intuitively as reasoning by induction on the proof of P . We see here the principle
associated to the relation le:



E�cient Reasoning about Executable Speci�cations in Coq 33

Inductive le [n : nat] : nat→Prop :=
le_n : (le n n)

| le_S : (m:nat)(le n m)→(le n (S m)).

le_ind: (n:nat; P:(nat→Prop))
(P n) → ((m:nat)(le n m)→(P m)→(P (S m)))
→ (m:nat)(le n m)→(P m).

Suppose we are trying to prove (P m) for all m such that H:(le n m), we
can apply the theorem le_ind, which leads to two subgoals corresponding to
the possible constructors of le. This way of reasoning, which has proved to be
very useful in practice, makes relational speci�cations a popular solution.

2.2 Elimination Following the Shape of a Function

Basic Idea. When we choose a functional style of speci�cation, recursive func-
tions are used instead of inductive relations and elimination principles are usu-
ally not automatically available. However, once a function is de�ned (i.e. proved
terminating which is automatic in Coq for structural recursion) it is relatively
natural to build an induction principle, which follows its shape. It allows reason-
ing by induction on the possible branches of the de�nition of the function. Since
the new term follows the same recursive calls as the function, we know that this
new term de�nes a correct induction scheme and that it will be accepted by Coq.
For example the following function:

Fixpoint isfourtime [n:nat] : bool :=
Cases n of | O ⇒ true

| (S S S S m) ⇒ (isfourtime m)
| _ ⇒ false

end.

yields an induction principle with a nested case analysis of depth 5. Redoing all
the corresponding steps each time we want to consider the di�erent paths of the
function would be long and uninteresting (see Section 3 for more examples).

We have designed a Coq package allowing automation of the inductive/case
analysis process. According to the Coq paradigm, our package builds proof terms

in the Curry-Howard philosophy. Surprisingly the presence of proof terms is help-
ful: since functions and proofs are all represented by λ-terms, we can build proof
terms by transforming the term of the function we consider. Since moreover we
focus on functions de�ned by structural recursion (see Section 4.2 for extension to
more general recursion schemes), termination of the function (and consequently
the correctness of the elimination principles we generate) is ensured by the type
checking of Coq.

The proof of a property ∀x.P using isfourtime as a model will be a term
Q obtained by transforming isfourtime (notice how implicit cases have been
expanded):

Fixpoint Q [n:nat]: P :=
<[x:nat](P x)> Cases n of
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| O ⇒(?: (P O))
| (S O) ⇒(?: (P (S O)))
| (S S O) ⇒(?: (P (S S O)))
| (S S S O) ⇒(?: (P (S S S O)))
| (S S S S m) ⇒((?:(x:nat)(P x)→(P (S S S S x))) m (Q m))
end.

where the �ve (?:H) stand for properties H yet to be proved (subgoals). In
Subsection 2.5 we concentrate on the structure of this incomplete term and its
automatic generation from the de�nition of the function.

Once built, this incomplete term can be applied to a particular goal with
the Refine tactic, or completed into a general reusable induction principle.
To achieve the latter, we replace the ?'s by abstracted variables (Hypx in the
example below). We also abstract the predicate (P) and �nally obtain a general
principle. On our example this leads to:

[P:(nat→Prop); Hyp0:(P O); Hyp1:(P (S O));
Hyp2:(P (S (S O))); Hyp3:(P (S (S (S O))));
Hyp4:(x:nat) (P x) →(P (S (S (S (S x)))))]
Fixpoint Q [n:nat]: P :=
<[x:nat](P x)> Cases n of
| O ⇒Hyp0
| (S O) ⇒Hyp1
| (S S O) ⇒Hyp2
| (S S S O) ⇒Hyp3
| (S S S S m) ⇒Hyp4 m (Q m)
end

: (P:(nat→Prop)) (P O) →(P (S O)) →(P (S (S O)))
→(P (S (S (S O)))) →((x:nat) (P x) →(P (S (S (S (S x))))))
→(n:nat)(P n)

This term is well-typed and thus de�nes a correct induction principle.

Capturing the Environment of Each Branch. In the examples above sub-
goals contain nothing more than induction hypotheses, but generally this will
not be enough. Indeed, we need to capture for each subgoal the environment

induced by the branches of Cases expressions which have been chosen. We illus-
trate this situation with the following function (which computes for every n the
largest m ≤ n such that m = 4k for some k):

Fixpoint findfourtime [n:nat]: nat :=
Cases n of
| O ⇒O
| (S m) ⇒
Cases (isfourtime n) of
| true ⇒n
| false ⇒(findfourtime m)
end

end.
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In this case it is necessary to remember that in the �rst branch n=O, in
the second branch n=O and (isfourtime n)=true and in the third branch
(isfourtime n)=false. Otherwise it will be impossible to prove for example
the following property:

P ≡ ∀n:nat.(isfourtime (findfourtime n)) = true.

Finally the proof of the elimination principle generated from findfourtime

has the form:

Fixpoint Q2 [n:nat]: (P n) :=
(<[x:bool](isfourtime n)=x →(P n)>
Cases n of
| O ⇒(?:(P O))
| (S m) ⇒
<[b:bool](isfourtime (S m))=b→(P (S m))>
Cases (isfourtime (S m)) of
| true ⇒(?:(isfourtime (S m))=true→(P (S m)))
| false ⇒(?:(P m)→(isfourtime (S m))=false→(P (S m))) (Q2 m)
end (refl_equal bool (isfourtime (S m))))

end

where (reflequal bool (isfourtime (S m))) is the proof of the di�er-
ent equalities induced by the case analysis. Recall that reflequal is the con-
structor of the inductive type eq representing the equality, so
{(reflequal A x)} is of type (eq A x x)).

These proofs are gathered outside the case expression so as to obtain a well-
typed term. This point is subtle: equality proofs have the form (reflequal
bool (isfourtime (S m))), which is of type (isfourtime (S m))=
(isfourtime (S m)). We see therefore that to be accepted by the case typing
rule explained above, we must apply this term to a term of type (isfourtime
(S m))=(isfourtime (S m))→ (P (S m)). This is the type of the whole
case expression, but not of each branch taken separately. So moving the
reflequal expression inside the Cases would result in an ill-typed term.

2.3 Contents of the Package

The main components of the package are:

� A Coq command Functional Scheme which builds a general induction prin-
ciple from the de�nition of a function f . It is a theorem of the form:

(P : (∀xi : Ti.P rop))(H1 : PO1)...(Hn : POn)→ ∀xi : Ti.(P xi)

where the POi's are the proof obligations generated by the algorithm de-
scribed above, and xi's correspond to the arguments of f . To make an elim-
ination, the user just applies the theorem. The advantage of this method is
that the structure of the function (and its type checking) is not duplicated
each time we make an elimination;

� A tactic Analyze which applies the above algorithm to a particular goal.
This tactic allows for more automation, see for that section 2.6.



36 Gilles Barthe and Pierre Courtieu

2.4 Using the Package on an Example

We now prove the following property:

P ≡ ∀n:nat.(findfourtime n) ≤ n

Using the Tactic Analyze. In order to bene�t from the rewriting steps of the
tactic, we �rst unfold the de�nition of the function, and then apply the tactic:

Lemma P:(n:nat)(le (findfourtime n) n).
Intro n. Unfold findfourtime.
Analyze findfourtime params n.

At this point we have the following three subgoals corresponding to the three
branches of the de�nition of findfourtime, notice the induction hypothesis
on the last one:

1: (le O O)

2: [(isfourtime (S m))=true] � (le (S m) (S m))

3: [(le (findfourtime m) m); (isfourtime (S m))=false]

� (le (findfourtime m) (S m))

Each of these subgoals is then proved by the Auto tactic.

Using the General Principle. We set:

Functional Scheme findfourtime_ind:= Induction for findfourtime.

Then the proof follows the same pattern as above:

Lemma Q’:(n:nat)(le (findfourtime n) n).
Intro n. Unfold findfourtime.
Elim n using findfourtime_ind.

Again we have three subgoals:
1: (le O O)

2: [eq:(isfourtime (S m))=true]

� (le (if (isfourtime (S m))

then (S m) else (findfourtime m)) (S m))

3:[(le (findfourtime m) m); eq:(isfourtime (S m))=false]

� (le (if (isfourtime (S m))

then (S m) else (findfourtime m)) (S m))

We see that some rewriting steps must be done by hand to obtain the same
result than with the tactic. Finally the whole script is the following:

Lemma Q’:(n:nat)(le (findfourtime n) n).
Intro n. Unfold findfourtime.
Elim n using findfourtime_ind;Intros;Auto;Rewrite eq;Auto.
Save.

In more complex cases, like in section 3.2, the rewriting operations done by the
Analyze tactic make the script signi�cantly smaller than when using the general
principle.
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2.5 Inference System

In this subsection, we give an inference system to build an elimination princi-
ple for a particular property G from a function t. The main goal of this sys-
tem is to reproduce the structure of the term t, including Case, Fix, let and
λ-abstractions, until it meets an application, a constant or a variable. The re-
maining terms are replaced by proof obligations whose type is determined by the
Case, Fix, let and λ-abstractions from above. The result of this algorithm is
an incomplete term, like Q2 above, from which we can either apply the Refine
tactic or build a general principle.

Grammar. Coq's internal representation of the expressions of the Calculus of
Inductive Constructions (CIC) is given in Figure 1. Although our package deals
with mutually recursive functions, we omit them from the presentation for clarity
reasons. The construction Ind(x : T ){T}, where T stands for a vector of terms
(types actually), is an inductive type whose n-th constructor is denoted by Cn,T

(in the sequel we often omit T ). In the Fix expression X is bound in f and
corresponds to the function being de�ned, t is its type and f is the body of the
function. In the Case expression ti's are functions taking as many arguments as
the corresponding constructors take, see [16,17].

Variables : V ::= x, y . . .
Sorts: S ::= Set | Prop | Type
Terms: T ::= V | S | λV : T.T | ∀V : T.T | (T T )

| Fix(V, T, T ) | Case T of T end | let T = T in T
| Ind(x : T ){T } | Cn,T

Fig. 1. Syntax of terms of CCI

Judgment. Judgments are of the form: t,X,G, Γ1, Γ2 � P where t is the func-
tion to use as a model, X is the variable corresponding to the recursive function
(bound by Fix in t, used to �nd recursive calls), G is the property to be proved
(the goal), Γ1 is the list of bound variables (initially empty), Γ2 is the list of
equalities corresponding to the case analysis, and P is the proof term of the
principle. When proving a property G, we build a term P containing proof obli-
gations represented by (? : T ) where T is the awaited property (i.e. type) that
must be proved.

Rules are given in Figure 2. In the last rule, (X ti) represents all recursive
calls found in t. In the present implementation, no nested recursion is allowed.
In the rule (Case), we note (Ci xi) the fully applied constructor Ci.
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t, X, G, x : T ∪ Γ1, Γ2 � P

λx : T.t, X, G, Γ1, Γ2 � λx : T.P
(Lambda)

∀i.{ti, X, G, xi : Ti ∪ Γ1, E = (Ci xi) ∪ Γ2 � Pi}
Case E of ti end, X, G, Γ1, Γ2

� (Case E of Pi end (reflequal TE E))

(Case)

t, X, G, xi : Ti ∈ u ∪ Γ1, u = v ∪ Γ2 � P

let u = v in t, X, G, Γ1, Γ2 � let u = v in P
(Let)

f, X, G, Γ1, Γ2 � P

Fix(X, T, f), _, G, Γ1, Γ2 � Fix(X, G, P )
(Fix)

(X ti) ∈ t

t, X, G, Γ1, Γ2 � ((? : ∀Γ1.X ti → Γ2 → G) Γ1)
(Rec)

if t 
= Fix, Case,let or λx : T.t.

Fig. 2. Elimination algorithm

2.6 More Automation

We can use the equalities generated by the tactic to perform rewriting steps
automatically, thereby reducing the user interactions to achieve the proof.

� First, we can rewrite in the generated hypothesis of each branch. We give
a modi�ed version of the (Case) rule in �gure 3, where Γ2[E ← Ci(xi)] is
the set of equalities Γ2 where E has been replaced by Ci(xi) in the right
members.

∀i.{ti[E ← Ci(xi)], X, G, xi : Ti ∪ Γ1, E = (Ci xi) ∪ Γ2[E ← Ci(xi)] � Pi}
Case E of ti end, X, G, Γ1, Γ2

� (Case E of Pi end (reflequal TE E))

(Case)

Fig. 3. (Case) rule with rewriting

� Second, we can propagate these rewriting steps in the goal itself. This is
possible in the tactic Analyze, where we call the Rewrite tactic of Coq,
which performs substitutions in the goal, with the set of equalities Γ2.
As Coq provides a mechanism for folding/unfolding constants, it is possible
that rewriting steps become possible later during the proofs of the generated
subgoals. This is specially true when dealing with complex speci�cations
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where unfolding all de�nitions is not comfortable. Therefore we also provide
a rewriting database that contains all the equalities of Γ2 for each branch.
The database can be used later with the AutoRewrite tactic.

� Third, we can optimize the Analyze tactic in the particular case of a non
recursive function applied to constructor terms, i.e. terms of which head
symbol is a constructor of an inductive type. For example, suppose we have
a goal of the form:

(n:nat)(P (f O (S (S (S n)))))

Where f is a non recursive function. It is clear that we do not want to
consider all possible constructors for the arguments of f. For example the
case (f (S ...) ...) is not interesting for us. The idea is to focus on
the case branch corresponding to the constructors. We use a simple trick
to achieve this: we apply the function to its arguments and reduce. The
resulting term is a new function containing only the relevant case analysis.
We apply the tactic to this term instead of the initial function.
Note that this optimization is hardly useful for recursive functions because
some recursive hypothesis can be lost when focusing on a particular branch.

3 Applications to JavaCard

In this section, we illustrate the bene�ts of our package in establishing correctness
results for the JavaCard platform. Note that for the clarity of presentation, the
Coq code presented below is a simpli�ed account of [3,4].

3.1 Background

JavaCard. is a dialect of Java tailored towards programming multi-application
smartcards. Once compiled, JavaCard applets, typically electronic purses and
loyalty applets, are veri�ed by a bytecode veri�er (BCV) and loaded on the
card, where they can be executed by a JavaCard Virtual Machine (JCVM).

Correctness of the JavaCard Platform. The JCVM comes in two �avours: a
defensive JCVM, which manipulates typed values and performs type-checking
at run-time, and an o�ensive JCVM, which manipulates untyped values and
relies on successful bytecode veri�cation to eliminate type veri�cation at run-
time. Following a strategy streamlined in [14], we want to prove that the o�ensive
and defensive VMs coincide on those programs that pass bytecode veri�cation.
This involves:

� formalizing both VMs, and show that both machines coincide on those pro-
grams whose execution on the defensive VM does not raise a type error;

� formalizing a BCV as a data�ow analysis of an abstract VM that only ma-
nipulates types and show that the defensive VM does not raise a type error
for those programs that pass bytecode veri�cation.
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In both cases, we need to establish a correspondence between two VMs. More
precisely, we need to show that the o�ensive and abstract VMs are sound (non-
standard) abstract interpretations of the defensive VMs, in the sense that under
suitable constraints �abstraction commutes with execution�.

CertiCartes [3,4] is an in-depth feasibility study in the formal veri�cation of the
JavaCard platform. CertiCartes contains formal executable speci�cations of the
three VMs (defensive, abstract and o�ensive) and of the BCV, and a proof that
the defensive and o�ensive VM coincide on those programs that pass bytecode
veri�cation. The bulk of the proof e�ort is concerned with the soundness of the
o�ensive and abstract VMs w.r.t. the defensive VM. In our initial work, such
proofs were performed by successive unfoldings of the case analyses arising in
the de�nition of the semantics of each bytecode, leading to cumbersome proofs
which were hard to produce, understand and modify. In contrast, the Analyze
tactic leads to (up to 10 times) smaller proofs that are easier to perform and
understand, as illustrated in the next subsections.

3.2 Applications to Proving the Correspondence between Virtual

Machines

In order to establish that the o�ensive VM is a sound abstraction of the de-
fensive VM, one needs to prove that abstraction commutes with execution for
every bytecode of the JavaCard instruction set. In the particular case of method
invocation, one has to show:

nargs:nat
nm: class_method_idx
state: dstate
cap:jcprogram
=========================================
let res=(dinvokevirtual nargs nm state cap) in
let ostate=(alpha_off state) in
let ores=(oinvokevirtual nargs nm ostate cap)
in (INVOKEVIRTUAL_conds res) →(alpha_off res) = ores

where:

� the abstraction function alpha_offmaps a defensive state into an o�ensive
one;

� the predicate INVOKEVIRTUAL_conds ensures that the result state res is
not a type error;

� the functions dinvokevirtual and oinvokevirtual respectively de-
note the defensive and o�ensive semantics of virtual method invokation.

The de�nition of dinvokevirtual is:

Definition dinvokevirtual :=
[nargs:nat][nm:class_method_idx][state:dstate][cap:jcprogram]
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(∗ The initial state is decomposed ∗)
Cases state of
(sh, (hp, nil)) ⇒(AbortCode state_error state) |
(sh, (hp, (cons h lf))) ⇒

(∗ nargs must be greater than zero ∗)
Cases nargs of
O ⇒(AbortCode args_error state) |
(S _) ⇒

(∗ Extraction of the object reference (the nargsth element) ∗)
Cases (Nth_func (opstack h) nargs) of
error ⇒(AbortCode opstack_error state) |
(value x) ⇒

(∗ Tests if this element is a reference ∗)
Cases x of
((Prim _), vx) ⇒(AbortCode type_error state) |
((Ref _), vx) ⇒

(∗ tests if the reference is null ∗)
(if (test_NullPointer vx)
then (ThrowException NullPointer state cap)
else

(∗ Extraction of the referenced object ∗)
Cases (Nth_func hp (absolu vx)) of
error ⇒(AbortMemory heap_error state) |
(value nhp) ⇒

(∗ Get the corresponding class ∗)
Cases (Nth_elt (classes cap) (get_obj_class_idx nhp)) of
(value c) ⇒

(∗ Get the corresponding method ∗)
Cases (get_method c nm) of
(∗ Successful method call ∗)
(value m) ⇒(new_frame_invokevirtual nargs m nhp state cap) |
error ⇒(AbortCap methods_membership_error state)
end |
_ ⇒(AbortCap class_membership_error state)
end end) end end end end.

In our initial work on CertiCartes, such statements were proved �by hand�,
by following the successive case analyses arising in the de�nition of the semantics
of each bytecode. The proofs were hard to produce, understand and modify. In
contrast, the Analyze tactic leads to smaller proofs that are easier to perform
and understand. For example, the following script provides the �rst steps of the
proof:
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Simpl.
Unfold dinvokevirtual.
Analyze dinvokevirtual params nargs nm state cap.

At this point, nine di�erent subgoals are generated, each of them corresponding
to a full case analysis of the function. In the case of a successful method call,
the corresponding subgoal is:

...
_eg_8 : (get_method c nm)=(value m)
_eg_7 : (Nth_elt (classes cap) (get_obj_class_idx nhp))

=(value c)
_eg_7 : (Nth_func hp (absolu vx))=(value nhp)
_eg_6 : (test_NullPointer vx)=false
_eg_5 : t=(Ref t0)
_eg_4 : x=((Ref t0),vx)
_eg_3 : (Nth_func (opstack h) (S n))=(value ((Ref t0),vx))
_eg_2 : nargs=(S n)
_eg_1 : state=(sh,(hp,(cons h lf)))
...
H : (INVOKEVIRTUAL_conds
(new_frame_invokevirtual (S n) m nhp (sh,(hp,(cons h lf))) cap))
=========================================
(alpha_off
(new_frame_invokevirtual (S n) m nhp (sh,(hp,(cons h lf))) cap))
=(oinvokevirtual (S n) nm (alpha_off (sh,(hp,(cons h lf)))) cap)

This goal, as all other goals generated by the tactic, can in turn be discharged
using rewriting and some basic assumptions on the representation of JavaCard
programs.

3.3 Applications to Proving Memory Invariants

In order to establish that the abstract VM is a sound abstraction of the defensive
VM, one needs to establish a number of invariants on the memory of the virtual
machine, for example that executing the abstract virtual machine does not create
illegal JavaCard types such as arrays of arrays. Proving such a property is tedious
and involves several hundreds of case analyses, including a topmost case analysis
on the instruction set. In the case of the load bytecode, one is left with the goal:

s : astate
t : type
l : locvars_idx
==================================================
(legal_types s) →(legal_types (tload t l s))

Whereas a proof �by hand� leaves the user with 29 subgoals to discharge, an
application of the Analyze tactic leaves the user with 3 subgoals to discharge,
namely the three interesting cases corresponding to the successful execution of
the tload bytecode. In such examples, the use of our tactic reduces the size of
proof scripts by a factor of 10.
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4 Extensions and Related Work

4.1 Related Work

Our work is most closely related to Slind's work on reasoning about terminating
functional programs, see e.g. [20] where Slind presents a complete methodology
to de�ne a function from a list of equations and a termination relation. This
relation is used to generate termination conditions, which need to be discharged
to prove that the rewrite system de�ned by the equations terminates. From the
proofs of the termination conditions, Slind automatically synthesizes an induc-
tion principle for the function. Slind's induction principle is closely related to
ours but there are some di�erences:

� Slind's work focuses on proof-assistants based on higher-order logic, in par-
ticular on Isabelle [18] and HOL [13], that do not feature proof terms. In
our framework, objects, properties and proofs are all terms of the Calculus
of Inductive Constructions, and hence we need to provide a proof term for
the customized principle attached to the function. As pointed out in Section
2, the construction of the proof term can be done directly by transforming
the term corresponding to the function;

� Slind's work provides for each total and terminating function f a generic
induction principle that can be used to prove properties about f. In contrast,
the tactic Analyze starts from the property to be proven, say φ, and proceeds
to build directly a proof of φ by following the shape of the de�nition of
f. Eventually the tactic returns some proof obligations that are required
to complete the proof of φ. This allows our package to perform rewriting
and other operations during the building of the proof, leading to a drastic
increase in automation. Since similar proof terms are constructed every time
one applies the tactic on the function f, it could be argued that such a
feature is costly in terms of memory. However, we have not experienced any
e�ciency problem although our JavaCard development is fairly large;

� Slind's work provides support for well-founded and nested recursion, which
our package does not handle currently.

Our work is also closely related to the induction process de�ned by Boyer
and Moore. In Nqthm [8], the directive INDUCT (f v1...vn) can be used
during a proof to perform the same case analysis and recursion steps as in the
de�nition of f. An interesting feature that we do not handle in this paper is the
ability of merging di�erent functions into one single induction principle.

These works, as well as ours, aims at providing e�cient support for reasoning
about executable speci�cations. An alternative strategy consists in developing
tools for executing speci�cations that may be relational, at least in part. For ex-
ample, Elf [19] combines type theory and logic programming and hence provides
support for executing relational speci�cations. Further, there have been some
e�orts to develop tools for executing speci�cations written in Coq, Isabelle or
related systems. In particular some authors have provided support for executing
relational speci�cations: for example Berghofer and Nipkow [5] have developed
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a tool to execute Isabelle theories in a functional language, and used it in the
context of their work on Java and JavaCard. Conversely, some authors have
provided support to translate executable speci�cations into input for proof as-
sistants: for example, Terrasse [21,22] has developed a tool to translate Typol
speci�cations into Coq. However, we believe that executable speci�cations are
better suited for automating proofs, especially because they lend themselves well
to automated theorem-proving and rewriting techniques.

A third possible strategy would consist of relating relational and functional
speci�cations. For example, one could envision a tool that would derive automat-
ically from a functional speci�cation (1) its corresponding relational speci�cation
(2) a formal proof that the two speci�cations coincide. Such a tool would allow
the combination of the best of both worlds (one could be using elimination/in-
version principles to reason about relational speci�cations, and then transfer the
results to functional ones); yet we are not aware of any conclusive experience in
this direction.

4.2 Extensions

As emphasized in the introduction, the main motivation behind the package is
to develop e�ective tool support to reason about the JavaCard platform. The
following two extensions are the obvious next steps towards this objective:

� support for conditional rewriting rules. We would like to introduce functions
using the format of conditional rewriting rules of [2]. Indeed, this format,
which can be automatically translated into Coq (provided the guard condi-
tions are satis�ed), lead to more readable speci�cations, especially for partial
functions.

� support for inversion principles. We also would like to provide inversion
principles like those that exist for inductive types [10]. Such principles do
not use induction; instead they proceed by case analysis and use the fact
that constructors of inductive types are injective. For example, inversion
principles for functions should allow us to deduce:

x=O ∨ x=(S S S S y)∧((isfourtime y)=true)

from (isfourtime x)=true.
� support for merging. Merging [8] allows to generate a single induction prin-
ciple for several functions. This technique allows to de�ne very accurate
induction principles, that are very useful in fully automated tactics.

From a more general perspective, it would be interesting to provide support for
nested and well-founded recursion. Furthermore, a higher automation of equa-
tional reasoning is required in the proofs of commuting diagrams. One possibility
is to rely on an external tool to generate rewriting traces that are then translated
in Coq. There are several candidates for such tools, including Elan [6] and Spike
[7], and ongoing work to interface them with proof assistants such as Coq, see
e.g. [1].
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5 Conclusion

We have described a toolset for reasoning about complex recursive functions in
Coq. A fuller account of the package, including a tutorial, can be found in [12].

In addition, we have illustrated the usefulness of our package in reasoning
about the JavaCard platform. This positive experience supports the claim laid
in [2] that proofs of correctness of the JavaCard platform can be automated to a
large extent and indicates that proof assistants could provide a viable approach
to validate novel type systems for future versions of Javacard.
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Abstract. We have used Isabelle/HOL to formalize and prove correct
an approach to bytecode verification based on model checking that we
have developed for the Java Virtual Machine. Our work builds on, and
extends, the formalization of the Java Virtual Machine and data flow
analysis framework of Pusch and Nipkow. By building on their frame-
work, we can reuse their results that relate the run-time behavior of
programs with the existence of well-typings for the programs. Our pri-
mary extensions are to handle polyvariant data flow analysis and its
realization as temporal logic model checking. Aside from establishing
the correctness of our model-checking approach, our work contributes to
understanding the interrelationships between classical data flow analysis
and program analysis based on model checking.

1 Introduction

The security of Java and the Java Virtual Machine (JVM), and in particular of its
bytecode verifier, has been the topic of considerable study. Research originally
focused on abstract models of the JVM [4,19] and more recently on machine
checked proofs of the correctness of bytecode verifier models [2,12,13,15] and
type inference algorithms based on data flow analysis [11]. There are two research
directions that are the starting point for our work. First, the work of Pusch [15]
and Nipkow [11] on models and proofs in Isabelle/HOL for verifying bytecode
verifiers based on data flow algorithms. Second, the work of Posegga and Vogt
[14], later extended in [1], on reducing bytecode verification to model checking.
These two directions are related: both are based on abstract interpretation and
solving fixpoint equations. However, whereas data flow analysis computes a type
for a method and checks that the method’s instructions are correctly applied
to data of that type, the model-checking approach is more declarative; here one
formalizes the instruction applicability conditions as formulae in a temporal logic
(e.g. LTL) and uses a model checker to verify that an abstraction of the method
(corresponding to the abstract interpreter of the data flow approach) satisfies
these applicability conditions.

In this paper we explore the interrelationships between these two research
directions. We present the first machine-checked proof of the correctness of the
model-checking approach to bytecode verification, and in doing so we build upon
the Isabelle/HOL formalizations of the JVM [15] and the abstract verification
framework that Nipkow developed for verifying data flow algorithms in [11].
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This framework formalizes the notion of a well-typing for bytecode programs
and proves that a bytecode verifier is correct (i.e., accepts only programs free of
runtime type errors) when it accepts only programs possessing a well-typing. We
will show that every bytecode program whose abstraction globally satisfies the
instruction applicability conditions (which can be established by model checking)
in fact possesses such a well-typing, i.e. our goal is to validate the model-checking
approach by proving a theorem of the form

(abstraction(Method) |=LTL �app conditions(Method))
=⇒ (∃ φ. welltyping (φ,Method)) .

We achieve this by modifying and extending the framework of Pusch and Nipkow
to support polyvariant data flow analysis and model checking.

Our development can be subdivided into six areas. Based on (1) prelimi-
nary definitions and (2) semilattice-theoretic foundations we define (3) the JVM
model, which includes the JVM type system, the JVM abstract semantics, and
the definition of the JVM state type. In (4), the model-checking framework, we
define Kripke structures and traces, which we later use to formalize model check-
ing. Afterwards, we define the translation of bytecode programs into (5) finite
transition systems. We use the abstract semantics of JVM programs to define
the transition relations and the JVM type system to build LTL formulae for
model checking. Finally, we state and prove in (6) our main theorem.

Overall, most of the theories we use are adopted from the work of Nipkow
[11], and hence our work can, to a large part, be seen as an instance of Nipkow’s
abstract correctness framework. The table below provides an overview of how
our formalization differs from Nipkow’s.

Theories Status

JBasis (1), Type (1), Decl (1), TypeRel (1), State (1), unchanged
WellType (1), Conform (1), Value(1), Semilat (2),
Err (2), Opt (2), Product(2), JType (3), BVSpec (3)

Listn (2) the stack model is changed

JVMInstructions (1), JVMExecInstr (1), JVMExec (1) modified due to the
JVMType (3), Step (3), changes in the stack model

Semilat2 (2), Kripke (4), LTL (4), ModelChecker (5), new
JVM MC (6)

Our original motivation for undertaking this development was a pragmatic
one: we had developed a model-checking based tool [1] for verifying bytecode
and we wanted to establish the correctness of the approach taken. We see our
contributions, however, as more general. Our development provides insight into
the relationship between monovariant and polyvariant data flow analysis and
model checking, in particular, what differences are required in their formaliza-
tion. Monovariant analysis associates one program state type, which contains
information about the stack type and register type, to each control point (as
in Sun’s verifier or more generally Kildall algorithm, which was analyzed by
Nipkow), or one such type per subroutine to each control point. In contrast,
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polyvariant analysis allows multiple program state types per control point, de-
pending on the number of control-flow paths that lead to this control point [9]. In
the formalization of Pusch and Nipkow [15,11], monovariant data flow analysis
is used, which is adequate since they do not consider subroutines and interfaces.
In our approach, we use model checking, which performs a polyvariant data flow
analysis. The result is not only that we can base our bytecode verification tool
on standard model checkers, but also that our bytecode verifier accepts more
(type-correct) programs than bytecode verifiers performing monovariant data
flow analysis. For instance, our tool can successfully type check programs where,
for a given program point and for two different execution paths, the operand
stack has two different sizes or unused stack elements have different (and incom-
patible) types.

Despite switching to a polyvariant, model-checking approach, we were able
to reuse a surprising amount of Nipkow’s formal development, as the above table
indicates. Our main change was to allow stack elements of incompatible types,
which we achieved by generalizing the notion of the JVM state type. In doing so,
we enlarged the set of programs that fulfill the well-typing definition for byte-
code programs as formalized by Pusch [15]. An additional change was required
from the model-checking side: to allow the computation of the supremum of two
stacks at each program point, we had to specialize our notion of type correct
program by imposing additional constraints concerning the stack size on pro-
grams. Overall, the changes we made appear generally useful. Polyvariant data
flow analysis constitutes a generalization of monovariant data flow analysis and
it should be possible (although we have not formally checked this) to formalize
the monovariant data flow analysis using our JVM model with an accordingly
modified notion of well-typing.

Finally, note that we formalize model checking not algorithmically, as done
in [16], but declaratively. Consequently our formalization of model checking is
independent of the implemented model-checking algorithm. In our work with
Posegga [1], for instance, we implemented the backends both for symbolic and
for explicit state model checkers. As our correctness theorem here is a statement
about the correctness of the model-checking approach to bytecode verification it
is valid for both these backends. Hence the plural in our title “verified bytecode
model checkers.”

2 Background

We present background concepts necessary for our formalization. The sections
2.1, 2.2, and 2.4–2.6 describe (unmodified) parts of Nipkow’s formalization and
are summarized here for the sake of completeness.

2.1 Basic Types

We employ basic types and definitions of Isabelle/HOL. Types include bool , nat ,
int , and the polymorphic types αset and α list . We employ a number of standard
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functions on (cons) lists including a conversion function set from lists to sets,
infix operators # and @ to build and concatenate lists, and a function size to
denote the length of a list. xs!i denotes the i-th element of a list xs and xs[i := x]
overwrites i-th element of xs with x. Finally, we use Isabelle/HOL records to
build tuples and functional images over sets: (| a :: α, b :: β |) denotes the
record type containing the components a and b of types α and β respectively
and f ‘A denotes the image of the function f over the set A.

2.2 Partial Orders and Semilattices

A partial order is a binary predicate of type α ord = α → α → bool . We write
x ≤r y for r x y and x <r y for x ≤r y∧ x �= y. r :: α ord is a partial order iff r
is reflexive, antisymmetric und transitive. We formalize this using the predicate
order :: αord → bool . � :: α is the top element with respect to the partial order r
iff the predicate top :: αord → α→ bool , defined by toprT ≡ ∀x. x ≤r T holds.
Given the types α binop = α → α → α and α sl = α set × α ord × α binop
and the supremum notation x +f y = f x y, we say that (A, r, f) :: α sl is a
(supremum) semilattice iff the predicate semilat :: α sl → bool holds

semilat(A, r, f) ≡ order r ∧ closedA f ∧
(∀x y ∈ A. x ≤r x+f y) ∧ (∀x y ∈ A. y ≤r x+f y) ∧
(∀x y z ∈ A. x ≤r z ∧ y ≤r z −→ x+f y ≤r z),

where closedA f ≡ ∀x y ∈ A. x+f y ∈ A.

2.3 Least Upper Bounds of Sets

The above definitions are for reasoning about the supremum of binary operators
f :: α binop. We define a new theory, Semilat2 to reason about the supremum of
sets.

To build the suprema over sets, we define the function lift sup :: α sl →
α → α → α → α, written lift sup (A, r, f) T x y = x �(A, r, f),T y, that lifts
the binary operator f :: α binop over the type α:

x �(A, r, f), T y ≡ if (semilat (A, r, f) ∧ top r T ) then
if (x ∈ A ∧ y ∈ A)then (x +f y) else T

else arbitrary

To support reasoning about the least upper bounds of sets, we introduce the
bottom element B :: α, which is defined by bottom r B ≡ ∀x.B ≤r x. We
use the Isabelle/HOL function fold :: (β → α → α) → α → β set → α to build
the least upper bounds of sets and in the following we write

⊔
(A, r, f), T, B A′ for

fold (λx y. x �(A, r, f), T y)B A′. We have shown that
⊔

(A, r, f), T, B A′ is a least
upper bound over A′.

Lemma 1. Given semilat (A, r, f), finiteA, T ∈ A, top r T , B ∈ A, bottom r B
and given an arbitrary function g, where g B = B, ∀x ∈ A. g x ∈ A, and
∀x y ∈ A. g (x +f y) ≤r (g x +f g y), then

(g ‘A′′ ⊆ A′) −→ g (
⊔

(A, r, f), T, B A′′) ≤r (
⊔

(A, r, f), T, B A′)
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2.4 The Error Type and err-Semilattices

The theory Err defines an error element to model the situation where the supre-
mum of two elements does not exist. We introduce both a datatype and a cor-
responding construction on sets:

datatype α err ≡ Err | OK α err A ≡ {Err} ∪ {OK a | a ∈ A}
Orderings r on α can be lifted to α err by making Err the top element:

le r (OK x) (OK y) = x ≤r y

We now employ the following lifting function

lift2 :: (α→ β → γ err)→ α err → β err → γ err
lift2 f (OK x) (OK y) = f x y
lift2 f = Err

to define a new notion of an err -semilattice, which is a variation of a semilattice
with a top element. It suffices to say how the ordering and the supremum are
defined over non-top elements and hence we represent a semilattice with top
element Err as a triple of type esl : α esl = α set × α ord × α ebinop, where
α ebinop = α → α → α err . We introduce also conversion functions between
the types sl and esl:

esl :: α sl → α esl sl :: α esl → α err sl
esl (A, r, f) = (A, r, λ x y.OK (f x y)) sl (A, r, f) = (err A, le r, lift2 f)

Finally we define L :: α esl to be an err -semilattice iff slL is a semilattice.
It follows that esl L is an err -semilattice if L is a semilattice.

2.5 The Option Type

Theory Opt introduces the type option and the set opt as duals to the type err
and the set err:

datatype α option ≡ None | Some α optA ≡ {None} ∪ {Some a | a ∈ A}
The theory also defines an ordering where None is the bottom element and a
supremum operation:

le r (Some x) (Some y) = x ≤r y sup f (Some x) (Some y) = Some(f x y)

Note that the function esl (A, r, f) = (opt A, le r, sup f) maps err -semilattices
to err -semilattices.
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2.6 Products

Theory Product provides what is known as the coalesced product, where the top
elements of both components are identified.

esl :: α esl → β esl → (α × β) esl
esl (A, rA, fA) (B, rB , fB) = (A × B, le rA rB, sup fA fB)
sup :: α ebinop → β ebinop → (α × β) ebinop
sup f g = λ (a1, b1) (a2, b2). Err.sup (λx y. (x, y)) (a1 +f a2) (b1 +g b2)

The ordering function le :: αord → β ord → (α × β)ord is defined as expected.
Note that × is used both on the type and set level. Nipkow has shown that

if both L1 and L2 are err -semilattices, so is eslL1 L2.

2.7 Lists of Fixed Length

For our application we must model the JVM stack differently from Nipkow. Our
formalization is modified to allow the polyvariant analysis and thus requires as-
sociating multiple stack-register types to each control point within the program.

To facilitate this modification, we define the theory Listn, of fixed length lists
over a given set. In HOL, this is formalized as a set rather than a type:

list n A ≡ {xs | size xs = n ∧ set xs ⊆ A}

This set can be turned into a semilattice in a componentwise manner, essentially
viewing it as an n-fold Cartesian product:

sl :: nat → α sl → α list sl le :: α ord → α list ord
sl n (A, r, f) = (list n A, le r, map2 f) le r = list all2 (λx y. x ≤r y)

Here the auxiliary functions map2 :: (α→ β → γ)→ α list → β list → γ list and
list all2 :: (α→ β → bool)→ α list → β list → bool are defined as expected. We
write xs ≤[r] ys for xs ≤(le r) ys and xs+[f ] ys for xs+(map2 f) ys. Observe that
if L is a semilattice then so is sl n L.

To combine lists of different lengths, we use the following function:

sup :: (α→ β → γ err)→ α list → β list → γ list err
sup f xs ys = if (size xs = size ys) then OK (map2 f xs ys) else Err

Note that in our JVM formalization, the supremum of two lists xs and ys of
equal length returns a result of the form OK zs with zs !i = Err in the case
that the supremum of two corresponding elements xs!i and ys !i equals Err. This
differs from sup in Nipkow’s formalization, which returns Err in this case. Below
we present the err -semilattice upto esl of all lists up to a specified length:

upto esl :: nat → α sl → α list esl
upto esl n = λ (A, r, f). (∪i≤n list i A, le r, sup f)

We have shown that if L is a semilattice then upto esl n L is an err -semilattice.
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3 The JVM Model

In this section we show how the JVM can be formalized for the purpose of poly-
variant data flow analysis. In Section 3.1, our formalization adopts, unchanged,
Nipkow’s formalization of the JVM type system. Using this formalization, we
define our modified program state type and construct a semilattice whose car-
rier set consists of elements of this type. Based on the modified notion of the
program state type, we redefine, in Section 3.2, the syntax and abstract seman-
tics of JVM programs and consequently also redefine the definitions of a JVM
abstract execution function and of well-typed methods in Section 3.3.

3.1 Type System and Well-Formedness

The theory Types defines the types of our JVM. Our machine supports the void
type, integers, null references, and class types (based on the type cname of class
names):

datatype ty ≡ Void | Integer | Boolean | NullT | Class cname

The theory Decl defines class declarations and programs. Based on the type
mname of method names and vname of variable names, we model a JVM pro-
gram P :: (cname × (cname × (vname × ty) list × ((mname × ty list) × ty ×
γ) list)) list as a list of class files. Each class file records its class name, the name
of its super class, a list of field declarations, and a list of method declarations.
The type cname is assumed to have a distinguished element Object. Our pro-
gram formalization gives rise to a subclass relation subcls1 and subclasses induce
a subtype relation subtype :: γ prog → ty → ty → bool , where γ prog is a type
association defined as follows:

γ mdecl = (mname × ty list)× ty × γ
γ class = cname × (vname × ty) list × γ mdecl list
γ cdecl = cname × γ class
γ prog = γ cdecl list

Corresponding to the subtype P relation we have supremum on types sup ::
ty → ty → ty err . As abbreviations, we define types P = {τ | is type P τ} and
τ1 �P τ2 = τ1 ≤subtype P τ2. Below, we use the predicate is class P C to express
that the class C is in the program P .

Well-formedness of JVM programs is defined by context conditions that
can be checked statically prior to bytecode verification. We formalize this us-
ing a predicate wf prog :: γ wf mb → γ prog → bool , where γ wf mb =
γ prog → cname → γ mdecl → bool . The predicate wf mb expresses that
a method m :: γ mdecl in class C from program P is a well-typing. Infor-
mally, wf prog wf mb P means that: subcls1 P is univalent (i.e. subcls1 P rep-
resents a single inheritance hierarchy) and acyclic, and both (subcls1 P )−1 and
(subtype P )−1 are well-founded. The following lemma holds for all well-formed
programs P :
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Lemma 2. ∀wf mb P.
wf prog wf mb P −→ semilat (sl (types P, subtype P, sup P )) ∧ finite (types P )

We will use the semilattice sl (typesP, subtypeP, supP ) to construct a semilattice
with the carrier set of program states.

The JVM is a stack machine where each activation record consists of a stack
for expression evaluation and a list of local variables (called registers). The
abstract semantics, which operates with types as opposed to values, records the
type of each stack element and each register. At different program points, a
register may hold incompatible types, e.g. an integer or a reference, depending
on the computation path that leads to that point. This facilitates the reuse of
registers and is modeled by the HOL type ty err , where OK τ represents the
type τ and Err represents the inconsistent type. In our JVM formalization, the
elements of the stack can also be reused. Thus the configurations of our abstract
JVM are pairs of lists, which model an expression stack and a list of registers:

state type = ty err list × ty err list

Note that this type differs from the type ty list × ty err list presented in [11],
where the stack only holds the values that can actually be used.

We now define the type of the program state as state type option err , where
OKNone indicates a program point that is not reachable (dead code), OK(Somes)
is a normal configuration s, and Err is an error. In the following, we use the
type association state = state type option err . Turning state into a semilattice
structure is easy because all of its constituent types are (err-)semilattices. The
set of operand stacks forms the carrier set of an err -semilattice because the
supremum of stacks of different size is Err; the set of lists of registers forms the
carrier set of a semilattice because the number of registers is fixed:

stk esl :: γ prog → nat → ty err list esl
stk esl P maxs ≡ upto eslmaxs (sl (types P, subtype P, sup P ))
reg sl :: γ prog → nat → ty err list sl
reg sl P maxr ≡ Listn.slmaxr (sl (types P, subtype P, sup P ))

Since any error on the stack must be propagated, the stack and registers are
combined in a coalesced product using Product.esl and then embedded into option
and err to form the semilattice sl:

sl :: γ prog → nat → nat → state sl
sl P maxs maxr ≡ Err.sl (Opt.esl (Product.esl (stk esl P maxs)

(Err.esl reg sl P maxr)))

In the following we abbreviate sl P maxs maxr as sl, states P maxs maxr as
states, le P maxs maxr as le, and sup P maxs maxr as sup. Using the properties
about (err-) semilattices, it is easy to prove the following lemma:

Lemma 3.
(1). ∀P maxs maxr . sl = (states, le, sup),
(2). ∀wf mb P maxs maxr . (wf prog wf mb P ) −→ semilat (states, le, sup),
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(3). ∀wf mb P maxs maxr . (wf prog wf mb P ) −→ finite (states),
(4). ∀P maxs maxr . Err ∈ states,
(5). ∀P maxs maxr . top le Err,
(6). ∀P maxs maxr . (OK None) ∈ states, and
(7). ∀P maxs maxr . bottom le (OK None).

3.2 Program Syntax and Abstract Semantics

The theory JVMInstructions defines the JVM instruction set. In our JVM for-
malization, the polymorphic instructions Load, Store, and CmpEq are replaced
with instructions that have their counterparts in the Sun JVM instruction set,
i.e. one such instruction for each base type (see the explanation at the end of
Section 3.3).

datatype instr = iLoad nat | bLoad nat | aLoad nat
| Invoke cname mname | iStore nat | bStore nat | aStore nat
| Getfield vname cname | iIfcmpeq nat | LitPush val | Dup
| Putfield vname cname | bIfcmpeq nat | New cname | Dup x1
| Checkcast cname | aIfcmpeq nat | Return | Dup x2
| Pop | Swap | IAdd | Goto int

We instantiate the polymorphic type of program γ prog using the type nat ×
nat × instr list , which reflects that the bytecode methods contain information
about the class file attributes max stack and max locals, and the type of the
method body. We model the type-level execution of a single instruction with
step′ :: instr × jvm prog × state type × state type, where jvm prog = (nat ×
nat×instr list)list . Below we show the definition of step′ for selected instructions:

step′ (iLoad n, P, (st , reg)) = ((reg!n)#st , reg)
step′ (iStore n, P, (τ1#st1, reg)) = (st1, reg[n := τ1])
step′ (iAdd, P, ((OK Integer)#(OK Integer)#st1, reg)) = ((OK Integer)#st1, reg)
step′ (Putfield fn C, P, (τv#τo#st1, reg)) = (st1, reg)
step′ (iIfcmpeq b, P, (τ1#τ2#st1, reg)) = (st1, reg)
step′ (Return, P, (st , reg)) = (st , reg)

Note that the execution of the Return instruction is modeled by a self-loop.
This will be useful when we model the traces of the transition system as a set
of infinite sequences of program states. Finite sequences can occur only in ill-
formed programs, where an instruction has no successor. The main omissions in
our model are the same in [11]: both build on the type safety proof of Pusch [15],
which does not cover exceptions, object initialization, and jsr/ret instructions.

3.3 Bytecode Verifier Specification

Now we define a predicate app′ :: instr×jvm prog×nat×ty×state type → bool ,
which expresses the applicability of the function step′ to a given configuration
(st, reg) :: state type. We use this predicate later to formalize bytecode verifi-
cation as a model-checking problem.
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app′ (i, P, maxs , rT , (st , reg)) ≡ case i of
(iLoad n) ⇒ (n < size st) ∧ (reg!n = (OK Integer)) ∧ (size st < maxs)
| (iStore n) ⇒ ∃ τ st1. (n < size st) ∧ (st = τ#st1) ∧ (τ = (OK Integer))
| iAdd ⇒ ∃ st1. st = (OK Integer)#(OK Integer)#st1
| (Putfield fn C) ⇒ ∃ τv τo τf st2. st = (OK τv)#(OK τo)#st2 ∧ (is class P C)∧

(field (P,C) fn = Some (C, τf )) ∧ τv � τf ∧ τ0 � Class C
| (iIfcmpeq b) ⇒ ∃ st2. st = (OK Integer)#(OK Integer)#st2
| Return ⇒ ∃ τ st1. st = τ#st1 ∧ τ � rT

Further, we introduce a successor function succs :: instr → nat → nat list , which
computes the possible successor instructions of a program point with respect to
a given instruction.

succs i p ≡ case i of Return⇒ [p] | Goto b⇒ [p+ b] | iIfcmpeq b⇒ [p+ 1, p+ b]
| bIfcmpeq b⇒ [p+ 1, p+ b] | iIfcmpeq b⇒ [p+ 1, p+ b] | ⇒ [p+ 1]

We use succs to construct the transition function of a finite transition system. To
reason about the boundedness of succs, we define the predicate bounded :: (nat →
nat list)→ list → bool , where bounded f n ≡ ∀ p < n. ∀ q ∈ set (f p). q < n.

We can now define a well-typedness condition for bytecode methods. The
predicate wt method formalizes that, for a given program P , class C, method
parameter list pTs, method return type rT , maximal stack size maxs , and max-
imal register index maxr, a bytecode instruction sequence bs is well-typed with
respect to a given method type φ.

method type = state type option list

le state opt :: jvm prog → state type option → state type option → bool
le state opt P ≡ Opt.le (λ (st1, reg1) (st2, reg2). st1

≤[Err.le (subtype P )] st2 ∧ reg1 ≤[Err.le (subtype P )] reg2)

step :: instr → jvm prog → state type option → state type option
step i P ≡ λ i P s. case s of None ⇒ None | Some s′ ⇒ step′ (i, P, s′)

app :: instr → jvm prog → nat → ty → state type option → bool
app i P maxs rT s ≡ case s of None ⇒ True | Some s′ ⇒ app′ (i, P, maxs, rT , s′)

wt method :: jvm prog → cname → ty list → ty → nat → nat → instr list
→ method type → bool

wt method P C pTs rT maxs maxl bs φ ≡
(0 < size bs) ∧
(Some ([], (OK (Class C))#(map OK pTs)@(replicate maxl Err))) ≤le state opt φ!0 ∧
(∀ pc. pc < size bs −→

(app (bs!pc) P maxs rT (φ!pc)) ∧
(∀ pc′ ∈ set (succs (bs!pc) pc). (pc′ < size bs) ∧ (step (bs!pc) P (φ!pc)

≤le state opt φ!pc′))

This definition of a well-typed method is in the style of that given by Pusch [15].
The last element of our JVM model is the definition of the abstract execution

function exec:
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exec :: jvm prog → nat → ty → instr list → nat → state → state
exec P maxs rT bs pc ≡ λ s. case s of Err ⇒ Err | OK s′ ⇒

if app (bs !pc) P maxs rT s′ then OK (step (bs !pc) P s′) else Err

Abbreviating exec P maxs rT bs pc as exec, we now prove:

Lemma 4. ∀wf mb P maxs maxr bs pc. ∀ s1 s2 ∈ states.
(wf progwf mb P ∧ semilat sl) −→ exec (s1 +sup s2) ≤le (exec s1) +sup (exec s2)

This lemma states a “semi-homomorphism” property of the exec function with
respect to the le relation. To prove it we must show that it holds in our formal-
ization of the JVM that if two arbitrary program states x, y ∈ A are well-typed
with respect to an instruction at a given program point, then so is x+f y. This
would have been impossible to prove using the Nipkow’s formalization of the
JVM with polymorphic instructions; hence we have replaced the polymorphic
instructions in the JVM instruction set with collections of monomorphic ones.

4 Model Checking

Bytecode verification by model checking is based on the idea that the bytecode
of a method represents a transition system which, when suitably abstracted (e.g.
by replacing data with their types) is finite and that one can uniformly produce,
from bytecode, a temporal logic formula that holds iff the bytecode is well-typed
with respect to a given type system. In [1] we presented a system based on
this idea. For a bytecode method M our system generates a transition system
K (in the input language of either the Spin or the Smv model checker) and a
correctness property ψ and uses the model checker to prove that ψ is globally
invariant (i.e. �ψ or AG ψ depending on the model checker).

Here we verify the correctness of this approach. Namely we first formalize
the translation of a bytecode method M to the transition system K; second we
formalize the way in which ψ is generated, and third we formalize what it means
for ψ to globally hold for K, i.e. K |= �ψ. We show that when model checking
succeeds then there exists a type φ that is a well-typing for the method M .

4.1 Kripke Structures and Method Abstraction

Kripke Structures. In the following we define Kripke structures, which we use
to formalize the abstract transition system of a method. A Kripke structure K
consists of a non-empty set of states, a set of initial states, which is a subset
of the states of K, and a transition relation next over the states of K. A trace
of K is an infinite sequence of states such that the first state is an initial state
and successive states are in the transition relation of K. A state is reachable in
K if it is contained in a trace of K. We also define a suffix function on traces,
which is needed to define the semantics of LTL-formulas. These definitions are
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standard and their formalization in Isabelle/HOL is straightforward.

α kripke = (| states :: α set , init :: α set , next :: (α× α) set |)
is kripke :: α kripke → bool
is kripkeK ≡ states K �= ∅ ∧ init K ⊆ states K ∧ next K ⊆ states K × states K
α trace = nat → α

is trace :: α kripke → α trace → bool
is trace K t ≡ t 0 ∈ init K ∧ ∀ i. (t i, t (Suc i)) ∈ next K
traces :: α kripke → α trace set
tracesK ≡ {t | is traceK t}
reachable :: α kripke → α→ bool
reachableK q ≡ ∃ t i. is trace K t ∧ q = t i

suffix :: α trace → nat → α trace
suffix t i ≡ λ j. t (i+ j)

Method Abstraction. With the above definitions at hand, we can formalize
the abstraction of bytecode methods as a finite Kripke system over the type
abs state = nat × state type. We generate the transition system using the func-
tion abs method, which for a given program P , class name C, method parameter
list pTs , return type rT , maximal register index maxr, and bytecode instruction
sequence bs , yields a Kripke structure of type abs state kripke .

abs method :: jvm prog → cname → ty → list → ty → nat → instr list
→ abs state kripke

abs method P C pTs rT maxr bs ≡
(| states = UNIV,

init = abs init C pTs maxr ,
next = (

⋃
pc∈{p.p<(size bs)} abs instr (bs !pc) P pc) |)

The set of states of the transition system is modeled by the set UNIV of all
elements of type abs state. The initial abstract state set abs init contains one
element, which models the method entry where the program counter is set to 0
and the stack is empty. At the method entry, the list of local variables contains
the this reference OK (ClassC), the methods parameters mapOK pTs , and maxr
uninitialized registers replicatemaxr Err.

abs init :: cname → ty list → nat → abs state set

abs init C pTs maxr ≡
{ (0, ([], (OK (Class C))#((map OK pTs))@(replicate maxr Err))) }

The relation next is generated by the function abs instr, which uses step′ and
succs, which together make up the transition relation of our transition system.
As we have shown in a lemma, the next relation is finite because both the type
system and the number of storage locations (stack and local variables) of the
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abstracted method are finite.

abs instr :: instr → jvm prog → nat → (abs state ∗ abs state) set
abs instr i P pc ≡ {((pc′, q), (pc′′, q′)) | pc′′ ∈ set (succs i pc′) ∧

(q′ = step′ (i, P, q)) ∧ pc = pc′}

4.2 Temporal Logic and Applicability Conditions

Temporal Logic. The syntax of LTL formulae is given by the datatype α ltl .

datatype α ltl ≡ Tr | Atom (α → bool) | Neg (α ltl) | Conj (α ltl) (α ltl)
| Next (α ltl) | Until (α ltl) (α ltl)

As is standard, the modalities eventually, ♦ :: α ltl → α ltl , and globally,
� :: α ltl → α ltl , can be defined as syntactic sugar.

♦ f ≡ Until Tr f � f ≡ Neg (♦ (Neg f))

We give the semantics of LTL formulae using a satisfiability predicate

|= :: α trace → α kripke → α ltl → bool

where
t |= Tr = True
t |= Atom p = p (t 0)
t |= Neg f = ¬ (t |= f)
t |= Conj f g = (t |= f) ∧ (t |= g)
t |= Next f = suffix t 1 |= f
t |= Until f g = ∃ j. (suffix t j |= g) ∧

(∀ i. i < j −→ suffix t i |= f)

Furthermore, we say that property f is globally satisfied in the transition system
K if it is satisfied for all traces of K.

|= :: α kripke → α ltl → bool
K |= f ≡ ∀ t ∈ tracesK. t |= f

Applicability Conditions. The applicability conditions are expressed by an LTL
formula of the form � Atom f . We extract the formula f from the bytecode,
using the functions spc instr and spc method.

spc instr :: instr → jvm prog → nat → nat → nat → ty → abs state → bool

spc instr i P pc′ h maxs rT ≡
λ (pc, q). pc = pc′ −→ ((size (fst q)) = h) ∧ (app′ (i, P, maxs , rT, q))

spc method :: jvm prog → nat list → ty → nat → instr list → abs state → bool
spc method P hs rT maxs bs q ≡

∀ pc < (size bs). (spc instr (bs !pc) P pc (hs !pc) maxs rT q)
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The function spc instr expresses the instruction applicability condition for a
program state at a program point pc′. Note that besides the conditions formalized
in app′, we also require that, in all states associated with this program point, the
stack has a fixed predefined size h. We employ this to fit the polyvariant model-
checking approach into the monovariant framework. In order to prove that there
is a state type, we must show that the supremum of all possible stack types
associated with the program point is different from the error element Err, and
hence we require this restriction.

The function spc method builds f as the conjunction of the applicability
conditions of all program points in the bytecode bs (the list hs contains, for
each program point in bs , a number that specifies the stack size at that program
point). The resulting formula expresses the well-typedness condition for a given
program state and hence, K |= � Atom f formalizes, for a Kripke structure
K resulting from a method abstraction, the global type safety of the method.
This formula, together with the additional constraints explained below, makes
up the definition of a bytecode-modelchecked method, which is formalized using
the predicate bcm method.

bcm method :: jvm prog → cname → ty list → ty → nat →
nat → instr list → bool

bcm method P C pTs rT maxr maxs bs ≡ ∃hs.
(abs method P C pTs rT maxr bs) |=�(Atom (spc method P hs rT maxs bs))
∧ size hs = size bs ∧
(traces (abs method P C pTs rT maxr bs)) �= {} ∧
(∀ (x, y) ∈ (next (abs method P C pTs rT maxr bs)).
∃ t i. (is trace (abs methodG C pTs rT maxr bs) t) ∧ (t i, t (Suc i))
= (x, y)) ∧ 0 < (size bs) ∧

bounded (λn. succs (bs !n) n) (size bs)

The first conjunct expresses the global applicability conditions for the given
bytecode bs. The second conjunct requires that a stack size is specified for every
program point. The third conjunct states that the transition system is nonempty,
i.e. that there exists at least one non-trivial model for a given LTL formula. The
fourth conjunct characterizes a liveness property of the abstract interpreter. We
use this assumption to show that a given program point pc, which is reachable in
finitely many steps, is also contained in an (infinite) trace t ∈ tracesK. The last
two conjuncts express well-formedness properties of the bytecode, namely, that
the list of instructions is not empty and that all instructions have a successor.

4.3 Main Theorem and Proof

Our main theorem, stating the correctness of bytecode verification by model
checking can now be given.
Theorem 1.

(wf prog wf mb P ) ∧ (is class P C) ∧ (∀ x ∈ set pTs . is type P x) −→
(bcm method P C pTs rT maxr maxs bs) −→
∃φ. wt method P C pTs rT maxs maxr bs φ
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This theorem states the correctness only for the bytecode bs for a single
method, of a single class C, of a program P ; however, it can easily be extended
to a more general statement for the entire program P . We have actually proved
in Isabelle the more general statement but, to avoid unnecessary complexity, we
restrict ourselves here to this simpler statement.

This theorem has four assumptions: (A1) the program P is well-formed; (A2)
the class C belongs to the program P ; (A3) the method signature is well-formed
(i.e., all method parameters have declared types); and (A4) that the bytecode
bs is successfully model-checked. Under these assumptions, the conclusion states
that bs has a well-typing given by the method type φ. The impact of this theorem
is that the existence of such a well-typing implies that bs is free of runtime type
errors.

In the following, to increase readability, we abbreviate abs method P C
pTs rT maxr bs as abs method and bcm method P C pTs rT maxr maxs bs
as bcm method.

Proof Intuition. Our proof of the existence of a method type φ is constructive
and builds φ from the transition system K pointwise for each program point pc
as follows. First, we define a function at :: (α × β) kripke → α → β set ,
where K at pc ≡ { a | reachableK (pc, a) } denotes the program configurations
reachable on any trace that belong to the program point pc. Second, we build
the supremum suppc of the set K at pc. The third step uses the fact (which
must be proved) that each supremum suppc is of the form OK xpc (i.e., it is not
Err) and hence xpc is the method type at the program point pc. In essence, we
perform a data flow analysis here in our proof to build a method type.

The bulk of our proof is to show that this method type is actually a well-
typing for the model checked bytecode. The main challenge here is to show that
each method instruction is well-typed with respect to the instruction’s state type
(applicability) and that the successors of an instruction are well-typed with re-
spect to the state type resulting from the execution of the instruction (stability).
We establish this by induction on the set K at pc; this corresponds to an in-
duction over all traces that contribute to the state set associated with the pcth
program point. Since model checking enforces applicability and thus stability for
every trace, and since exec is semi-continuous in the sense that

exec (
⊔

sl (OK ‘Some ‘ abs method at pc)) ≤le

⊔
sl (exec ‘ (OK ‘Some‘(abs method at pc))),

then the pointwise supremum of the state types gives rise to a method type that
is a well-typing.

Some Proof Details. We now describe the construction of the method type more
formally and afterwards the proof that it is a well-typing.
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The first two steps of the construction are formalized using the function
ok method type :: jvm prog → cname → ty list → ty → nat → nat → instr list →
nat → state , where we abbreviate

⊔
sl,Err,OK(None) as

⊔
sl.

ok method type P C pTs rT maxr maxs bs pc ≡
let sl = sl P maxs (1 + (size pTs) +maxr);

K = abs method P C pTs rT maxr bs;
in
⊔

sl OK ‘ Some ‘ (K at pc)

Here, the supremum function over sets,
⊔

sl , builds from K at pc the supremum
suppc in the semilattice sl . To increase readability, we will use ok method type
as an abbreviation for ok method type P C pTs rT maxr maxs bs .

For the third step, we extract the method type using the function ok val ::
α err → α, where ok val e = case e of (OK x) ⇒ x | ⇒ arbitrary. Thus the
method type at program point pc can be computed by the functionmethod type ≡
ok val ◦ ok method type and we chose as the overall method type

φ = map (method typeP C pTs rT maxr maxs bs) [0, . . . , size bs − 1] .

Before explaining why φ is a well-typing, we state two lemmata central to
the proof. As mentioned above, the correctness of our construction requires that
for each program point pc, there is a state type x such that ok method type pc =
OKx. The following lemma states this, and moreover that this type is applicable
at program point pc.

Lemma 5. Well-Typed Supremum

0 < size bs ∧ pc < size bs ∧ wf prog wf mb P ∧ is class P C
∧ (∀ x ∈ set pTs. is type P x) ∧
size hs = size bs ∧ bounded (λ n. succs (bs !n) n) (size bs) ∧
(abs method |= � Atom spc method)

−→ ∃x. (ok method type pc = OK x) ∧ (x = None ∨ (∃ st reg . x = Some (st , reg) ∧
app′ (bs !pc, P, maxs , rT , (st , reg)) ∧ (size st = hs !pc)))

We prove this lemma by induction on the set of program states that belong to
the program point pc. This proof uses the fact that if a property holds globally
in a Kripke structure then it holds for every reachable state of the structure.
The step case requires the following lemma, which states that when two states
(st1, reg1) and (st2, reg2) of the type state type satisfy the predicate app′ for
the instruction bs !pc and the sizes of their stacks are equal, then the supremum
of these states also satisfies the applicability condition for this instruction and
the size of supremum’s stack is the size of the stack of the two states. Here we
abbreviate lift JType.sup P as sup′.

Lemma 6. Well-Typed Induction Step

pc < (size bs) ∧ semilat sl ∧ size hs = size bs −→
size st1 = hs !pc ∧ app′ (bs !pc, P, maxs, rT , (st1, reg1)) ∧
size st2 = hs !pc ∧ app′ (bs !pc, P, maxs, rT , (st2, reg2)) −→
size (st1 +[sup′] st2)=hs!pc∧app′ (bs!pc, P, maxs , rT , (st1 +[sup′] st2, reg1 +[sup′] reg2))
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We now sketch the proof that φ is a well-typing. To simplify notation, we ab-
breviate the initial state type ([], (OK (Class C))# (map OK pTs)@
(replicatemaxl Err)) as (st0, reg0).

Following the definition of wt method, we must show, that under the four
assumptions (A1)–(A4), three properties hold: First, the method body must
contain at least one instruction, i.e. 0 < size bs . This follows directly from the
definition of bcm method.

Second, the start of the method must be well-typed, that is Some (st0, reg0)
≤le state opt φ!0. Since the set of traces is not empty, the initial state type
Some (st0, reg0) is contained in the set Some ‘ (abs method at 0) and hence it
follows that

OK (Some (st0, reg0)) ≤le

⊔
sl (OK ‘ Some ‘ (abs method at 0)) ,

which is (by the definition of ok method type) the same as OK (Some (st0, reg0))
≤le ok method type 0. By lemma 5 we know that the right-hand side of the in-
equality is an OK value and thus we can strip off OK yielding Some (st0, reg0)
≤le state opt ok val(ok method type 0), which is (by the choice of φ and the defini-
tion of ok method type) the desired result.

Finally, we must show that all instructions of the method bs are well-typed,
i.e.,

∀(pc < size bs). ∀ pc′ ∈ set (succs (bs !pc) pc).
pc′ < size bs ∧ (boundedness)
app (bs !pc) P maxs rT (φ!pc) ∧ (applicability)
step (bs !pc) P (φ!pc) ≤le state opt (φ!pc′) (stability)

This splits into three subgoals (boundedness, applicability, and stability). For
all three we fix a pc, where pc < size bs and a successor pc′ of pc. Boundedness
holds trivially, since from bcm method it follows that succs is bounded.

To show the applicability of the instruction at the program point pc, by the
definition of method type, we must show that

app (bs !pc) P maxs rT (ok val (ok method type pc)) ,

which we prove by case analysis. The first case is when ok method type pc is
OK None, which in our formalization means that pc is not reachable (i.e. there
is dead code). Then applicability holds by the definition of app. The second case
is when the transition system abs method generates program configurations that
belong to the program point pc. We must then prove (according to the definition
of app)

app′ (bs !pc, P, maxs , rT , (st , reg)) ,

which follows from Lemma 5. This lemma also guarantees that the third case,
where ok method type pc is Err, does not occur.
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The majority of the work is in showing stability. Due to the choice of φ and
the definition of method type we must prove

step (bs !pc) P (ok val (ok method type pc))
≤le state opt (ok val (ok method type pc′)) .

By the definition of ≤le it suffices to show the inequality

OK(step (bs !pc) P (ok val (ok method type pc))) ≤le OK(ok val (ok method type pc′))

Lemma 5 states the applicability of ok val(ok method type pc) to the instruction
at program point pc on the left-hand side of the inequality and hence, by the
definition of exec, we can reduce our problem to

exec(OK(ok val (ok method type pc))) ≤le OK(ok val (ok method type pc′)) .

Moreover, this lemma allows us to conclude that ok method type delivers OK
values for pc and pc′ and thus the argument of exec is equal to ok method type pc
and the right-hand side of the inequality is equal to ok method type pc′. By
unfolding the definition of ok method type, the inequality simplifies to

exec (
⊔

sl

(OK ‘ Some ‘ (abs methodatpc))) ≤le

⊔

sl

(OK ‘ Some ‘ (abs methodatpc′)) .

(*)
In Lemma 1 we proved that if a function g is a semi-homomorphism and g ‘A′′ ⊆
A′, then g (

⊔
sl A′′) ≤le

⊔
sl A′. Inequation (*) is an instance of the conclusion

of this lemma. We can prove the (corresponding instance of the) first premise of
this lemma, showing that exec is a semi-homomorphism, using Lemma 4. Thus,
it suffices to prove the (corresponding instance of the) second premise, i.e, to
prove

(exec ‘ (OK ‘ Some ‘ (abs method at pc))) ⊆ (OK ‘ Some ‘ (abs method at pc′)) .

We assume for an arbitrary state type (st , reg) that (st , reg) ∈ abs method at pc
and prove that

∃(st ′, reg ′) ∈ abs methodatpc′. exec(OK(Some(st , reg))) = OK(Some (st ′, reg ′)) .

From this assumption it follows that (pc, (st , reg)) is a reachable state of
abs method, which together with (A4) entails that the applicability conditions
hold for (st , reg). Hence, by the definition of exec, we can reduce our goal to

∃(st′, reg′) ∈ abs method at pc′. OK(step (bs!pc) P Some(st, reg))) = OK(Some (st′, reg′))

and further, by the definition of step and by stripping off OK, to

∃(st ′, reg ′) ∈ abs method at pc ′. step′ (bs !pc, P, (st , reg)) = (st ′, reg ′) .

However, this is equivalent to

∃(st ′, reg ′) ∈ abs method at pc′. ((st , reg), (st ′, reg ′)) ∈ next(abs method) ,
which follows directly from the liveness property that is part of (A4).
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5 Conclusion

We have formalized and proved in Isabelle/HOL the correctness of our approach
to model checking based bytecode verification. We were fortunate in that we
could build on the framework of Pusch and Nipkow. As such, our work also con-
stitutes a fairly large scale example of theory reuse, and the generality of their
formalisms, in particular Nipkow’s verification framework, played a major role in
this regard. As mentioned in the introduction, the changes we made to the verifi-
cation framework appear generally useful. There are some loose ends remaining
though as future work. First, we would like to formalize the monovariant ap-
proach in our framework. Second, our approach to polyvariant analysis required
slight changes in the stack component of the state type and this requires a new
proof that programs possessing a well-typing are type sound. This should be
straightforward but also remains as future work. Finally, our approach supports
polyvariant analysis in that it admits bytecode with incompatible types at differ-
ent program points. However, for each program point, our formalization requires
the stack size to be a constant. As a result, our current formalization consti-
tutes a midpoint, in terms of the set of programs accepted, between Nipkow’s
formalization and our implementation. It is trivial to implement the requirement
on the stack size as a model-checked property in our implementation; however,
it would be more interesting to lift this requirement in our Isabelle model, for
example, by further generalizing the notion of a state type to be a set of types.
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Abstract. Based on an inductive definition of triangulations, a theory of
undirected planar graphs is developed in Isabelle/HOL. The proof of the
5 colour theorem is discussed in some detail, emphasizing the readability
of the computer assisted proofs.

1 Introduction

It is well known that traditional mathematics is in principle reducible to logic.
There are two main motivations for carrying out computer-based formalizations
of mathematics in practice: to demonstrate the actual feasibility (in a particular
domain), and to develop the formal underpinnings for some applications. Our
formalization of graph theory is driven by both motivations.

First of all we would like to explore how feasible computer proofs are in an
area that is (over)loaded with graphic intuition and does not have a strong al-
gebraic theory, namely the realm of planar graphs. A first experiment in that
direction was already reported by Yamamoto et al. [18]. Their main result was
Euler’s formula. This is just one of many stepping stones towards our main result,
the 5 colour theorem (5CT). At the same time we try to lay the foundations for
a project one or two orders of magnitude more ambitious: a computer-assisted
proof of the 4 colour theorem (4CT). We come back to this point in the conclu-
sion. Finally we have an orthogonal aim, namely of demonstrating the advantage
of Wenzel’s extension of Isabelle, called Isar [14], namely readable proofs. Hence
some of the formal proofs are included, together with informal comments. It is
not essential that the reader understands every last detail of the formal proofs.
Isar is as generic as Isabelle but our work is based on the logic HOL.

There is surprisingly little work on formalizing graph theory in the literature.
Apart from the article by Yamamoto et al. on planar graphs [18], from which we
inherit the inductive approach, we are only aware of three other publications [17,
6, 19], none of which deal with planarity.

Before we embark on the technical details, let us briefly recall the history and
main proof idea for the 4 and 5 colour theorem. The 4CT was first conjectured
in 1853 by Francis Guthrie as a map colouring problem. The first incorrect proof
attempts were given 1879 by Kempe and 1880 by Tait. Kempe already used an
argument today known as Kempe chains. The incorrectness of Kempe’s proof was
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pointed out by Heawood in 1890, but he could weaken Kempe’s argument to the
5CT. In 1969 Heesch [9] introduced the methods of reducibility and discharging
which were used in the first proof by Appel and Haken in 1976 [1, 2, 3]. The proof
was simplified and improved 1995 by Robertson, Sanders, Seymour and Thomas
[11, 12]. Both proofs rely heavily on large case analyses performed by (unverified)
computer programs, which is contrary to the tradition of mathematical proofs.

The proof of the 5CT is by induction on the size of the graph g (although
many textbooks [15, 8] prefer an indirect argument). Let g be non-empty. It can
be shown that any non-empty planar graph has a vertex of degree ≤ 5. Let v
be such a vertex in g and let g′ be g without v. By induction hypothesis g′ is
5-colourable because g′ is smaller than g. Now we distinguish two cases. If v has
degree less than 5, there are fewer neighbours than colours, and thus there is
at least one colour left for v. Thus g is also 5-colorable. If v has degree 5, it is
more complicated to construct a 5-colouring of g′ from one of g. This core of the
proof is explained in the body of the paper. In principle, the proof of the 4CT
is similar, but immensely more complicated in its details.

We have intentionally not made an effort to find the slickest proof of the 5CT
but worked with a standard one (except for using induction rather than a mini-
mal counterexample). This is because we intended the proof to be a benchmark
for our formalization of graph theory.

1.1 Notation

We briefly list the most important non-standard notations in Isabelle/Isar.
The notation [[P1; . . . ;Pn]] =⇒ P is short for the iterated implication P1 =⇒

. . . =⇒ Pn =⇒ P . The symbol
∧

denotes Isabelle’s universal quantifier from
the meta-logic. Set comprehension is written {x.P} instead of {x | P}. Function
card maps a finite set to its cardinality, a natural number. The notation c ‘ A
is used for the image of a set A under a function c.

The keyword constdefs starts the declaration and definition of new con-
stants; “≡”is definitional equality. Propositions in definitions, lemmas, and proofs
can be preceded by a name, written “name: proposition”; We use the technique
of suppressing subproofs, denoted by the symbol “〈proof 〉”, to illustrate the
structure of a proof. The subproofs may be trivial subproofs, by simplification
or predicate calculus or involve some irrelevant Isabelle specific steps. If a propo-
sition can be proved directly, its proof starts with the keyword by followed by
some builtin proof method like simp, arith, rule, blast or auto [10]; The name
?thesis in an Isar proof refers to the proposition we are proving at that moment.

1.2 Overview

In §2 we introduce graphs and their basic operations. In §3 we give an inductive
definition of near triangulations and define planarity using triangulations. In §4
we discuss two fundamental topological properties of planar graphs and their
representations in our formalization. In §5 we introduce colourings and Kempe
chains and present the Isar proof of the 5CT.
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2 Formalization of Graphs

2.1 Definition of Graphs

In this section we define the type of graphs and introduce some basic graph
operations (insertion and deletion of edges and deletion of vertices) and some
classes of graphs.

A (finite) graph g consists of a finite set of vertices V g and a set of edges
E g , where each edge is a two-element subset of V g. In the field of planar graphs
or graph colouring problems, isolated vertices do not matter much, since we
can always assign them any colour. Hence we consider only vertices which are
connected to another vertex, and leave out an explicit representation of V g.
This leads to an edge point of view of graphs, which keeps our formalisation as
simple as possible. We do not restrict the definition of graphs to simple graphs
but most of the graphs we actually work with are simple by construction.

We define a new type α graph as an isomorphic copy of the set of finite sets
of two-element sets with the morphisms edges and graph-of :

edges

graph-of

α graph α set set

Fig. 1. Definition of α graph

typedef α graph = {g ::α set set . finite g ∧ (∀ e ∈ g . ∃ x y . e = {x , y})}
morphisms edges graph-of

The representing set is not empty as it contains, for example, the empty set.
We introduce the symbol E for the function edges and define V g as the set

of all vertices which have an incident edge.

constdefs vertices :: α graph ⇒ α set (V)
V g ≡ ⋃

(E g)

2.2 Basic Graph Operations.

Size We define the size of a graph as the (finite) number of its vertices.

size g ≡ card (V g)

Empty Graph, Insertion, and Deletion of Edges. We introduce the fol-
lowing basic graph operations: the empty graph ∅, insertion g ⊕ {x , y} of an
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edge, deletion g � {x , y} of an edge and deletion g � x of a vertex x, i.e. deletion
of all edges which are incident with x.

constdefs empty-graph :: α graph (∅)
∅ ≡ graph-of {}

ins :: α graph ⇒ α set ⇒ α graph (infixl ⊕ 60)
e = {x , y} =⇒ g ⊕ e ≡ graph-of (insert e (E g))

del :: α graph ⇒ α set ⇒ α graph (infixl 
 60)
g 
 e ≡ graph-of (E g − {e})

del-vertex :: α graph ⇒ α ⇒ α graph (infixl � 60)
g � x ≡ graph-of {e. e ∈ E g ∧ x /∈ e}

Subgraph. A graph g is a (spanning) subgraph of h, g � h, iff g can be extended
to h by only inserting edges between existing vertices.

constdefs subgraph :: α graph ⇒ α graph ⇒ bool (infixl � 60)
g � h ≡ V g = V h ∧ E g ⊆ E h

Degree. The neighbourhood Γ g x of x is the set of incident vertices. The
degree of a vertex x ∈ V g is the number of neighbours of x.

constdefs neighbours :: α graph ⇒ α ⇒ α set (Γ )
Γ g x ≡ {y . {x , y} ∈ E g}

degree :: α graph ⇒ α ⇒ nat
degree g x ≡ card (Γ g x)

2.3 Some Classes of Graphs

Complete Graphs with n vertices are simple graphs where any two different
vertices are incident. For example a triangle is a complete graph with 3 vertices.

constdefs K 3 :: α ⇒ α ⇒ α ⇒ α graph (K 3)
K 3 a b c ≡ ∅ ⊕ {a, b} ⊕ {a, c} ⊕ {b, c}

Cycles are simple connected graphs where any vertex has degree 2. We do not
require connectivity, and thus obtain sets of cycles.

constdefs cycles :: α graph ⇒ bool

cycles g ≡ simple g ∧ (∀ v ∈ V g . degree g v = 2)

We introduce abbreviations cycle-ins-vertex and cycle-del-vertex for insertion
and deletion of vertices in cycles (see Fig. 2).

constdefs cycle-ins-vertex :: α graph ⇒ α ⇒ α ⇒ α ⇒ α graph
cycle-ins-vertex g x y z ≡ g 
 {x , z} ⊕ {x , y} ⊕ {y , z}
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x

z

cycle-ins-vertex

cycle-del-vertex
y

z

x

Fig. 2. Insertion and deletion of vertices in cycles

cycle-del-vertex :: α graph ⇒ α ⇒ α ⇒ α ⇒ α graph
cycle-del-vertex g x y z ≡ g 
 {x , y} 
 {y , z} ⊕ {x , z}

3 Triangulations and Planarity

3.1 Inductive Construction of Near Triangulations

To lay the foundations for our definition of planarity based on triangulations,
we start in this section with the inductive definition of near triangulations. The
idea of defining planar graphs inductively is due to Yamamoto et al. [18], but
the formulation in terms of near triangulations is due to Wiedijk [16]. We will
then derive some fundamental properties of near triangulations such as Euler’s
theorem and the existence of a vertex of degree at most 5.

Triangulations are plane graphs where any face is a triangle. Near triangu-
lations are plane graphs where any face except the outer face is a triangle. We
define near triangulations g with boundary h and inner faces f in an inductive
way (see Fig. 3): any triangle K 3 a b c of three distinct vertices is a near trian-
gulation. Near triangulations are extended by adding triangles on the outside in
two different ways: in the first case we introduce a new vertex b by inserting two
edges joining b with a and c, where a and c are incident on h. In the other case
we insert a new edge joining a and c, where a and c are both incident with b on
h. The boundary of the new near triangulation is constructed from the original

ins-edgetriangle ins-vertex

a

b

a

b

c

a

b

c
c

Fig. 3. Inductive definition of near triangulations

one by inserting or deleting the vertex b on h. The set of inner faces f is extended
in both cases by the new triangle K 3 a b c.



72 Gertrud Bauer and Tobias Nipkow

consts near-triangulations :: (α graph × α graph × α graph set) set

inductive near-triangulations

intros

triangle:

distinct [a, b, c] =⇒ (K 3 a b c, K 3 a b c, {K 3 a b c}) ∈ near-triangulations

ins-vertex :

[[ distinct [a, b, c]; {a, c} ∈ E h; b /∈ V g ;

(g , h, f ) ∈ near-triangulations ]] =⇒
(g ⊕ {a, b} ⊕ {b, c}, cycle-ins-vertex h a b c, f ∪ {K 3 a b c}) ∈ near-triangulations

ins-edge:

[[ distinct [a, b, c]; {a, b} ∈ E h; {b, c} ∈ E h; {a, c} /∈ E g ;

(g , h, f ) ∈ near-triangulations ]] =⇒
(g ⊕ {a, c}, cycle-del-vertex h a b c, f ∪ {K 3 a b c}) ∈ near-triangulations

A near triangulation is a graph g which can be constructed in this way. A
triangulation is a special near triangulation where the boundary consist of 3
vertices. Of course there may be many different ways of constructing a near
triangulation. A boundary H g is some boundary in one possible construction
of g, F g is some set of inner faces in one possible construction of g. Note that
both the inner faces and the boundary (which can be counsidered as the outer
face) are not unique, since some planar graphs can be drawn in different ways.

Note that SOME is Hilbert’s ε-operator, the choice construct in HOL.

constdefs near-triangulation :: α graph ⇒ bool
near-triangulation g ≡ ∃ h f . (g , h, f ) ∈ near-triangulations

triangulation :: α graph ⇒ bool
triangulation g ≡ ∃ h f . (g , h, f ) ∈ near-triangulations ∧ card (V h) = 3

boundary :: α graph ⇒ α graph (H)
H g ≡ SOME h. ∃ f . (g , h, f ) ∈ near-triangulations

faces :: α graph ⇒ α graph set (F)
F g ≡ SOME f . ∃ h. (g , h, f ) ∈ near-triangulations

3.2 Fundamental Properties of Near Triangulations

Our next goal is to prove that any planar graph has at least one vertex of degree
≤ 5. Since our definition of planarity is based on near triangulations, we will see
that it suffices to show that any near triangulation contains a vertex of degree
≤ 5. To this end we will first establish a series of equations about the number
of edges, vertices and faces in near triangulations. Finally we will show that any
near triangulation contains a vertex of degree ≤ 5.

The first equation relates the number of inner faces and the number of edges.
Any face is adjoined by 3 edges, any edge belongs to 2 faces except the edges on
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the boundary which belong only to one face. The proof is by induction over the
construction of near triangulations.

lemma nt-edges-faces:

(g , h, f ) ∈ near-triangulations =⇒ 2 ∗ card (E g) = 3 ∗ card f + card (V h) 〈proof 〉
Euler’s theorem for near triangulations is also proved by induction. Note that

F g contains only the inner faces of g, so the statement contains a 1 instead of
the customary 2. We present the top-level structure of the proof, relating the
considered quantities in the extended and original near triangulation. Note that
we introduce an abbreviation ?P for the statement we want to prove.

theorem Euler :

near-triangulation g =⇒ 1 + card (E g) = card (V g) + card (F g)

proof −
assume near-triangulation g

then show 1 + card (E g) = card (V g) + card (F g) (is ?P g (F g))

proof (induct rule: nt-f-induct)

case (triangle a b c)

show ?P (K 3 a b c) {K 3 a b c} 〈proof 〉
next

case (ins-vertex a b c f g h)

have card (E (g ⊕ {a, b} ⊕ {b, c})) = card (E g) + 2 〈proof 〉
moreover have card (V (g ⊕ {a, b} ⊕ {b, c})) = 1 + card (V g) 〈proof 〉
moreover have card (f ∪ {K 3 a b c}) = card f + 1 〈proof 〉
moreover assume ?P g f

ultimately show ?P (g ⊕ {a, b} ⊕ {b, c}) (f ∪ {K 3 a b c}) by simp

next

case (ins-edge a b c f g h)

have card (E (g ⊕ {a, c})) = 1 + card (E g) 〈proof 〉
moreover have card (V (g ⊕ {a, c})) = card (V g) 〈proof 〉
moreover have card (f ∪ {K 3 a b c}) = 1 + card f 〈proof 〉
moreover assume ?P g f

ultimately show ?P (g ⊕ {a, c}) (f ∪ {K 3 a b c}) by simp

qed

qed

The following result is easily achieved by combining the previous ones.

lemma edges-vertices: near-triangulation g =⇒
card (E g) = 3 ∗ card (V g) − 3 − card (V (H g)) 〈proof 〉

The sum of the degrees of all vertices counts the number of neighbours over
all vertices, so every edge is counted twice. The proof is again by induction.

theorem degree-sum: near-triangulation g =⇒
(
∑

v ∈ V g . degree g v) = 2 ∗ card (E g) 〈proof 〉
Now we prove our claim by contradiction. We can complete the proof with a

short calculation combining the two preceding equations.



74 Gertrud Bauer and Tobias Nipkow

theorem degree5: near-triangulation g =⇒ ∃ v ∈ V g . degree g v ≤ 5
proof −
assume (∗): near-triangulation g then have (∗∗): 3 ≤ card (V g) by (rule card3)
show ?thesis
proof (rule classical)
assume ¬ (∃ v ∈ V g . degree g v ≤ 5)
then have

∧
v . v ∈ V g =⇒ 6 ≤ degree g v by auto

then have 6 ∗ card (V g) ≤ (
∑

v ∈ V g . degree g v) by simp
also have . . . = 2 ∗ card (E g) by (rule degree-sum)
also from (∗∗) and (∗) have . . . < 6 ∗ card (V g)
by (simp add : edges-vertices) arith

finally show ?thesis by arith
qed

qed

3.3 Planar Graphs

In text books, planar graphs are usually defined as those graphs which have
an embedding in the two-dimensional Euclidean plane with no crossing edges.
However, this approach requires a significant amount of topology. We start from
the well-known and easy observation that planar graphs with at least 3 vertices
are exactly those which can be extended to a triangulation by adding only edges.
We do not consider graphs with less than 3 vertices, since a graph with at most
n vertices can always be n-coloured. This leads to the following definition.

constdefs planar :: α graph ⇒ bool

planar g ≡ ∃ g′. triangulation g′ ∧ g � g′

Obviously triangulations are planar. But we also need to know that any near
triangulation g is planar. Of course this is also true, we only have to insert edges
until there are only 3 vertices on the boundary h of g. We can prove this by
induction on the number of vertices in h.

lemma near-triangulation-planar : near-triangulation g =⇒ planar g 〈proof 〉
We have glossed over one issue so far: is the usual topological definition of

triangulation the same as our inductive one? And thus, is our notion of planarity
the same as the topological one? It is clear that all of our inductively generated
near triangulations are near triangulations in the topological sense, and hence
that any planar graph in our sense is also planar in the topological sense. In
the other direction let g be a planar graph in the topological sense such that
g has at least 3 vertices. Then g � g′ for some 2-connected planar graph g′.
By Proposition 4 of [18] g′ can be generated by the inductive definition in [18],
where arbitrary polygons rather than just triangles are added in each step. Now
there is a triangulation g′′ in our sense such that g′ � g′′ — just add edges to the
polygons to subdivide them into triangles. Thus planar g because g � g′′. This
finishes the informal proof that our inductive and the usual topological notion
of planarity coincide.
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4 Topological Properties of Near Triangulations

4.1 Crossing Paths on Near Triangulations

This section is dedicated to an obvious topological property of near triangula-
tions shown in Fig. 4 on the left, where the circle is the boundary: any two paths
between v0 and v2 and between v1 and v3 must intersect, i.e. have a vertex in
common. In fact, this is true for all planar graphs. We give an inductive proof
for near triangulations: given two paths in the graph extended by a new triangle,
this induces two sub-paths in the old graph, which must intersect by induction
hypothesis. The cases where the two paths lie completely within the old graph
are trivial by induction hypothesis. Then there are numerous symmetric and
degenerate cases where one of the two paths include (some of) the newly added
edges. In Fig. 4 on the right you see the two main cases, one for inserting a vertex
and one for inserting an edge. In both cases the sub-paths between v0 and a and
between v1 and v3 lie within the old graph and therefore intersect. In the first
case one can also replace the sub-path abc by ac to obtain a path within the old
graph, thus cutting down on the number of case distinctions, which is what we
did in the formal proof.

v1

v2

v3

v0

b c

a a

Fig. 4. Crossing paths

Although it took us a moment to find the pictorial proof, the shock came
when the formal proof grew to 2000 lines. We will not discuss any details but
merely the concepts involved.

A path could either be a graph or a list of vertices. We opted for lists because
of their familiarity and large library. This may have been a mistake because lists
are better suited for directed paths and may require additional case distinctions
in proofs in an undirected setting. Given a graph g, (x ,p,y) ∈ paths g means that
p is a list of distinct vertices leading from x to y. The definition is inductive:

consts paths :: α graph ⇒ (α × α list × α)set

inductive paths g

intros

basis: (x , [x ], x) ∈ paths g

step: [[ (y , p, z) ∈ paths g ; {x , y} ∈ E g ; x /∈ set p ]] =⇒ (x , x#p, z) ∈ paths g
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Function set converts a list into a set and the infix # separates the head from
the tail of a list.

From a path p it is easy to recover a set of edges pedges p. Keyword recdef
starts a recursive function definition and measure size is the hint for the auto-
matic termination prover:

consts pedges :: α list ⇒ α set set

recdef measure length

pedges (x#y#zs) = {{x , y}} ∪ pedges (y#zs)

pedges xs = {}
Now we come to the key assumption of our main lemma shown in Fig. 4: the

vertices v0, v1, v2 and v3 must appear in the right order on the boundary. We
express this with the predicate ortho h x y u v where h is the boundary, x must
be opposite y and u opposite v :

constdefs ortho :: α graph ⇒ α ⇒ α ⇒ α ⇒ α ⇒ bool

ortho h x y u v ≡ x �= y ∧ u �= v ∧
(∃ p q . (x , p, y) ∈ paths h ∧ (y , q , x) ∈ paths h ∧ u ∈ set p ∧ v ∈ set q ∧

E h = pedges p ∪ pedges q ∧ set p ∩ set q ⊆ {x , y})
This definition is attractive because it follows very easily that x can be

swapped with y and u with v. But there are many alternatives to this defi-
nition, and in retrospect we wonder if we made the right choice. As it turns out,
almost half the size of this theory, i.e. 1000 lines, is concerned with proofs about
ortho. There is certainly room for more automation. All of theses proofs involve
first-order logic only, no induction.

The main theorem can now be expressed very easily:

theorem crossing-paths: [[ (g , h, f ) ∈ near-triangulations; ortho h v0 v2 v1 v3;

(v0, p, v2) ∈ paths g ; (v1, q , v3) ∈ paths g ]] =⇒ set p ∩ set q �= {} 〈proof 〉
We also need to know that we can find 4 orthogonal vertices in a large enough

graph:

lemma cycles-ortho-ex : [[ cycles h; 4 ≤ card (V h) ]] =⇒
∃ v0 v1 v2 v3. ortho h v0 v2 v1 v3 ∧ distinct [v0, v1, v2, v3] 〈proof 〉

4.2 Inversions of Triangulations

For the proof of the 5CT we need the following topological property, which is
illustrated in Fig. 5: if we delete a vertex v in a triangulation g, we obtain (in two
steps) a near triangulation with boundary h where the vertices of h are exactly
the neighbours v0, v1, v2, v3, v4 of v.

theorem del-vertex-near-triangulation: [[ triangulation g ; 4 ≤ card (V g) ]] =⇒
∃ h f .(g � v , h, f ) ∈ near-triangulations ∧ V h = Γ g v
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c b
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v1v2

v3

a
v4

a
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v2 v1

v0
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v3

v1

v2

v4

v

Fig. 5. Deletion of a vertex in a triangulation

This property is based on another fundamental but non-trivial property of
triangulations (see Fig. 6). Given a triangulation g, we can consider any face of
g as the boundary of g, i.e. we may invert the given inductive construction of g
such that the boundary is one of the inner faces.

v1

v v0

c b

a

v v0

v1

a

bc

Fig. 6. Inversion of a triangulation

Now we can complete the proof of our previous claim. First we invert the
triangulation such that one of the faces adjoining v is the outer one (first step in
Fig. 5). Now we cut off all edges to neighbours of v and obtain a near triangu-
lation where the vertices on h are exactly the neighbours of v. This is the only
theorem we have not formally proved so far, but it is a topological property and
does not concern colouring. It also is a special case of the following topological
property, which may be seen as a formulation of the Jordan Curve Theorem: if
we delete the inner faces of a near triangulation from a triangulation we again
obtain a near triangulation.
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5 The Five Colour Theorem

5.1 Colourings and Kempe Chains

A n-colouring of a graph g is a function from V g to {k . k < n} such that any
incident vertices have different colours. A graph g is n-colourable if there is an
n-colouring of g.

constdefs colouring :: nat ⇒ α graph ⇒ (α ⇒ nat) ⇒ bool

colouring n g c ≡
(∀ v . v ∈ V g −→ c v < n) ∧ (∀ v w . {v , w} ∈ E g −→ c v �= c w)

constdefs colourable :: nat ⇒ α graph ⇒ bool

colourable n g ≡ ∃ c. colouring n g c

A Kempe chain of colours i and j is the subset of all vertices of g which are
connected with v by a path of vertices of colours i and j.

We are able to prove the following major result: we can obtain a new n-
colouring c′ from a n-colouring c by transposing the colours of all vertices in a
Kempe chain.

constdefs kempe :: α graph ⇒ (α ⇒ nat) ⇒ α ⇒ nat ⇒ nat ⇒ α set (K)
K g c v i j ≡ {w . ∃ p. (v , p, w) ∈ paths g ∧ c‘ (set p) ⊆ {i , j}}

constdefs swap-colours :: α set ⇒ nat ⇒ nat ⇒ (α ⇒ nat) ⇒ (α ⇒ nat)
swap-colours K i j c v ≡
if v ∈ K then if c v = i then j else if c v = j then i else c v else c v

lemma swap-colours-kempe: [[ v ∈ V g ; i < n; j < n; colouring n g c ]] =⇒
colouring n g (swap-colours (K g c v i j ) i j c) 〈proof 〉

5.2 Reductions

A important proof principle in the proof of the 5CT is reduction of the problem
of colouring g to the problem of colouring a smaller graph. For the proof of the
5CT we only need two different reductions. One for the case that g has a vertex
v of degree less than 4 and one for the case that g has a vertex v of degree 5.
Both reductions are based on the following property: if a colouring c on g � v
uses less than 5 colours for the neighbours Γ g v of v, then c can be extended to
a colouring on g. We only have to assign to v one of the colours which are not
used in Γ g v.

lemma free-colour-reduction:

[[ card (c ‘ Γ g v) < 5; colouring 5 (g � v) c; triangulation g ]] =⇒
colourable 5 g 〈proof 〉

The reduction for the case that v has degree less than 5 is quite obvious:
there are only 4 neighbours so they cannot use more than 4 colours.

lemma degree4-reduction:

[[ colourable 5 (g � v); degree g v < 5; triangulation g ]] =⇒ colourable 5 g 〈proof 〉
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The reduction for the cases that v has degree 5 is a bit more complicated
[8, 7]: we construct a colouring of g from a colouring of g � v where g is a
triangulation and degree g v = 5. We assume g � v is colourable, so we can
choose an (arbitrary) colouring c of g � v. In the case that c uses less than 5
colours in the neighbourhood Γ g v of v, we obviously can extend c on g.

lemma degree5-reduction:
[[ colourable 5 (g � v); degree g v = 5; triangulation g ]] =⇒ colourable 5 g

proof −
assume (∗): triangulation g and degree g v = 5
assume colourable 5 (g � v) then obtain c where colouring 5 (g � v) c ..

have card (c ‘ Γ g v) ≤ 5 〈proof 〉 then show colourable 5 g
proof cases
assume card (c ‘ Γ g v) < 5 show colourable 5 g by (rule free-colour-reduction)

next

In the case that c uses all 5 colours on the neighbours Γ g v of v, we consider
the near triangulation g � v with boundary h on Γ g v. We can find four distinct
orthogonal vertices v0 v1 v2 v3 on h.

assume card (c ‘ Γ g v) = 5 also have (∗∗): card (Γ g v) = 5 〈proof 〉
finally have inj-on c (Γ g v) 〈proof 〉

have 4 ≤ card (V g) 〈proof 〉
with (∗) obtain h f where (g � v , h, f ) ∈ near-triangulations and
V h = Γ g v by (rules dest : del-vertex-near-triangulation)

with (∗∗) have 4 ≤ card (V h) and cycles h 〈proof 〉
then obtain v0 v1 v2 v3 where ortho h v0 v2 v1 v3 and distinct [v0, v1, v2, v3]

by (auto dest : cycles-ortho-ex)

There cannot be a path in g � v in the colours of v0 and v2 between v0 and v2

and at the same time one in the colours of v1 and v3 between v1 and v3. The reason
is that the paths would intersect according to the crossing-paths lemma (see Fig. 7 on
the left). This is a contradiction to the fact that all neighbours have different colours.
Thus we can obtain v0

′ and v2
′ such that there is no path in the colours of v0

′ and v2
′

between v0
′ and v2

′.

v4

v0

v3

v1
v2

v4

v0

v3

v1
v2

Fig. 7. Reduction for the case degree g v = 5
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have ¬ ((∃ p. (v0, p, v2) ∈ paths (g � v) ∧ c‘ (set p) ⊆ {c v0, c v2}) ∧
(∃ p. (v1, p, v3) ∈ paths (g � v) ∧ c‘ (set p) ⊆ {c v1, c v3}))

proof −
{ fix p assume (v0, p, v2) ∈ paths (g � v) and c‘ (set p) ⊆ {c v0, c v2}
fix q assume (v1, q , v3) ∈ paths (g � v) and c‘ (set q) ⊆ {c v1, c v3}
have set p ∩ set q �= {} by (rule crossing-paths)
then obtain s where s ∈ set p and s ∈ set q by auto
have c s ∈ {c v0, c v2} and c s ∈ {c v1, c v3} 〈proof 〉
moreover have c v0 �= c v1 and c v0 �= c v3 and
c v1 �= c v2 and c v2 �= c v3 〈proof 〉

ultimately have False by auto
} then show ?thesis by auto

qed
then obtain v0

′ v2
′ where v0

′ = v0 ∧ v2
′ = v2 ∨ v0

′ = v1 ∧ v2
′ = v3 and

¬ (∃ p. p ∈ paths (g � v) v0
′ v2

′ ∧ c‘ (set p) ⊆ {c v0
′, c v2

′}) by auto

We consider the Kempe chain K of all vertices which are connected with v0
′ by

a path in the colours of v0
′ and v2

′. We define a new colouring c′ on g � v by
transposing the colours of v0

′ and v2
′ in K. According to our previous considerations

v2
′ is separated from v0

′, so v2
′ does not lie in K. (See Fig. 7, on the right.) We can

extend the colouring c′ to g by assigning the colour of v0
′ to v.

def K ≡ K (g � v) c v0
′ (c v0

′) (c v2
′)

def c′ ≡ swap-colours K (c v0
′) (c v2

′) c
obtain colouring 5 (g � v) c′ 〈proof 〉

have v2
′ /∈ K 〈proof 〉 then have c′ v2

′ = c v2
′ 〈proof 〉

also have v0
′ ∈ K 〈proof 〉 then have c′ v0

′ = c v2
′ 〈proof 〉

finally have c′ v0
′ = c′ v2

′ .
then have ¬ inj-on c′ (V h) 〈proof 〉 also have V h = Γ g v .
finally have card (c′ ‘ Γ g v) < 5 〈proof 〉
then show colourable 5 g by (rule free-colour-reduction)

qed
qed

5.3 The Proof of the Five Colour Theorem

We prove the 5CT using the following rule for induction on size g.

lemma graph-measure-induct :

(
∧

g . (
∧

h. size h < size g =⇒ P h) =⇒ P g) =⇒ P (g ::α graph) 〈proof 〉
We show that any planar graph is 5-colourable by induction on size g (com-

pare [8, 7]). We assume that g is planar. Hence it is the spanning subgraph of a
triangulation t. We know that t contains at least one vertex of degree less than
5. The size of t � v is smaller than the size of g. Moreover, t � v is a near tri-
angulation and therefore planar. It follows from the induction hypothesis (IH )
that t � v must be 5-colourable. Now we construct a colouring of t depending
on a case distinction on the degree of v by applying an appropriate reduction.
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theorem 5CT : planar g =⇒ colourable 5 g
proof −
assume planar g then show colourable 5 g
proof (induct rule: graph-measure-induct)
fix g ::α graph
assume IH :

∧
g′::α graph. size g′ < size g =⇒ planar g′ =⇒ colourable 5 g′

assume planar g then obtain t where triangulation t and g � t ..
then obtain v where v ∈ V t and d : degree t v ≤ 5 by (blast dest : degree5)

have size (t � v) < size t .. also have size t = size g ..
also have planar (t � v) ..
ultimately obtain colourable 5 (t � v) by (rules dest : IH )

from d have colourable 5 t
proof cases
assume degree t v < 5 show colourable 5 t by (rule degree4-reduction)

next
assume degree t v = 5 show colourable 5 t by (rule degree5-reduction)

qed
then show colourable 5 g ..

qed
qed

6 Conclusion

Although we have proved what we set out to, the resulting formalization and
proofs are still only a beginning. For a start, the size of the proofs for the crossing-
paths lemma in §4.1 are too large for comfort, and the proof of theorem del-
vertex-neartriangulation still needs to be formalized in Isabelle. It also appears
that both propositions could be obtained as special cases of a discrete version of
the Jordan Curve Theorem. However, in other parts, e.g. Euler’s theorem and
the reduction lemmas, the proofs are roughly in line with what one would expect
from the informal proofs. The complete proof, without the topological properties,
consists of about 20 pages basic graph theory, 15 pages of triangulations, and 7
pages for the 5CT including Kempe chains and reductions.

So what about a full formalization of one of the existing proofs of the 4CT [4,
13]? The top-level proof by Robertson et al. consists of two computer-validated
theorems plus a lemma by Birkhoff [5]. The latter is more complicated than the
5CT, but still reasonably simple. The crucial part are the two computer-validated
theorems. One would either have to verify the correctness of the algorithms, or
let the algorithms produce a trace that can be turned into a proof. Although the
second appears more tractable, in either case one needs a considerable amount of
additional graph theory. Such an undertaking appears within reach of a dedicated
group of experts in theorem proving and graph theory, and its benefits could be
significant.
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Abstract. We describe the operational and denotational semantics of
a small imperative language in type theory with inductive and recursive
definitions. The operational semantics is given by natural inference rules,
implemented as an inductive relation. The realization of the denotational
semantics is more delicate: The nature of the language imposes a few dif-
ficulties on us. First, the language is Turing-complete, and therefore the
interpretation function we consider is necessarily partial. Second, the
language contains strict sequential operators, and therefore the function
necessarily exhibits nested recursion. Our solution combines and extends
recent work by the authors and others on the treatment of general re-
cursive functions and partial and nested recursive functions. The first
new result is a technique to encode the approach of Bove and Capretta
for partial and nested recursive functions in type theories that do not
provide simultaneous induction-recursion. A second result is a clear un-
derstanding of the characterization of the definition domain for general
recursive functions, a key aspect in the approach by iteration of Balaa
and Bertot. In this respect, the work on operational semantics is a mean-
ingful example, but the applicability of the technique should extend to
other circumstances where complex recursive functions need to be de-
scribed formally.

1 Introduction

There are two main kinds of semantics for programming languages.
Operational semantics consists in describing the steps of the computation of

a program by giving formal rules to derive judgments of the form 〈p, a〉� r, to
be read as “the program p, when applied to the input a, terminates and produces
the output r”.

Denotational semantics consists in giving a mathematical meaning to data
and programs, specifically interpreting data (input and output) as elements of
certain domains and programs as functions on those domains; then the fact that
the program p applied to the input a gives r as result is expressed by the equality
[[p]]([[a]]) = [[r]], where [[−]] is the interpretation.

Our main goal is to develop operational and denotational semantics inside
type theory, to implement them in the proof-assistant Coq [12], and to prove
their main properties formally. The most important result in this respect is a
soundness and completeness theorem stating that operational and denotational
semantics agree.
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The implementation of operational semantics is straightforward: The deriva-
tion system is formalized as an inductive relation whose constructors are direct
rewording of the derivation rules.

The implementation of denotational semantics is much more delicate. Tra-
ditionally, programs are interpreted as partial functions, since they may diverge
on certain inputs. However, all function of type theory are total. The problem
of representing partial functions in a total setting has been the topic of recent
work by several authors [7, 5, 13, 4, 14]. A standard way of solving it is to restrict
the domain to those elements that are interpretations of inputs on which the
program terminates and then interpret the program as a total function on the
restricted domain. There are different approaches to the characterization of the
restricted domain. Another approach is to lift the co-domain by adding a bottom
element, this approach is not applicable here because the expressive power of the
programming language imposes a limit to computable functions.

Since the domain depends on the definition of the function, a direct formal-
ization needs to define domain and function simultaneously. This is not possible
in standard type theory, but can be achieved if we extend it with Dybjer’s si-
multaneous induction-recursion [6]. This is the approach adopted in [4].

An alternative way, adopted by Balaa and Bertot in [1], sees the partial
function as a fixed point of an operator F that maps total functions to total
functions. It can be approximated by a finite number of iterations of F on an
arbitrary base function. The domain can be defined as the set of those elements
for which the iteration of F stabilizes after a finite number of steps independently
of the base function.

The drawback of the approach of [4] is that it is not viable in standard type
theories (that is, without Dybjer’s schema). The drawback of the approach of [1]
is that the defined domain is the domain of a fixed point of F that is not in general
the least fixed point. This maybe correct for lazy functional languages (call by
name), but is incorrect for strict functional languages (call by value), where we
need the least fixed point. The interpretation of an imperative programming
language is essentially strict and therefore the domain is too large: The function
is defined for values on which the program does not terminate.

Here we combine the two approaches of [4] and [1] by defining the domain in
a way similar to that of [4], but disentangling the mutual dependence of domain
and function by using the iteration of the functional F with a variable index in
place of the yet undefined function.

We claim two main results. First, we develop denotational semantics in type
theory. Second, we model the accessibility method in a weaker system, that is,
without using simultaneous induction-recursion.

Here is the structure of the paper.
In Section 2 we define the simple imperative programming language IMP.

We give an informal description of its operational and denotational semantics.
We formalize the operational semantics by an inductive relation. We explain the
difficulties related to the implementation of the denotational semantics.
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In Section 3 we describe the iteration method. We point out the difficulty in
characterizing the domain of the interpretation function by the convergence of
the iterations.

In Section 4 we give the denotational semantics using the accessibility method.
We combine it with the iteration technique to formalize nested recursion without
the use of simultaneous induction-recursion.

All the definitions have been implemented in Coq and all the results proved
formally in it. We use here an informal mathematical notation, rather than giving
Coq code. There is a direct correspondence between this notation and the Coq
formalization. Using the PCoq graphical interface (available on the web at the
location http://www-sop.inria.fr/lemme/pcoq/index.html), we also implemented
some of this more intuitive notation. The Coq files of the development are on the web
at http://www-sop.inria.fr/lemme/Kuntal.Das Barman/imp/.

2 IMP and Its Semantics

Winskel [15] presents a small programming language IMP with while loops. IMP is a
simple imperative language with integers, truth values true and false, memory locations
to store the integers, arithmetic expressions, boolean expressions and commands. The
formation rules are

arithmetic expressions: a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1;
boolean expressions: b ::= true | false | a0 = a1 | a0 ≤ a1 | ¬b | b0 ∨ b1 | b0 ∧ b1;
commands: c ::= skip | X ← a | c0; c1 | if b then c0 else c1 | while b do c

where n ranges over integers, X ranges over locations, a ranges over arithmetic expres-
sions, b ranges over boolean expressions and c ranges over commands.

We formalize it in Coq by three inductive types AExp, BExp, and Command.

For simplicity, we work with natural numbers instead of integers. We do so, as it
has no significant importance in the semantics of IMP. Locations are also represented
by natural numbers. One should not confuse the natural number denoting a location
with the natural number contained in the location. Therefore, in the definition of AExp,
we denote the constant value n by Num(n) and the memory location with address v
by Loc(v)

We see commands as state transformers, where a state is a map from memory
locations to natural numbers. The map is in general partial, indeed it is defined only
on a finite number of locations. Therefore, we can represent a state as a list of bindings
between memory locations and values. If the same memory location is bound twice in
the same state, the most recent binding, that is, the leftmost one, is the valid one.

State:Set
[]: State
[· �→ ·, ·]:N→ N→ State→ State

The state [v �→ n, s] is the state s with the content of the location v replaced by n.

Operational semantics consists in three relations giving meaning to arithmetic ex-
pressions, boolean expressions, and commands. Each relation has three arguments: The
expression or command, the state in which the expression is evaluated or the command
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executed, and the result of the evaluation or execution.

(〈·, ·〉A � ·):AExp→ State→ N→ Prop
(〈·, ·〉B � ·):BExp→ State→ B→ Prop
(〈·, ·〉C � ·):Command→ State→ State→ Prop

For arithmetic expressions we have that constants are interpreted in themselves,
that is, we have axioms of the form

〈Num(n), σ〉A � n

for every n:N and σ:State. Memory locations are interpreted by looking up their values
in the state. Consistently with the spirit of operational semantics, we define the lookup
operation by derivation rules rather than by a function.

(value ind σ v n)

〈Loc(v), σ〉A � n

where

value ind:State→ N→ N→ Prop
no such location: (v:N)(value ind [] v 0)
first location: (v, n:N;σ:State)(value ind [v �→ n, σ] v n)
rest locations: (v, v′, n, n′:N; σ:State)

v �= v′ → (value ind σ v n)→ (value ind [v′ �→ n′, σ] v n)

Notice that we assign the value 0 to empty locations, rather that leaving them unde-
fined. This corresponds to giving a default value to uninitialized variables rather than
raising an exception.

The operations are interpreted in the obvious way, for example,

〈a0, σ〉A � n0 〈a1, σ〉A � n1

〈a0 + a1, σ〉A � n0 + n1

where the symbol + is overloaded: a0 + a1 denotes the arithmetic expression obtained
by applying the symbol + to the expressions a0 and a1, n0 + n1 denotes the sum of
the natural numbers n0 and n1.

In short, the operational semantics of arithmetic expressions is defined by the in-
ductive relation

(〈·, ·〉A � ·):AExp→ State→ N→ Prop
eval Num: (n:N;σ:State)(〈Num(n), σ〉A � n)
eval Loc: (v, n:N;σ:State)(value ind σ v n)→ (〈Loc(v), σ〉A � n)
eval Plus: (a0, a1:AExp;n0, n1:N;σ:State)

(〈a0, σ〉A � n0)→ (〈a1, σ〉A � n0)→
(〈a0 + a1, σ〉A � n0 + n1)

eval Minus: · · ·
eval Mult: · · ·

For the subtraction case the cutoff difference is used, that is, n−m = 0 if n ≤ m.

The definition of the operational semantics of boolean expressions is similar and
we omit it.
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The operational semantics of commands specifies how a command maps states to
states. skip is the command that does nothing, therefore it leaves the state unchanged.

〈skip, σ〉C � σ

The assignment X ← a evaluates the expression a and then updates the contents
of the location X to the value of a.

〈a, σ〉A � n σ[X �→n] � σ′
〈X ← a, σ〉C � σ′

where σ[X �→n] � σ′ asserts that σ′ is the state obtained by changing the contents of the
location X to n in σ. It could be realized by simply σ′ = [X �→ n, σ]. This solution is
not efficient, since it duplicates assignments of existing locations and it would produce
huge states during computation. A better solution is to look for the value of X in σ
and change it.

(·[·�→·] � ·):State→ N→ N→ State→ Prop
update no location: (v, n:N)([][v �→n] � [])

update first: (v, n1, n2:N;σ:State)([v �→ n1, σ][v �→n2] � [v �→ n2, σ])

update rest: (v1, v2, n1, n2:N;σ1, σ2:N)v1 �= v2 →
(σ1[v2 �→n2] � σ2)→ ([v1 �→ n1, σ1][v2 �→n2] � [v1 �→ n1, σ2])

Notice that we require a location to be already defined in the state to update it. If we
try to update a location not present in the state, we leave the state unchanged. This
corresponds to requiring that all variables are explicitly initialized before the execution
of the program. If we use an uninitialized variable in the program, we do not get an
error message, but an anomalous behavior: The value of the variable is always zero.

Evaluating a sequential composition c1; c2 on a state σ consists in evaluating c1 on
σ, obtaining a new state σ1, and then evaluating c2 on σ1 to obtain the final state σ2.

〈c1, σ〉C � σ1 〈c2, σ1〉C � σ2

〈c1; c2, σ〉C � σ2

Evaluating conditionals uses two rules. In both rules, we evaluate the boolean
expression b, but they differ on the value returned by this step and the sub-instruction
that is executed.

〈b, σ〉B � true 〈c1, σ〉C � σ1

〈if b then c1 else c2, σ〉C � σ1

〈b, σ〉B � false 〈c2, σ〉C � σ2

〈if b then c1 else c2, σ〉C � σ2

As for conditionals, we have two rules for while loops. If b evaluates to true, c is
evaluated on σ to produce a new state σ′, on which the loop is evaluated recursively.
If b evaluates to false, we exit the loop leaving the state unchanged.

〈b, σ〉B � true 〈c, σ〉C � σ′ 〈while b do c, σ′〉C � σ′′
〈while b do c, σ〉C � σ′′

〈b, σ〉B � false

〈while b do c, σ〉C � σ
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The above rules can be formalized in Coq in a straightforward way by an inductive
relation.

〈·, ·〉C � ·:Command→ State→ State→ Prop
eval skip: (σ:State)(〈skip, σ〉C � σ)
eval assign: (σ, σ′:State; v, n:N; a:AExp)

(〈a, σ〉A � n)→ (σ[v �→n] � σ′)→ (〈v ← a, σ〉C � σ′)
eval scolon: (σ, σ1, σ2:State; c1, c2:Command)

(〈c1, σ〉C � σ1)→ (〈c2, σ1〉C � σ2)→ (〈c1; c2, σ〉C � σ2)
eval if true: (b:BExp;σ, σ1: State; c1, c2:Command)

(〈b, σ〉B � true)→ (〈c1, σ〉C � σ1)→
(〈if b then c1 else c2, σ〉C � σ1)

eval if false: (b:BExp;σ, σ2:State; c1, c2:Command)
(〈b, σ〉B � false)→ (〈c2, σ〉C � σ2)→
(〈if b then c1 else c2, σ〉C � σ2)

eval while true: (b:BExp; c:Command;σ, σ′, σ′′:State)
(〈b, σ〉B � true)→ (〈c, σ〉C � σ′)→
(〈while b do c, σ′〉C � σ′′)→ (〈while b do c, σ〉C � σ′′)

eval while false: (b:BExp; c:Command;σ:State)
(〈b, σ〉B � false)→ (〈while b do c, σ〉C � σ)

For the rest of the paper we leave out the subscripts A, B, and C in 〈·, ·〉� ·.

3 Functional Interpretation

Denotational semantics consists in interpreting program evaluation as a function rather
than as a relation. We start by giving a functional interpretation to expression eval-
uation and state update. This is quite straightforward, since we can use structural
recursion on expressions and states. For example, the interpretation function on arith-
metic expressions is defined as

[[·]]:AExp→ State→ N

[[Num(n)]]σ := n
[[Loc(v)]]σ := value rec(σ, v)
[[a0 + a1]]σ := [[a0]]σ + [[a1]]σ
[[a0 − a1]]σ := [[a0]]σ − [[a1]]σ
[[a0 ∗ a1]]σ := [[a0]]σ · [[a1]]σ

where value rec(·, ·) is the function giving the contents of a location in a state, defined by
recursion on the structure of the state. It differs from value ind because it is a function,
not a relation; value ind is its graph. We can now prove that this interpretation function
agrees with the operational semantics given by the inductive relation 〈·, ·〉� · (all the
lemmas and theorems given below have been checked in a computer-assisted proof).

Lemma 1. ∀σ:State.∀a:AExp.∀n:N.〈σ, a〉� n⇔ [[a]]σ = n.

In the same way, we define the interpretation of boolean expressions

[[·]]:BExp→ State→ B

and prove that it agrees with the operational semantics.
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Lemma 2. ∀σ:State.∀b:BExp.∀t:B.〈σ, b〉� t⇔ [[a]]σ = t.

We overload the Scott brackets [[·]] to denote the interpretation function both on arith-
metic and boolean expressions (and later on commands).

Similarly, we define the update function

·[·/·]: State→ N→ N→ State

and prove that it agrees with the update relation

Lemma 3. ∀σ, σ′:State.∀v, n:N.σ[v �→n] � σ′ ⇔ σ[n/v] = σ′.
The next step is to define the interpretation function [[·]] on commands. Unfortu-

nately, this cannot be done by structural recursion, as for the cases of arithmetic and
boolean expressions. Indeed we should have

[[·]]: Command→ State→ State
[[skip]]σ := σ
[[X ← a]]σ := σ[[[a]]σ/X]
[[c1; c2]]σ := [[c1]][[c2]]σ

[[if b then c1 else c2]]σ :=

{
[[c1]]σ if [[b]]σ = true
[[c2]]σ if [[b]]σ = false

[[while b do c]]σ :=

{
[[while b do c]][[c]]σ if [[b]]σ = true
σ if [[b]]σ = false

but in the clause for while loops the interpretation function is called on the same
argument if the boolean expression evaluates to true. Therefore, the argument of the
recursive call is not structurally smaller than the original argument.

So, it is not possible to associate a structural recursive function to the instruction
execution relation as we did for the lookup, update, and expression evaluation relations.
The execution of while loops does not respect the pattern of structural recursion and
termination cannot be ensured: for good reasons too, since the language is Turing
complete. However, we describe now a way to work around this problem.

3.1 The Iteration Technique

A function representation of the computation can be provided in a way that respects
typing and termination if we don’t try to describe the execution function itself but
the second order function of which the execution function is the least fixed point. This
function can be defined in type theory by cases on the structure of the command.

F: (Command→ State→ State)→ Command→ State→ State
(F f skip σ) := σ
(F f (X ← a) σ) := σ[[[a]]σ/X]
(F f (c1; c2) σ) := (f c2 (f c1 σ))

(F f (if b then c1 else c2) σ) :=

{
(f c1 σ) if [[b]]σ = true
(f c2 σ) if [[b]]σ = false

(F f (while b do c) σ) :=

{
(f (while b do c) (f c σ)) if [[b]]σ = true
σ if [[b]]σ = false

Intuitively, writing the function F is exactly the same as writing the recursive execution
function, except that the function being defined is simply replaced by a bound variable
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(here f). In other words, we replace recursive calls with calls to the function given in
the bound variable f .

The function F describes the computations that are performed at each iteration of
the execution function and the execution function performs the same computation as
the function F when the latter is repeated as many times as needed. We can express
this with the following theorem.

Theorem 1 (eval com ind to rec).

∀c:Command.∀σ1, σ2:State.
〈c, σ1〉� σ2 ⇒ ∃k:N.∀g:Command→ State→ State.(Fk g c σ1) = σ2

where we used the following notation

Fk = (iter (Command→ State→ State) F k) = λg. (F (F · · · (F
︸ ︷︷ ︸
k times

g) · · · ))

definable by recursion on k,

iter: (A:Set)(A→ A)→ N→ A→ A
(iter A f 0 a) := a
(iter A f (S k) a) := (f (iter A f k a)).

Proof. Easily proved using the theorems described in the previous section and an in-
duction on the derivation of 〈c, σ1〉 � σ2: This kind of induction is also called rule
induction in [15]. ��

3.2 Extracting an Interpreter

The Coq system provides an extraction facility [10], which makes it possible to produce
a version of any function defined in type theory that is written in a functional pro-
gramming language’s syntax, usually the OCaml implementation of ML. In general,
the extraction facility performs some complicated program manipulations, to ensure
that arguments of functions that have only a logical content are not present anymore
in the extracted code. For instance, a division function is a 3-argument function inside
type theory: The first argument is the number to be divided, the second is the divisor,
and the third is a proof that the second is non-zero. In the extracted code, the function
takes only two arguments: The extra argument does not interfere with the computation
and its presence cannot help ensuring typing, since the programming language’s type
system is too weak to express this kind of details.

The second order function F and the other recursive functions can also be extracted
to ML programs using this facility. However, the extraction process is a simple trans-
lation process in this case, because none of the various function actually takes proof
arguments.

To perform complete execution of programs, using the ML translation of F, we have
the possibility to compute using the extracted version of the iter function. However, we
need to guess the right value for the k argument. One way to cope with this is to create
an artificial “infinite” natural number, that will always appear to be big enough, using
the following recursive data definition:

letrec ω = (S ω).
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This definition does not correspond to any natural number that can be manipulated
inside type theory: It is an infinite tree composed only of S constructors. In memory,
it corresponds to an S construct whose only field points to the whole construct: It is a
loop.

Using the extracted iter with ω is not very productive. Since ML evaluates expres-
sions with a call-by-value strategy, evaluating

(iter F g ω c σ)

imposes that one evaluates
(F (iter F g ω) c σ)

which in turn imposes that one evaluates

(F (F (iter F g ω)) c σ)

and so on. Recursion unravels unchecked and this inevitably ends with a stack overflow
error. However, it is possible to use a variant of the iteration function that avoids this
infinite looping, even for a call-by-value evaluation strategy. The trick is to η-expand
the expression that provokes the infinite loop, to force the evaluator to stop until an
extra value is provided, before continuing to evaluate the iterator. The expression to
define this variant is as follows:

iter′: (A,B:Set)((A→ B)→ A→ B)→ N→ (A→ B)→ A→ B
(iter′ A B G 0 f) := f
(iter′ A B G (S k) f) := (G λa:A.(iter′ A B G k f a))

Obviously, the expression λa:A.(iter′ A B G k f a) is η-equivalent to the expression
(iter′ A B G k f). However, for call-by-value evaluation the two expression are not
equivalent, since the λ-expression in the former stops the evaluation process that would
lead to unchecked recursion in the latter.

With the combination of iter′ and ω we can now execute any terminating program
without needing to compute in advance the number of iterations of F that will be
needed. In fact, ω simply acts as a natural number that is big enough. We obtain a
functional interpreter for the language we are studying, that is (almost) proved correct
with respect to the inductive definition 〈·, ·〉� ·.

Still, the use of ω as a natural number looks rather like a dirty trick: This piece of
data cannot be represented in type theory, and we are taking advantage of important
differences between type theory and ML’s memory and computation models: How can
we be sure that what we proved in type theory is valid for what we execute in ML? A
first important difference is that, while executions of iter or iter′ are sure to terminate
in type theory, (iter′ F ω g) will loop if the program passed as argument is a looping
program.

The purpose of using ω and iter′ is to make sure that F will be called as many
times as needed when executing an arbitrary program, with the risk of non-termination
when the studied program does not terminate. This can be done more easily by using a
fixpoint function that simply returns the fixpoint of F. This fixpoint function is defined
in ML by

letrec (fix f) = f(λx.fix f x).

Obviously, we have again used the trick of η-expansion to avoid looping in the presence
of a call-by-value strategy. With this fix function, the interpreter function is

interp:Command→ State→ State
interp := fix F.
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To obtain a usable interpreter, it is then only required to provide a parser and
printing functions to display the results of evaluation. This shows how we can build
an interpreter for IMP in ML. But we realized it by using some tricks of functional
programming that are not available in type theory. If we want to define an interpreter
for IMP in type theory, we have to find a better solution to the problem of partiality.

3.3 Characterizing Terminating Programs

Theorem 1 gives one direction of the correspondence between operational semantics
and functional interpretation through the iteration method. To complete the task of
formalizing denotational semantics, we need to define a function in type theory that
interprets each command. As we already remarked, this function cannot be total, there-
fore we must first restrict its domain to the terminating commands. This is done by
defining a predicate D over commands and states, and then defining the interpreta-
tion function [[·]] on the domain restricted by this predicate. Theorem 1 suggests the
following definition:

D:Command→ State→ Prop
(D c σ) := ∃k:N.∀g1, g2:Command→ State→ State.

(Fk g1 c σ) = (Fk g2 c σ).

Unfortunately, this definition is too weak. In general, such an approach cannot be
used to characterize terminating “nested” iteration. This is hard to see in the case of
the IMP language, but it would appear plainly if one added an exception instruction
with the following semantics:

〈exception, σ〉� [].

Intuitively, the programmer could use this instruction to express that an exceptional
situation has been detected, but all information about the execution state would be
destroyed when this instruction is executed.

With this new instruction, there are some commands and states for which the
predicate D is satisfied, but whose computation does not terminate.

c := while true do skip; exception.

It is easy to see that for any state σ the computation of c on σ does not terminate. In
terms of operational semantics, for no state σ′ is the judgment 〈c, σ〉� σ′ derivable.

However, (D c σ) is provable, because (Fk g c σ) = [] for any k > 1.
In the next section we work out a stronger characterization of the domain of com-

mands, that turn out to be the correct one in which to interpret the operational se-
mantics.

4 The Accessibility Predicate

A common way to represent partial functions in type theory is to restrict their domain
to those arguments on which they terminate. A partial function f :A ⇀ B is then
represented by first defining a predicate Df :A→ Prop that characterizes the domain
of f , that is, the elements of A on which f is defined; and then formalizing the function
itself as f : (Σx:A.(Df x)) → B, where Σx:A.(Df x) is the type of pairs 〈x, h〉 with
x:A and h: (Df x).
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The predicate Df cannot be defined simply by saying that it is the domain of
definition of f , since, in type theory, we need to define it before we can define f .
Therefore, Df must be given before and independently from f . One way to do it is
to characterize Df as the predicate satisfied by those elements of A for which the
iteration technique converges to the same value for every initial function. This is a
good definition when we try to model lazy functional programming languages, but,
when interpreting strict programming languages or imperative languages, we find that
this predicate would be too weak, being satisfied by elements for which the associated
program diverges, as we have seen at the end of the previous section.

Sometimes the domain of definition of a function can be characterized indepen-
dently of the function by an inductive predicate called accessibility [11, 7, 5, 3]. This
simply states that an element of a can be proved to be in the domain if the application
of f on a calls f recursively on elements that have already been proved to be in the
domain. For example, if in the recursive definition of f there is a clause of the form

f(e) := · · · f(e1) · · · f(e2) · · ·

and a matches e, that is, there is a substitution of variables ρ such that a = ρ(e); then
we add a clause to the inductive definition of Acc of type

Acc(e1)→ Acc(e2)→ Acc(e).

This means that to prove that a is in the domain of f , we must first prove that ρ(e1)
and ρ(e2) are in the domain.

This definition does not always work. In the case of nested recursive calls of the
function, we cannot eliminate the reference to f in the clauses of the inductive definition
Acc. If, for example, the recursive definition of f contains a clause of the form

f(e) := · · · f(f(e′)) · · ·

then the corresponding clause in the definition of Acc should be

Acc(e′)→ Acc(f(e′))→ Acc(e)

because we must require that all arguments of the recursive calls of f satisfy Acc to
deduce that also e does. But this definition is incorrect because we haven’t defined the
function f yet and so we cannot use it in the definition of Acc. Besides, we need Acc
to define f , therefore we are locked in a vicious circle.

In our case, we have two instances of nested recursive clauses, for the sequential
composition and while loops. When trying to give a semantics of the commands, we
come to the definition

[[c1; c2]]σ := [[c2]][[c1]]σ

for sequential composition and

[[while b do c]]σ := [[while b do c]][[c]]σ

for a while loop, if the interpretation of b in state σ is true.

Both cases contain a nested occurrence of the interpretation function [[−]].
An alternative solution, presented in [4], exploits the extension of type theory with

simultaneous induction-recursion [6]. In this extension, an inductive type or inductive
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family can be defined simultaneously with a function on it. For the example above we
would have

Acc:A→ Prop
f : (x:A)(Acc x)→ B
...
accn: (h

′: (Acc e′))(Acc (f e′ h′))→ (Acc e)
...
(f e (accn h

′ h)) := · · · (f (f e′ h) h) · · ·
...

This method leads to the following definition of the accessibility predicate and
interpretation function for the imperative programming language IMP:

comAcc:Command→ State→ Prop
[[]]: (c:Command;σ:State)(comAcc c σ)→ State

accSkip: (σ:State)(comAcc skip σ)
accAssign: (v:N; a:AExp;σ:State)(comAcc (v ← a) σ)
accScolon: (c1, c2:Command;σ:State;h1: (comAcc c1 σ))(comAcc c2 [[c1]]

h1
σ )

→ (comAcc (c1; c2) σ)
accIf true: (b:BExp; c1, c2:Command; σ:State)[[b]]σ = true→ (comAcc c1 σ)

→ (comAcc (if b then c1 else c2) σ)
accIf false: (b:BExp; c1, c2:Command;σ:State)[[b]]σ = false→ (comAcc c2 σ)

→ (comAcc (if b then c1 else c2) σ)
accWhile true: (b:BExp; c:Command;σ:State)[[b]] = true

→ (h: (comAcc c σ))(comAcc (while b do c) [[c]]hσ)
→ (comAcc(while b do c) σ)

accWhile false: (b:BExp; c:Command;σ:State)[[b]] = false
→ (comAcc (while b do c) σ)

[[skip]]
(accSkip σ)
σ := σ

[[(v := a)]]
(accAssign v a σ)
σ := σ[a/v]

[[(c1; c2)]]
(accScolon c1 c2 σ h1 h2)
σ := [[c2]]

h2

[[c1]]
h1
σ

[[if b then c1 else c2]]
(accIf true b c1 c2 σ p h1)
σ := [[c1]]

h1
σ

[[if b then c1 else c2]]
(accIf false b c1 c2 σ q h2)
σ := [[c2]]

h2
σ

[[while b do c]]
(accWhile true b c σ p h h′)
σ := [[while b do c]]h

′
[[c]]hσ

[[while b do c]]
(accWhile false b c σ q)
σ := σ

This definition is admissible in systems that implement Dybjer’s schema for simultane-
ous induction-recursion. But on systems that do not provide such schema, for example
Coq, this definition is not valid.

We must disentangle the definition of the accessibility predicate from the definition
of the evaluation function. As we have seen before, the evaluation function can be
seen as the limit of the iteration of the functional F on an arbitrary base function
f :Command→ State→ State. Whenever the evaluation of a command c is defined on a
state σ, we have that [[c]]σ is equal to (F k

f c σ) for a sufficiently large number of iterations

k. Therefore, we consider the functions F k
f as approximations to the interpretation

function being defined. We can formulate the accessibility predicate by using such
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approximations in place of the explicit occurrences of the evaluation function. Since
the iteration approximation has two extra parameters, the number of iterations k and
the base function f , we must also add them as new arguments of comAcc. The resulting
inductive definition is

comAcc:Command→ State→ N→ (Command→ State→ State)→ Prop
accSkip: (σ:State; k:N; f :Command→ State→ State)(comAcc skip σ k + 1 f)
accAssign: (v:N; a:AExp;σ:State; k:N; f :Command→ State→ State)

(comAcc (v ← a) σ k + 1 f)
accScolon: (c1, c2:Command;σ:State; k:N; f : (Command→ State→ State))

(comAcc c1 σ k f)→ (comAcc c2 (F k
f c1 σ) k f)

→ (comAcc (c1; c2) σ k + 1 f)
accIf true: (b:BExp; c1, c2:Command;σ:State;

k:N; f :Command→ State→ State)(〈b, σ〉� true)
→ (comAcc c1 σ k f)→ (comAcc (if b then c1 else c2) σ k + 1 f)

accIf false: (b:BExp; c1, c2:Command;σ:State;
k:N; f :Command→ State→ State)(〈b, σ〉� false)
→ (comAcc c2 σ k f)→ (comAcc (if b then c1 else c2) σ k + 1 f)

accWhile true: (b:BExp; c:Command;σ:State;
k:N; f :Command→ State→ State)(〈b, σ〉� true)
→ (comAcc c σ k f)→ (comAcc (while b do c) (F k

f c σ))
→ (comAcc(while b do c) σ k + 1 f)

accWhile false: (b:BExp; c:Command;σ:State;
k:N; f :Command→ State→ State)(〈b, σ〉� false)
→ (comAcc (while b do c) σ k + 1 f).

This accessibility predicate characterizes the points in the domain of the program
parametrically on the arguments k and f . To obtain an independent definition of
the domain of the evaluation function we need to quantify on them. We quantify
existentially on k, because if a command c and a state σ are accessible in k steps, then
they will still be accessible in a higher number of steps. We quantify universally on f
because we do not want the result of the computation to depend on the choice of the
base function.

comDom:Command→ State→ Set
(comDom c σ) = Σk:N.∀f :Command→ State→ State.(comAcc c σ k f)

The reason why the sort of the predicate comDom is Set and not Prop is that we need
to extract the natural number k from the proof to be able to compute the following
evaluation function:

[[]]: (c:Command;σ:State; f :Command→ State→ State)
(comDom c σ)→ State

[[c]]
〈k,h〉
σ,f = (F k

f c σ)

To illustrate the meaning of these definitions, let us see how the interpretation
of a sequential composition of two commands is defined. The interpretation of the
command (c1; c2) on the state σ is [[c1; c2]]

H
σ , where H is a proof of (comDom (c1; c2) σ).

Therefore H must be in the form 〈k, h〉, where k:N and h:∀f :Command → State →
State.(comAcc (c1; c2) σ k f). To see how h can be constructed, let us assume that
f :Command→ State→ State and prove (comAcc (c1; c2) σ k f). This can be done only
by using the constructor accScolon. We see that it must be k = k′ + 1 for some k′ and
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we must have proofs h1: (comAcc c1 σ k
′ f) and h2: (comAcc c2 (F k′

f c1 σ) k
′ f). Notice

that in h2 we don’t need to refer to the evaluation function [[]] anymore, and therefore
the definitions of comAcc does not depend on the evaluation function anymore. We
have now that (h f) := (accScolon c1 c2 σ k

′ f h1 h2). The definition of [[c1; c2]]
H
σ is

also not recursive anymore, but consists just in iterating F k times, where k is obtained
from the proof H .

We can now prove an exact correspondence between operational semantics and
denotational semantics given by the interpretation operator [[·]].
Theorem 2.

∀c:Command.∀σ, σ′:State.
〈c, σ〉� σ′ ⇔ ∃H : (comDom c σ).∀f :Command→ State→ State.[[c]]Hσ,f = σ′.

Proof. From left to right, it is proved by rule induction on the derivation of 〈c, σ〉� σ′.
The number of iterations k is the depth of the proof and the proof of the comAcc
predicate is a translation step by step of it. From right to left, it is proved by induction
on the proof of comAcc.

5 Conclusions

The combination of the iteration technique and the accessibility predicate has, in our
opinion, a vast potential that goes beyond its application to denotational semantics.
Not only does it provide a path to the implementation and reasoning about partial
and nested recursive functions that does not require simultaneous induction-recursion;
but it gives a finer analysis of convergence of recursive operators. As we pointed out in
Section 3, it supplies not just any fixed point of an operator, but the least fixed point.

We were not the first to formalize parts of Winskel’s book in a proof system. Nipkow
[9] formalized the first 100 pages of it in Isabelle/HOL. The main difference between
our work and his, is that he does not represent the denotation as a function but as a
subset of State× State that happens to be the graph of a function. Working on a well
developed library on sets, he has no problem in using a least-fixpoint operator to define
the subset associated to a while loop: But this approach stays further removed from
functional programming than an approach based directly on the functions provided
by the prover. In this respect, our work is the first to reconcile a theorem proving
framework with total functions with denotational semantics. One of the gains is directly
executable code (through extraction or ι-reduction). The specifications provided by
Nipkow are only executable in the sense that they all belong to the subset of inductive
properties that can be translated to Prolog programs. In fact, the reverse process
has been used and those specifications had all been obtained by a translation from a
variant of Prolog to a theorem prover [2]. However, the prover’s function had not
been used to represent the semantics.

Our method tries to maximize the potential for automation: Given a recursive def-
inition, the functional operator F, the iterator, the accessibility predicate, the domain,
and the evaluation function can all be generated automatically. Moreover, it is possible
to automate the proof of the accessibility predicate, since there is only one possible
proof step for any given argument; and the obtained evaluation function is computable
inside type theory.

We expect this method to be widely used in the future in several areas of formal-
ization of mathematics in type theory.
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Georges-Köhler-Allee 52, D-79110 Freiburg, Germany
{brucker,wolff}@informatik.uni-freiburg.de

http://www.informatik.uni-freiburg.de/~{brucker,wolff}

Abstract. We present a formal semantics as a conservative shallow em-
bedding of the Object Constraint Language (OCL). OCL is currently
under development within an open standardization process within the
OMG; our work is an attempt to accompany this process by a proposal
solving open questions in a consistent way and exploring alternatives of
the language design. Moreover, our encoding gives the foundation for
tool supported reasoning over OCL specifications, for example as basis
for test case generation.
Keywords: Isabelle, OCL, UML, shallow embedding, testing.

1 Introduction

The Unified Modeling Language (UML) [13] has been widely accepted through-
out the software industry and is successfully applied to diverse domains [6]. UML
is supported by major CASE tools and integrated into a software development
process model that stood the test of time. The Object Constraint Language
(OCL) [12,17,18] is a textual extension of the UML. OCL is in the tradition of
data-oriented formal specification languages like Z [16] or VDM [5]. For short,
OCL is a three-valued Kleene-Logic with equality that allows for specifying con-
straints on graphs of object instances whose structure is described by UML class
diagrams.

In order to achieve a maximum of acceptance in industry, OCL is currently
developed within an open standardization process by the OMG. Although the
OCL is part of the UML standard since version 1.3, at present, the official
OCL standard 1.4 concentrates on the concrete syntax, covers only in parts the
well-formedness of OCL and handles nearly no formal semantics. So far, the
description of the OCL is merely an informal requirement analysis document
with many examples, which are sometimes even contradictory.

Consequently, there is a need1 for both software engineers and CASE tool
developers to clarify the concepts of OCL formally and to put them into per-
spective of more standard semantic terminology. In order to meet this need, we
started to provide a conservative embedding of OCL into Isabelle/HOL. As far

1 This work was partially funded by the OMG member Interactive Objects Software
GmbH (http://www.io-software.com).
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as this was possible, we tried to follow the design decisions of OCL 1.4 in order
to provide insight into the possible design choices to be made in the current
standardization process of version 2.0.

Attempting to be a “practical formalism” [17], OCL addresses software devel-
opers who do not have a strong mathematical background. Thus, OCL deliber-
ately avoids mathematical notation; rather, it uses a quite verbose, programming
language oriented syntax and attempts to hide concepts such as logical quanti-
fiers. This extends also to a design rationale behind the semantics: OCL is still
viewed as an object-oriented assertion language and has thus more similarities
with an object-oriented programming language than a conventional specification
language. For example, standard library operators such as “concat” on sequences
are defined as strict operations (i.e. they yield an explicit value undefined as re-
sult whenever an argument is undefined), only bounded quantifiers are admitted,
and there is a tendency to define infinite sets away wherever they occur. As a
result, OCL has a particularly executable flavor which comes handy when gen-
erating code for assertions or when animating specifications.

Object-oriented languages represent a particular challenge for the “art of em-
bedding languages in theorem provers” [10]. This holds even more for a shallow
embedding, which we chose since we aim at reasoning in OCL specifications and
not at meta-theoretic properties of our OCL representation. In a shallow em-
bedding, the types of OCL language constructs have to be represented by types
of HOL and concepts such as undefinedness, mutual recursion between object
instances, dynamic types, and extensible class hierarchies have to be handled.

In this paper, we present a new formal model of OCL in form of a conserva-
tive embedding into Isabelle/HOL that can cope with the challenges discussed
above. Its modular organization has been used to investigate the interdepen-
dence of certain language features (method recursion, executability, strictness,
smashing, flattening etc.) in order to provide insight into the possible design
choices for the current design process [2]. We extend known techniques for the
shallow representation of object orientation and automated proof techniques to
lift lemmas from the HOL-library to the OCL level. As a result, we provide a first
calculus to formally reason over OCL specifications and provide some foundation
for automated reasoning in OCL.

This paper proceeds as follows: After a introduction into our running example
using UML/OCL, we will guide through the layers of our OCL semantics, namely
the object model and resulting semantic universes, the states and state relations,
the OCL logic and the OCL library. It follows a description of automated deduc-
tion techniques based on derived rules, let it be on modified tableaux-deduction
techniques or congruence rewriting. We will apply these techniques in a paradig-
matic example for test-case generation in a black-box test setting.

2 A Guided Tour through UML/OCL

The UML provides a variety of diagram types for describing dynamic (e.g. state
charts, activity diagrams, etc.) and static (class diagrams, object diagrams, etc.)
system properties. One of the more prominent diagram types of the UML is the
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Direction

Direction

1

owner accounts

belongsTo

1..99

context Account::makeDeposit(amount:Monetary):Boolean

post: balance = balance@pre + amount

pre: amount >= 0

CreditAccount

- credit:Monetary

+ getCredit():Monetary

+ setCredit(amount:Monetary):Boolean

+ makeDeposit(amount:Monetary):Boolean

+ makeWithdrawal(amount:Monetary):Boolean

inv:

balance >= credit

- balance:Monetary- Identification:String

+ getAddress():String

+ getIdentification():String

+ setAddress(address:String)

- address:String + getBalance():Monetary

+ makeDeposit(amount:Monetary):Boolean

+ makeWithdrawal(amount:Monetary):Boolean

Customer Account

Fig. 1. Modeling a simple banking scenario with UML

class diagram for modeling the underlying data model of a system in an object
oriented manner. The class diagram in our running example in Fig. 1 illustrates a
simple banking scenario describing the relations between the classes Customer,
Account and its specialization CreditAccount. To be more precise, the relation
between data of the classes Account and CreditAccount is called subtyping. A
class does not only describe a set of record-like data consisting of attributes such
as balance but also functions (methods) defined over the classes data model.

It is characteristic for the object oriented paradigm, that the functional be-
havior of a class and all its methods are also accessible for all subtypes; this is
called inheritance. A class is allowed to redefine an inherited method, as long as
the method interface does not change; this is called overwriting, as it is done in
the example for the method makeWithdrawal().

It is possible to model relations between classes (association), possibly con-
strained by multiplicities. In Fig. 1, the association belongsTo requires, that
every instance of Account is associated with exactly one instance of Customer.
Associations were represented by introducing implicit set-valued attributes into
the objects, while multiplicity were mapped to suitable data invariants. In the
following, we assume that associations have already been “parsed away”.

Understanding OCL as a data-oriented specification formalism, it seems nat-
ural to refine class diagrams using OCL for specifying invariants, pre- and post-
conditions of methods. For example, see Fig. 1, where the specification of the
method makeWithdrawal() is given by its pair of pre- and postcondition.

In UML class members can contain attributes of the type of the defining
class. Thus, UML can represent (mutually) recursive data types. Moreover, OCL
introduces also recursively specified methods [12]; however, at present, a dynamic
semantics of a method call is missing (see [2] for a short discussion of the resulting
problems).

3 Representing OCL in Isabelle/HOL

OCL formulae are built over expressions that access the underlying state. In
postconditions, path-expressions can access the current and the previous state,
e.g. balance = balance@pre + amount. Accesses on both states may be arbitrarily
mixed, e.g. self.x@pre.y denotes an object, that was constructed by dereferencing
in the previous state and selecting attribute x in it, while the next dereferencing
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step via y is done in the current state. Thus, method specifications represent
state transition relations built from the conjunction of pre and post condition,
where the state consists of a graph of object instances whose type is defined by
the underlying class diagram. Since the fundamental OCL-operator allInstances
allows for the selection of all instances (objects) of a certain class, there must
be a means to reconstruct their dynamic types in the object graph.

In a shallow embedding, the key question arises how to represent the static
type structure of the objects uniformly within a state or as argument of a dy-
namic type test is T. Constructions like “the universe of all class diagram inter-
pretations” are too large to be represented in the simple type system underlying
higher-order logic.

Our solution is based on the observation that we need not represent all class
diagram interpretations inside the logic; it suffices if we can provide an extra-
logical mechanism that represents any concrete class hierarchy and that allows
for extensions of any given class hierarchy. For practical reasons, we require that
such an extension mechanism is logically conservative both in the sense that only
definitional axioms are used and that all existing proofs on data of the former
class hierarchy remain valid for an extended one.

Based on these considerations, HOL-OCL is organized in several layers:

– a semantic coding scheme for the object model layer along the class-hierarchy,
– the system state and relations over it, forming the denotational domain for

the semantics of methods,
– the OCL logic for specifying state relations or class invariants,
– the OCL library describing predefined basic types.

3.1 The Encoding of Extensible Object Models

The main goals of our encoding scheme is to provide typed constructors and
accessor functions for a given set of classes or enumeration types to be inserted
in a previous class hierarchy. The coding scheme will be represented in two steps:
in this section, we will describe raw constructors and accessors, while in Sec. 3.2
a refined scheme for accessors is presented.

The basic configuration of any class hierarchy is given by the OCL standard;
the library for this basic configuration is described in Sec. 3.5.

Handling Undefinedness. In the OCL standard 1.4, the notion of explicit
undefinedness is part of the language, both for the logic and the basic values.

Whenever an OCL-expression is being evaluated, there is the possibility that
one or more queries in the expression are undefined. If this is the case, then
the complete expression will be undefined.

Object Constraint Language Specification [12] (version 1.4), page 6–58

This requirement postulates the strictness of all operations (the logical operators
are explicit exceptions) and rules out a modeling of undefinedness via underspec-
ification. Thus, the language has a similar flavor than LCF or Spectrum [1] and
represents a particular challenge for automated reasoning.
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In order to handle undefinedness, we introduce for each type τ a lifted type
τ⊥, i.e. we introduce a special type constructor. It adds to each given type
an additional value ⊥. The function � � : α ⇒ α⊥ denotes the injection, the
function � � : α⊥ ⇒ α its inverse. Moreover, we have the case distinction function
case up c f x that returns c if x = ⊥ and f k if x = �k�. We will also write
casex of�k� ⇒ f k | ⊥ ⇒ c.

Note that the definition of lifted types leads to the usual construction of flat
cpo’s well known from the theory of complete partial orders (cpo) and denota-
tional semantics [19]. For the sake of simplification, we avoid a full-blown cpo-
structure here (while maintaining our semantics “cpo-ready”) and define only a
tiny fragment of it that provides concepts such as definedness DEF(x) ≡ (x 	= ⊥)
or strictness of a function is strict f ≡ (f⊥ = ⊥).

Managing Holes in Universes. Since objects can be viewed as records con-
sisting of attributes, and since the object alternatives can be viewed as variants,
it is natural to construct the “type of all objects”, i.e. the semantic universe Ux

corresponding to a certain class hierarchy x, by Cartesian products and by type
sums (based on the constructors Inl : α ⇒ α + β and Inr : β ⇒ α + β from the
Isabelle/HOL library). In order to enable extensibility, we provide systematically
polymorphic variables — the “holes” — into a universe that were filled when
extending a class hierarchy.

s: String

i: Integer

i: Integer

C D

A

A

C

A

D

A

×ref set

Integer

String

β

α′

ref set
β′

α′′

α

Integer
β U 1

(α,β)
= A× α⊥ + β

U 2
(α,α′,α′′,β′,β)

= A× (C × α′⊥
+ D × α′′⊥
+ β′)⊥

+ β

Fig. 2. Extending Class Hierarchies and Universes with Holes

In our scheme, a class can be extended in two ways: either, an alternative
to the class is added at the same level which corresponds to the creation of an
alternative subtype of the supertype (the β-instance), or a class is added below
which corresponds to the creation of a subtype (the α-instance). The insertion
of a class corresponds to filling a hole ν by a record T is implemented by the
particular type instance:

ν �→ ((T × α⊥) + β)
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As a consequence, the universe U 2 in Fig. 2 is just a type instance of U 1, in
particular: an α-extension with C β-extended by D. Thus, properties proven
over U 1 also holds for U 2.

The initial universe corresponding to the minimal class hierarchy of the OCL
library consists of the real numbers, strings and bool. It is defined as follows:

Real = real⊥ Boolean = bool⊥ String = string⊥ OclAnyα = α⊥
Uα = Real + Boolean + String + OclAnyα

Note that the α-extensions were all lifted, i.e. additional ⊥ elements were
added. Thus, there is a uniform way to denote “closed” objects, i.e. objects
whose potential extension is not used. Consequently, it is possible to determine
the dynamic type by testing for closing ⊥’s. For example, the OclAny type has
exactly one object represented by Inr(Inr(Inr⊥)) in any universe Uα.

Note, moreover, that all types of attributes occurring in the records A,C or
D may contain basic types, and sets, sequences or bags over them, but not refer-
ences to the types induced by class declarations. These references were replaced
the abstract type ref to be defined later; thus, recursion is not represented at
the level of the universe construction, that just provides “raw data”.

Outlining the Coding Scheme. Now we provide raw constructors, raw ac-
cessors, and tests for the dynamic types over the data universe.

The idea is to provide for each class T with attributes t1 : τ1,. . . ,tn : τn a
type T = τ1×· · ·×τn and a constructor mk T : T ⇒ Ux, which embeds a record
of type T into the actual version of the universe (for example mk Boolean with
type Boolean⇒ Uα is defined by mk Boolean ≡ Inr ◦ Inl). Accordingly, there is
a test is T : Ux ⇒ bool that checks if an object in the universe is embedded as T ,
and an accessor get T : Ux ⇒ T that represents the corresponding projection.
Finally, a constant T : Ux set is provided that contains the characteric set of T
in the sense of a set of all objects of class T .

Data invariants I are represented by making the constructor partial w.r.t.
I, i.e. the constructor will be defined only for input tuples T that fulfill I;
correspondingly, the test for the dynamic type is also based on I.

At present, we encode our examples by hand. The task of implementing a
compiler that converts representations of UML-diagrams (for example, formats
produced by ArgoUML) is desirable but not in the focus of this research.

3.2 System State

Basic Definitions. The task of defining the state or state transitions is now
straight-forward: We define an abstract type ref for “references” or “locations”,
and a state that is a partial mapping from references to objects in a universe:

types ref
σ state = ref ⇒ α option
σ st = σ state×σ state
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Based on state, we define the only form of universal quantification of OCL:
the operator allInstances extracts all objects of a “type” — represented by its
characteristic set — from the current state. The standard specifies allInstances
as being undefined for Integer or Real or String. Thus, infinite sets are avoided
in an ad-hoc manner. However, nothing prevents from having infinite states; and
we did not enforce finiteness by additional postulates.

allInstances : [Uα set,Uα st]⇒ β Set
allInstances type ≡ λ(s, s′) • if(type = Integer∨ type = Real∨ type = String)

then⊥ else if(type = Boolean)
then�Boolean� else�type ∩ (range s′)�

Defining OCL operators like oclIsNew : Uα ⇒ Uα st ⇒ Boolean or oclIsTypeOf
is now routine; the former checks if an object is defined in the current but not
in the previous state, while the latter redefines the test is T of Sec. 3.1.

The HOL Type of OCL Expressions. Functions from state transition pairs
to lifted OCL values will be the denotational domain of our OCL semantics.
From a transition pair, all values will be extracted (via path expressions), that
can be passed as arguments to to basic operations or user-defined methods. More
precisely, all expressions with OCL type τ will be represented by an HOL-OCL
expression of type Vα(τ⊥) defined by:

types Vα(θ) = Uα st⇒ θ

where α will represent the type of the state transition. For example, all logical
HOL-OCL expressions have the type Vγ(Boolean) (recall that Boolean is the
lifted type bool from HOL).

As a consequence, all operations and methods embedded into HOL-OCL will
have to pass the context state transition pair to its argument expressions, collect
the values according their type, and compute a result value. For example, let a
function f have the OCL type τ1 × · · · × τn ⇒ τn+1, then our representation f ′

will have the type Vα(τ1) × · · · × Vα(τn) ⇒ Vα(τn+1). Now, when defining f ′,
we proceed by f ′(e1, . . . , en)(c) = E(e1c, . . . , enc) for some E and some context
transition c. We call the structure of definitions state passing. Functions with
one argument of this form are characterized semantically:

pass f = ∃E • ∀X c • f X c = E(X c)

Being state passing will turn out to be an important invariant of our shallow
semantics and will be essential for our OCL calculus. The conversion of a function
f into f ′ in state passing style will be called the lifting of f (which should not
be confused with the lifting on types of Sec. 3.1).

A Coding Scheme for State-Based Accessors. Now we define the accessor
functions with the “real OCL signature”, that can be used to build up path
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expressions, on the basis of raw accessors. Two problems have to be solved:
first, references to class names occurring in types of attributes must be handled
(i.e. ref set in raw accessors types must be mapped to Set(A)), and second, raw
accessors must be lifted to state passing style. In a simple example, an accessor
x of type τ in a class C must have the HOL type x : Ux ⇒ Vx(τ) which is
normally achieved by wrapping the raw accessor x0 in an additional abstraction:
x u = λ c • x0 u. If the class has a class invariant, a test for the invariant must
be added (violations are considered as undefinedness and therefore treated like
to undefined references into the state). If the accessor yields an OCL-type with
references to other classes (e.g. in Set(A)), these references must be accessed
and inserted into the surrounding collection; this may involve smashing (see the
discussion of collection types in Sec. 3.5).

Following this extended code scheme, we can define conservatively new ac-
cessors over some extended universe whenever we extend a class hierarchy; this
allows for modeling mutual data recursion that is introduced by extension while
maintaining static typechecking.

3.3 Encoding Our Example

In order to encode our UML model in Fig. 1, we declare the type for the class Ac-
count (we skip CreditAccount and Customer). An account is a tuple describing
the balance (of type Monetary) and the encoded association end ‘owner ’ (of type
ref set). For our first universe, with the two “holes” α (for extending “below”)
and β (for extending on “the same level”), we define:

types Account type = Monetary× ref set
Account = Account type⊥

U 1
(α,β) = U(Account type×α⊥+β)

We need the raw constructor for an account object. Note that this function
“lives” in the universe U 3

(α′,α′′,β′,β) which contains all classes from Fig. 1.

mk Account : Account type⇒ U 3
(α′,α′′,β′,β)

mk Account ≡ mk OclAny ◦ lift ◦ Inl ◦λx • (x,⊥)

In the next step, we need to define the the accessors for the attribute. As an
example, we present the definition for accessing the association end owner (of
type Customer) in the current state s′:

.owner : U 3
(α′,α′′,β′,β) ⇒ V(α′,α′′,β′,β)(Customer)

(obj.owner) ≡ (λ(s, s′) • up case(lift ◦((op “)(λx • option Case⊥
get Customer(s′ x))) ◦ snd)(⊥)(get Account obj))

Note, that accessor functions are lifted, e.g. they operate over a previous and
current state pair (s, s′).
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3.4 OCL Logic

We turn now to a key chapter of the OCL-semantics: the logics. According to the
OCL standard (which follows Spectrum here), the logic operators have to be
defined as Kleene-Logic, requiring that any logical operator reduces to a defined
logical value whenever possible.

In itself, the logic will turn out to be completely independent from an under-
lying state transition pair or universe and is therefore valid in all universes. An
OCL formula is a function that is either true, false or undefined depending on
its underlying state transition. Logical expressions are just special cases of OCL
expressions and must produce Boolean values. Consequently, the general type of
logical formulae must be:

types BOOLα = Vα(Boolean)

The logical constants true resp. false can be defined as constant functions, that
yield the lifted value for meta-logical undefinedness, truth or falsehood, i.e. the
HOL values of the HOL type bool. Moreover, the predicate is def decides for
any OCL expression X that its value (evaluated in the context c) is defined:

constdefs is def : Vα(β⊥)⇒ BOOLα is def X ≡ λ c • �DEF(X c)�
⊥⊥⊥L : BOOLα ⊥⊥⊥L ≡ λx • �⊥�
true : BOOLα true ≡ λx • �True�
false : BOOLα false ≡ λx • �False�

The definition of the strict not and and, or, and implies are straight-forward:

not : BOOLα ⇒ BOOLα notS ≡ λ c • if DEF(S c) then�¬�S c�� else⊥
and : [BOOLα,BOOLα]⇒ BOOLα

S andT ≡ λ c • if DEF(S c) then if DEF(T c) then��S c� ∧ �T c�� else
if(S c = �False�) then�False� else⊥ else

if(T c = �False�) then�False� else⊥
From these definitions, the following rules of the truth table were derived:

a not a
true false
false true
⊥⊥⊥L ⊥⊥⊥L

a b a and b
false false false
false true false
false ⊥⊥⊥L false

a b a and b
true false false
true true true
true ⊥⊥⊥L ⊥⊥⊥L

a b a and b
⊥⊥⊥L false false
⊥⊥⊥L true ⊥⊥⊥L

⊥⊥⊥L ⊥⊥⊥L ⊥⊥⊥L

Based on these basic equalities, it is not difficult to derive with Isabelle the laws of
the perhaps surprisingly rich algebraic structure of Kleene-Logics: Both and and
or enjoy not only the usual associativity, commutativity and idempotency laws,
but also both distributivity and de Morgan laws. It is essentially this richness
and algebraic simplicity that we will exploit in the example in Sec. 5.

OCL needs own equalities, a logical one called strong equality (�) and a
strictified version of it called weak equality ( .=) that is executable. They have
the type [Vα(β), Vα(β)]⇒ BOOLα and are defined similarly to and above based
on the standard HOL equality.
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3.5 The Library: OCL Basic Data Types

The library provides operations for Integer, Real (not supported at present)
and Strings. Moreover, the parametric data types Set, Sequence and Bag with
their functions were also provided; these were types were grouped into a class
“Collection” in the standard. At present, the standard prescribes only ad-hoc
polymorphism for the operations of the library and not late binding.

Since the standard suggests a uniform semantic structure of all functions in
the library, we decided to make the uniformity explicit and to exploit it in the
proof support deriving rules over them.

In the library, all operations are lifted, strictified and (as far as collection
functions are concerned; see below) smashed versions of functions from the HOL
library. However, methodification (i.e. introduction of late binding), is not needed
here due to the standards preference of ad-hoc polymorphism. However, we also
consider general recursion based on fixed-point semantics and a shallow repre-
sentation for methodification, which is an essential feature of an object-oriented
specification language in our view. The interested reader is referred to the ex-
tended version of this paper.

The generic functions for lift2 and strictify are defined as follows:

strictify f x ≡ casex of�v� ⇒ (f v)|⊥ ⇒ ⊥
lift2 f ≡ (λX Y st • f(X st)(Y st))

According to this definition, lift2 converts a function of type [α, β] ⇒ γ to a
function of type [Vσ(α), Vσ(β)]⇒ Vσ(γ).

A Standard Class: Integer. Based on combinators like strictify and lift2, the
definitions of the bulk of operators follow the same pattern exemplified by:

types INTEGERα = Vα(Integer)
defs op + ≡ lift2(strictify(λ x : int • strictify(λ y • �x + y�)))

A Collection Class: Set. For collections, the requirement of having strict
functions must consequently be extended to the constructors of sets. Since it
is desirable to have in data types only denotations that were “generated” by
the constructors, this leads to the concept of smashing of all collections. For
example, smashed sets are identified with ⊥⊥⊥L provided one of their elements
is ⊥: {a,⊥⊥⊥L } = ⊥⊥⊥L ; Analogously, smashed versions of Bags, Seq or Pairs
can be defined. Smashed sets directly represent the execution behavior in usual
programming languages such as Java. We omit the details of the construction
of smashed sets here for space reasons; apart from smashing arguments, the
definitions of set operations such as includes, excludes, union or intersection follow
the usual pattern.

The OCL standard prescribes also a particular concept called flattening. This
means for example that a set {a, {b}, c} is identified as {a, b, c}. We consider
flattening as a syntactic issue and require that a front-end “parses away” such
situations and generates conversions.
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4 Towards Automated Theorem Proving in HOL-OCL

Based on derived rules, we will provide several calculi and proof techniques for
OCL that are oriented towards Isabelle’s powerful proof-procedures like fast tac
and simp tac. While the former is geared towards natural deduction calculi, the
latter is based on rewriting and built for reasoning in equational theories.

4.1 A Natural Deduction-Calculus for OCL

As a foundation, we introduce two notions of validity: a formula may be valid for
all transitions or just valid (written � P ) or be valid for a transition t (written
t � P ). We can define these notions by � P ≡ P = true or t � P ≡ P t = true t
respectively. Recall that a formula may neither be valid nor invalid in a state, it
can be undefined:

[st � not(is def(A))]··
R

[st � not(A)]··
R

[st � A]··
R

R

This rule replaces in a Kleene-Logic the usual classical rule. Note that R may
be an arbitrary judgment.

The core of the calculus consists of the more conventional rules like:

� A � B

� A andB

� A andB

� A

� A andB

� A

� A andB

[� A, � B]··
� R

� R

and their counterparts and-valid-in-transition, or-validity, or-valid-in-transition
and the suitable not-elimination rules.

Unfortunately, the rules handling the implication are only in parts elegantly:

� A � A impliesB

� B

� B

� A impliesB

∀st •
[st � not(is def(A)]··

st � B ∀st •
[st � A]··
st � B

� A impliesB

The problem is the implication introduction rule to the right that combines the
two validity levels of the natural deduction calculus.

Undefinedness leads to an own side-calculus in OCL: Since from � A andB
we can conclude definedness both for A and B in all contexts, and since from
� E � E′ we can conclude that any subexpression in E and E′ is defined
(due to strictness to all operations in the expression language of OCL), a lot
of definedness information is usually hidden in an OCL formula, let it be a
method precondition or an invariant. In order to efficiently reason over OCL
specification, it may be necessary precompute this information.

At present, we have only developed a simple setup for fast tac according to
the rules described above, which is already quite powerful, but not complete.
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4.2 Rewriting

Rewriting OCL-formulae seems to have a number of advantages; mainly, it allows
for remaining on the level of absolute validity which is easier to interpret, and
it allows to hide the definedness concerns miraculously inside the equational
calculus. The nastiness of the implication introduction can be shifted a bit further
inside in an equational calculus: The two rules

A implies(B impliesC) = (A andB) impliesC

A implies(B orC) = (A impliesB) or(A impliesC)

hold for all cases which — together with the other lattice rules for the logic —
motivates a Hilbert-Style calculus for OCL; unfortunately, the assumption rule
A impliesA holds only if A is defined in all contexts. At least, this gives rise to
proof procedures that defer definedness reasoning to local places in a formula.

A useful mechanism to transport definedness information throughout an OCL
formula can be based on Isabelle’s simplifier that can cope with a particular type
of rules. Derived congruence rewriting rules for HOL-OCL look like:

[st � A ∨ st � not is def(A)]··
B st = B st′

(A andB) st = (A andB′) st

A st = A′ st B st = B′ st

(A orB) st = (A′ orB′) st

allow for replacing, for example, variables occurrences by ⊥⊥⊥L or true if their
undefinedness or validity follows somewhere in the context.

We discovered a further interesting technique for proving the equality of two
formulae P X and Q X based on the idea to perform a case split by substituting
X by ⊥⊥⊥L , true or false. Unfortunately, it turns out that the rule:

P ⊥⊥⊥L = P ′ ⊥⊥⊥L P true = P ′ true P false = P ′ false

P X = P ′ X
is simply unsound due to the fact that it does not hold for all functions P X c,
only if P and P ′ are state passing, which represents an invariant of our embed-
ding (see Sec. 3.2). Fortunately, for all logical operators, state passing rules such
as:

passP

pass(λX • not(P X))

passP passP ′

pass(λX • (P X) and(P ′ X))
hold. Moreover, any function constructed by a lifting (and these are all library
function definitions) are state passing. This allows for proof procedures built on
systematic case distinctions which turn out to be efficient and useful.

The situation is similar for reasoning over strong and weak equality. For
strong equality, we have nearly the usual rules of an equational theory with
reflexivity, symmetry and transitivity. For Leibniz rule (substitutivity), however,
we need again that the context P is state passing:

� a � b � P a passP

� P b

This is similar for strict equality, except for additional definedness constraints.
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4.3 Lifting Theorems from HOL to the HOL-OCL Level

Since all operations in the library are defined extremely canonically by a combi-
nation of (optional) smashing, strictification and lifting operators, it is possible
to derive automatically from generic theorems such as strictness rules, defined-
ness propagation etc.:

lift1(strictify f)⊥⊥⊥L = ⊥⊥⊥L

lift2(strictify(λ x • strictify(f x)))⊥⊥⊥L X = ⊥⊥⊥L

lift2(strictify(λ x • strictify(f x))) X⊥⊥⊥L = ⊥⊥⊥L

is def(lift1(strictify(λx • lift(f x))) X) = is def(X)
(∀x y • f x y = f y x)⇒ lift2 f X Y = lift2 f Y X

The last rule is used to lift a commutativity property from the HOL level to
the HOL-OCL-level. With such lifting theorems, many standard properties were
proven automatically in the library.

5 Application: Test Case Generation

A prominent example for automatic test case generation is the triangle prob-
lem [11]: Given three integers representing the lengths of the sides of a triangle,
a small algorithm has to check, whether these integers describe invalid input
or an equilateral, isosceles, or scalene triangle. Assuming a class Triangle with
the operations isTriangle() (test if the input describes a triangle) and triangle()
(classify the valid triangle) leads to the following OCL specification:

context Triangle :: isTriangle (s0 , s1 , s2 : Integer ): Boolean
pre : (s0 > 0) and (s1 > 0) and (s2 > 0)
post: result = (s2 < (s0 + s1)) and (s0 < (s1 + s2)) and (s1 < (s0 + s2))

context Triangle :: triangle (s0 , s1 , s2 : Integer ): TriangType
pre : (s0 > 0) and (s1 > 0) and (s2 > 0)
post: result = if ( isTriangle (s0,s1,s2 )) then if (s0 = s1) then if (s1 = s2)

then Equilateral :: TriangType else Isosceles :: TriangType endif
else if (s1 = s2) then Isosceles :: TriangType else if (s0 = s2)
then Isosceles :: TriangType else Scalene :: TriangType endif
endif endif else Invalid :: TriangType endif

Transforming this specification into HOL-OCL2 leads to the following specifica-
tion triangle spec of the operation triangle():

triangle spec ≡ λ result s1 s2 s3 • result � (if isTriangle s1 s2 s3 then if s0 � s1

then if s1 � s2 then equilateral else isosceles endif else if s1 � s2 then isosceles

else if s0 � s2 then isosceles else scalene endif endif endif else invalid endif)

2 In the following, we omit the specification of isTriangle().
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For the actual test-case generation, we define triangle, which selects via Hilbert’s
epsilon operator (@) an eligible “implementation” fulfilling our specification:

triangle : [Integerα, Integerα, Integerα]⇒ Triangle⊥
triangle s0 s1 s2 ≡ @result• � triangle spec result s0 s1 s2

We follow the approach presented in [3] using a disjunctive normal form (DNF)
for partition analysis of the specification and as a basis for the test case genera-
tion. In our setting this leads to the following main steps:

1. Eliminate logical operators except and, or, and not.
2. Convert the formula into DNF.
3. Eliminate unsatisfiable disjoints by using concurrence rewriting.
4. Select the actual set of test-cases.

Intermediate results are formulae with over 50 disjoints. The logical simplifica-
tion can only eliminate simple logical falsifications, but this representation can
tremendously be simplified by using congruence rewriting. Based on its deeper
knowledge of the used data types (taking advantage of e.g. � isosceles � invalid)
this step eliminates many unsatisfiable disjoints caused by conflicting constraints.
After the congruence rewriting, only six cases are left, respectively one for in-
valid inputs and one for equilateral triangles, and three cases describing the
possibilities for isosceles triangles.

triangle s0 s1 s2 = @result• � result � invalid and not isTriangle s0 s1 s2

or result � equilateral and isTriangle s0 s1 s2 and s0 � s1 and s1 � s2

or result � isosceles and isTriangle s0 s1 s2 and s0 � s1 and s1 	� s2

or result � isosceles and isTriangle s0 s1 s2 and s0 � s2 and s0 	� s1

or result � isosceles and isTriangle s0 s1 s2 and s1 � s2 and s0 	� s1

or result � scalene and isTriangle s0 s1 s2 and s0 	� s1 and s0 	� s2 and s1 	� s2

These six disjoints represent the partitions, from which test cases can be selected,
possible exploiting boundary cases like minimal or maximum Integers of the
underlying implementation.

6 Conclusion

6.1 Achievements

We have presented a new formal semantic model of OCL in form of a conserva-
tive embedding into Isabelle/HOL that can cope with the requirements and the
examples of the OCL standard 1.4. On the basis of the embedding, we derived
several calculi and proof techniques for OCL. Since “deriving” means that we
proved all rules with Isabelle, we can guarantee both the consistency of the se-
mantics as well as the soundness of the calculi. Our semantics is organized in a
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modular way such that it can be used to study the interdependence of certain
language features (method recursion, executability, strictness, smashing, flatten-
ing etc.) which might be useful in the current standardization process of OCL.
We have shown the potential for semantic based tools for OCL using automated
reasoning by an exemplary test-case generation.

6.2 Related Work

Previous semantic definitions of OCL [8,14,18] are based on “mathematical no-
tation” in the style of “naive set theory”, which is in our view quite inadequate
to cover so subtle subjects such as inheritance. Moreover, the development of
proof calculi and automated deduction for OCL has not been in the focus of
interest so far.

In [8], a formal operational semantics together with a formal type system
for OCL 1.4 was presented. The authors focus on the issue of subject reduction,
but do not define the semantic function for expressions whose evaluation may
diverges. In [7], it is claimed that a similar OCL semantics is Turing complete.
In contrast, our version of OCL admits an infinite state which turns allInstances
into an unbounded universal quantifier; when adding least-fixpoint semantics
for recursive methods (as we opt for), we are definitively in the world of non-
executable languages.

Using a shallow embedding for an object oriented language is still a challenge.
While the basic concepts in our approach of representing subtyping by the sub-
sumption relation on polymorphic types is not new (c.f. for example [15,9]),
we have included concepts such as undefinedness, mutual recursion between ob-
ject instances, dynamic types, recursive method invocation and extensible class
hierarchies that pushes the limits of the approach a bit further.

6.3 Future Work

Beyond the usual sigh that the existing library is not developed enough (this
type of deficiency is usually resolved after the first larger verification project in
an embedding), we see the following extensions of our work:

– While our fast tac-based proof procedure for OCL logic is already quite
powerful, it is neither efficient nor complete (but should be for a fragment
corresponding to propositional logic extended by definedness). More research
is necessary (multivalued logics [4], Decision Diagrams).

– Since HOL-OCL is intended to be used over several stages of a software
development cycle, a refinement calculus that formally supports this activity
may be of particular relevance.

– Combining HOL-OCL with a Hoare-Logic such as µJava[10] can pave the way
for an integrated formal reasoning over specifications and code.
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Abstract. The implicit universe hierarchy implemented in proof assis-
tants such as Coq and Lego, although really needed, is painful, both for
the implementer and the user: it interacts badly with modularity fea-
tures, errors are di�cult to report and to understand. Moreover, type-
checking is quite complex.
We address these issues with a new calculus, the Explicit Polymorphic
Extended Calculus of Constructions. EPECC is a conservative extension
of Luo's ECC with universe variables and explicit universe constraints
declarations. EPECC behaves better with respect to error reporting and
modularity than implicit universes, and also enjoys good metatheoretical
properties, notably strong normalization and Church-Rosser properties.
Type-inference and type-checking in EPECC are decidable. A prototype
implementation is available.

1 Introduction

The type system of the Coq proof-assistant results from a compromise between
several requirements:

1. It must be expressive enough to develop signi�cant bodies of mathematics.
2. It must be theoretically sound.
3. It must be as simple as possible.

The original basis of Coq is the Calculus of Constructions (CC), originally intro-
duced by Coquand and Huet [1]. CC is a Pure Type System with an impredicative
sort called Prop and an untyped sort Type, the latter being the type of the for-
mer. CC ful�lls requirements 2 and 3 but is not expressive enough: for instance,
adding strong sum would be desirable, but requires to type Type with a new sort
since Type : Type leads to Girard's paradox [2] and strong sum is inconsistent
with impredicativity [5].

Therefore, Coquand proposed an extension of CC with predicative cumulative
universes, called CCω [2]. CCω replaces Type by Type0 and has an in�nite set of
predicative sorts {Typei | i ∈ N}, called universes, with Typei : Typei+1 and
Typei included in Typei+1 for all i ∈ N. CCω is sound [2] and more expressive
than CC, but using it is tedious: in CCω, one can not state a proposition over all
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universes (such as the existence of a function from Typei to Typei for any i) but
only on some explicitly given universes.

The current version of the Coq proof assistant implements a more �exible
system. On the surface, Coq has only one predicative sort, called Type, which
has type Type. When one enters a development in Coq, a universe inference
algorithm checks that it can be annotated with universe levels consistently with
respect to CCω. Coq rejects developments that cannot be annotated consistently.

For instance, if the following development is entered in Coq

Definition T := Type.

Definition U := Type.

Definition id := [x:T]x.

then Coq checks it can be annotated consistently. Here, any choice of a natural
number i for annotating the �rst occurrence of Type and j for annotating the
second is a consistent annotation. However, adding the line

Definition u := (id U).

is correct if and only if U belongs to the domain of id, that is if and only if
j + 1 ≤ i. If one enters instead the line

Definition t := (id T).

then Coq notices that the de�nition of t requires T to belong to T, that is i+1 ≤ i,
and as this constraint is unsatis�able, Coq rejects the de�nition of t.

This implicit universe hierarchy seems quite convenient. However it has sev-
eral drawbacks:

1. It prevents separate checking of theories.
2. It prevents the simultaneous loading of separately loadable theories.
3. Errors are non-local.
4. It is not expressive enough.
5. Universe inference is complex.

Our plan is the following: Section 2 details these drawbacks, explains their
origin and how we choose to address them. Section 3 formally de�nes EPECC,
our proposal for an extension of the Calculus of Constructions with explicit
polymorphic universes. Section 4 is an overview of its metatheoretical properties.
Section 5 describes our implementation of EPECC and Section 6 compares EPECC
with related works.

2 Drawbacks of Implicit Universes

This section describes several issues related to Coq's implicit universes and an-
alyzes their origins. It explains our design decisions for EPECC, a proposal for
explicit polymorphic universes above the Calculus of Constructions.
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2.1 Separate Checking

The Coq system V7.2 provides a rudimentary module system: although large
developments can be split across several �les and compiled into fast-loadable
modules, it does not allow for separate checking. One of the reasons for this is
the implicit universe mechanism.

Indeed, consider a module A implementing X of type Type and an identity
function id of type Type → Type. The interface of A is

X : Type

id : Type -> Type

Consider now a module B using A containing only the expression (id X). Can
we check the implementation of B with the sole knowledge of the interface of A?
We would like to proceed as if we had two axioms X : Type and id : Type → Type,
looking for a suitable annotation for all occurrences of Type. For instance, we
can annotate all of them by the same natural number n.

Unfortunately, the well-formedness of B under the declarations of the inter-
face of A does not imply that the implementation of A and B are compatible.
For instance, consider the following implementation for A:

Definition X := Type.

Definition Y := [x:X]x

Definition id := [x:Type](Y x).

We can remark the following:

� The implementation of A is correct: if one annotates the �rst instance of
Type by i and the second one by j, the constraint implied by the application
(Y x) is i ≥ j since x belongs to Typej and the domain of Y is Typei alias X.

� The implementation of B is correct under the declarations of the interface
of A.

� The whole development (A together with B) is incorrect. Indeed, the type
of X is Typei+1 and the application (id X) generates the constraint j ≥ i+1
since the domain of id is Typej . Whence the unsatis�able constraint i ≥ j ≥
i + 1. Therefore Coq rejects this development:

Welcome to Coq 7.2 (January 2002)

Coq < Definition X := Type.

X is defined

Coq < Definition Y := [x:X]x.

Y is defined

Coq < Definition id := [x:Type](Y x).

id is defined

Coq < Check (id X).

Error: Universe Inconsistency.

In fact the correct modular reading of the checking of the implementation of
B using the interface of A is that given some unknown parameters i, j and k,
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we have to check the well-formedness of the implementation of B in a context
containing X : Typei and id : Typej → Typek. In other words, we have to check
that for any i, j, and k, the implementation of B is well-formed. Unfortunately,
although this requirement would ensure separate checking, it is much too strong:
if the implementation of A is replaced by

Definition X := Type.

Definition id := [x:Type]x.

checking B with respect to the interface of A fails, although A plus B as a
whole is correct. Moreover, as there is no way to declare relations between i,
j and k, there is no way to make the interface of A declare X : Typei and
id : Typej → Typek with j > i.

Therefore the occurrences of Type in EPECC are explicitly labeled with uni-
verse expressions, possibly containing universe variables, and the typing context
contains constraints on universe variables.

CCω also poses another problem with respect to separate checking. The nat-
ural way to check that some implementation I ful�lls some interface J is to
infer its most informative interface J ′ and to check that J ′ is more informative
than J . Unfortunately, although CCω may give several types to a given term, it
does not de�ne any subtyping relation and there is no notion of principal type
in this system. For instance, a term t with type Type0 → Type0 may have also
the type Type0 → Type1 or not, depending on t. In fact, type-checking CCω is
complex [13,6] and relies on universe inference.

Therefore we choose to replace CCω by Zhaohui Luo's Extended Calculus
of Constructions [9,10]. ECC extends CCω with a real subtyping relation, called
the cumulativity relation (thus Type0 → Type0 is included in Type0 → Type1 in
ECC). It enjoys the existence of principal types and has a simple type-checking
algorithm.

2.2 Modularity and Locality

Combining together results from di�erent modules is required to develop formal
proofs: it is a standard practice in mathematics.

Unfortunately, the implicit universes mechanism prevents this to some ex-
tent. In Coq, one can build proof libraries that can be loaded separately but
not simultaneously. Consider for instance a �le C containing the following Coq
development:

Definition T := Type.

Definition U := Type.

When checking this development, Coq annotates the �rst occurrence of Type
with a variable i and the second one with a variable j.

Now, consider A containing

Require C.

Definition idT := [x:T]x.

Definition u := (idT U).
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and B containing

Require C.

Definition idU := [x:U]x.

Definition t := (idU T).

Both �les are correct: when checking the �rst one, Coq loads the compiled version
of C and infers the constraint j + 1 ≤ i; when checking the second one, it infers
the constraint i + 1 ≤ j. However these modules cannot be loaded together: it
would lead to the unsatis�able constraint j + 1 ≤ i ∧ i + 1 ≤ j.

The reason for this problem is that satis�ability is not modular: type-checking
modules generates constraints whose conjunction can be unsatis�able although
each one is satis�able.

We solve this problem as follows: in EPECC, the user explicitly introduces con-
straints in the typing environment. The type-checker still generates constraints,
but instead of checking that they are satis�able, it checks that they are enforced
by the user-supplied constraints. This way, type-checking is modular: if the user-
supplied constraints imply both c and c′, then they imply c ∧ c′. In order for
EPECC to be sound, we must however ensure that the user-supplied constraints
are satis�able. We do this by allowing only a certain class of constraints.

Another problem is the non-locality of the error reported by Coq: it can
be discovered arbitrarily far from the real problem. For instance, consider some
modules E and F requiring respectively A and B. Requiring E then F would
lead to a message telling that a universe inconsistency has been detected while
importing F , without further explanation.

To address this problem, constraints over a universe variable in EPECC can
only be given when a universe variable is declared. Let us see how this solves the
above example: consider C de�ning T as Typei and U as Typej .

� Assume C gives no constraints on i and j. Then a type error is raised on
(idT U) for A as we do not have ∀i ∈ N ∀j ∈ N j + 1 ≤ i. Similarly, B is
rejected as i ≤ j + 1 is not valid.

� Assume C gives a constraint implying i + 1 ≤ j. Then A is rejected and B
is accepted.

� Assume C gives a constraint implying j + 1 ≤ i. Then A is accepted and B
is rejected.

In any case, the error can be reported very accurately: either on (idT U) or on
(idU T).

2.3 Flexibility

The three solutions proposed above have a disadvantage over Coq's implicit
universes: one has to choose how C will be used when writing it. In Coq, no
choice has to be done when C is written; instead the �rst usage excludes the
other one.

We claim this issue is under the responsibility of some module system, not
of EPECC itself: an SML-like module system [11] would let us parameterize the
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Terms
t ::= λx:t.t abstraction
| Πx:t.t product
| (t t) application
| σ sort
| x variable

Sorts
σ ::= Prop
| Typen

Contexts
Γ ::= ε Empty context
| Γ ;x : t Variable declaration

where x ranges over an in�nite set of variables and n ranges over N.

Fig. 1. Syntax of ECC−

module C by a module providing two universe levels i and j. Then, A can
introduce two universes i′ and j′ such that j′ + 1 ≤ i′ and require C with i
instantiated by i′ and j by j′. Similarly B can introduce two universes i′′ and
j′′ with i′′ + 1 ≤ j′′ and require C with i instantiated by i′′ and j by j′′. Thus,
no choice has to be made when C is written and both choices can even be made
simultaneously, thanks to the module system.

The prototype presented in Section 5 has such a module system [4]. Therefore,
we do not consider further this parameterization issue in this paper.

3 De�nition of EPECC

Our proposal for explicit polymorphic universes is based on Luo's ECC. However,
because of the lack of space, we do not consider the whole ECC: we remove sigma-
types and get a subset of ECC which we call ECC−. The sequel straightforwardly
extends to sigma types. Section 3.1 describes ECC−, Section 3.2 introduces the
syntax of EPECC and Section 3.4 describes its judgments and rules. Note that we
do not consider issues related to variable renaming nor variable capture: terms
are considered in Barendregt convention and up to bound variable renaming (α-
equivalence). Hence, the usual side conditions stating that a variable is fresh are
implicit in the presented inference rules.

3.1 ECC
−

Syntax. The syntax of ECC− is given Figure 1. As in Luo's ECC, the sorts of
ECC− contain an impredicative sort Prop and a family of sorts Typen, indexed
by natural numbers.

Conversion and Cumulativity. The β-reduction is de�ned as usual, we de-
note it by �β . The conversion relation 
 is de�ned as the re�exive, symmetric,
transitive closure of the β-reduction. The cumulativity relation � is the least
partial transitive relation such that:

� t1 � t2 for any t1, t2 such that t1 
 t2;
� Prop � Typen for any n ∈ N;
� Typen � Typem for any (n,m) ∈ N

2 such that n < m;
� Πx:t1.t

′
1 � Πx:t2.t

′
2 for any t1, t

′
1, t2, t

′
2 such that t1 
 t2and t′1 � t′2;

� is a partial order with respect to 
 (see [10], Lemma 3.1.6, p. 29).
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T/SORT
(σ1, σ2) ∈ A
Γ � σ1 : σ2

T/APP
Γ � t1 : Πx:t3.t4 Γ � t2 : t3

Γ � (t1 t2) : t4{x← t2}

T/PROD
Γ � t1 : σ1 Γ ;x : t1 � t2 : σ2 (σ1, σ2, σ3) ∈ R

Γ � Πx:t1.t2 : σ3

T/LAM
Γ � t1 : σ1 Γ ; x : t1 � t2 : t3

Γ � λx:t1.t2 : Πx:t1.t3

T/CUMUL
Γ � t1 : t3 Γ � t2 : σ t3 	 t2

Γ � t1 : t2
T/VAR

Γ � x : Γ (x)

ENV/EMPTY � ok ENV/DECL
Γ � ok Γ � t : σ

Γ ;x : t � ok

A = { (Typen,Typen+1) | n ∈ N } ∪ { (Prop,Type0) }
R = { (Typen,Typem,Typemax(n,m)) | (n, m) ∈ N

2 }
∪ { (Typen,Prop,Prop) | n ∈ N }
∪ { (Prop,Typen,Typen) | n ∈ N } ∪ { (Prop,Prop,Prop)}

Fig. 2. Typing rules of ECC−

Judgments. In addition to the typing judgment Γ � t1 : t2 from [10], our
presentation uses a judgment Γ � ok whose intended meaning is �Γ is a well-
formed environment�. In [10], there is no such judgment; Γ � Prop : Type0 is
used instead.

Rules. Figure 2 gives the rules of ECC−. ECC− can be seen as a PTS up to the
following di�erences:

� As the considered set of products is full, one does not need to check that the
product Πx:t1.t3 is well-formed in T/LAM (see [13], Section 3).

� The conversion rule is replaced by the cumulativity rule T/CUMUL.

The di�erences between ECC− and ECC are the following:

� ECC rules related to sigma types have been removed.

� We do not require Γ to be well-formed in order for a judgment Γ � t1 : t2
to hold in ECC−. On the contrary, the rules for typing variables and sorts
in [10] enforce this. Thus Γ � t1 : t2 holds in [10] if and only if Γ � t1 : t2
and Γ � ok hold in ECC−.

� When typing products, Luo's presentation requires the domain and range
to belong to the same Typej or the domain to be Prop. The rule T/PROD
can seem more permissive as it accepts any sort for the domain and the
range, but this is just a derived rule in [10], thanks to the cumulativity rule
T/CUMUL.
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3.2 Syntax

The syntax of EPECC is obtained from ECC− as follows:

� We introduce a new non-terminal i, de�ning the syntactic category of uni-
verse expressions, with the following rules:

i ::= 0
| i + n lifting a universe by a constant
| MAX(i, i) maximum of two universes
| u universe variable

where u ranges over an in�nite set U of universe variables and n ranges over
N. We call I the set of universe expressions.

� We replace the family of sorts Typen, for n ∈ N by the family of Typei, for
i ∈ I.

� In addition to the usual term variables declarations, contexts may also con-
tain universe variable declarations. A universe declaration has the form u ≥ i
where u ∈ U is a fresh universe variable and i ∈ I:

Γ +::= Γ ;u ≥ i

Informally, this declaration means that u denotes a universe level above i.
In other words, this means that we have the type inclusion Typei � Typeu.
We denote the set of universe variables declared in Γ by UDom(Γ ).

3.3 Conversion and Cumulativity Relation

The cumulativity relation � of ECC− has to be modi�ed for EPECC. Indeed,
whether Typei is included in Typej depends not only on i and j but also on
the declaration of the variables they contain. Intuitively, Typei is included in
Typej if and only if for every interpretation of universe variables satisfying the
constraints of the context, the value of i is less than or equal to the value of j.

For the same reason, the conversion of Typei and Typej is no longer the
syntactic equality; instead they are equal if and only if for every interpretation
satisfying the constraints, the value of i is equal to the value of j.

In order to de�ne precisely the conversion and cumulativity relations, we now
formally de�ne this notion of interpretation.

De�nition 1 (Universe Interpretations). A universe interpretation φ is a
member of N

U, that is, a function mapping universe variables to natural numbers.

Given a universe interpretation φ, we extend it inductively into a morphism
from I to N as follows:

φ(u) = φ(u)
φ(0) = 0

φ(MAX(i, j)) = max(φ(i), φ(j))
φ(i + n) = φ(i) + n
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This morphism induces a term interpretation from EPECC to ECC−. The
term interpretation φ associated to the universe interpretation φ is inductively
de�ned as follows:

φ(Prop) = Prop
φ(x) = x

φ(λx:t1.t2) = λx:φ(t1).φ(t2)

φ(Typei) = Typeφ(i)

φ((t1 t2)) = (φ(t1) φ(t2))
φ(Πx:t1.t2) = Πx:φ(t1).φ(t2)

This term interpretation induces a context interpretation φ from the typing
contexts of EPECC to those of ECC− as follows:

φ(ε) = ε φ(Γ ;x : t) = φ(Γ );x : φ(t) φ(Γ ;u ≥ i) = φ(Γ )

We say the interpretations satisfying the constraints of a given typing context
Γ are increasing on Γ . More formally:

De�nition 2 (Increasing Interpretations). The set of increasing interpre-
tations on a context Γ , denoted by Incr(Γ ), is de�ned by induction on Γ as
follows:

Incr(ε) = N
U

Incr(Γ ′;u ≥ i ) = {φ ∈ Incr(Γ ′) | φ(u) ≥ φ(i) }
Incr(Γ ;x : t ) = Incr(Γ )

Given a context Γ , we can now compare universe expressions through the
values of their interpretations:

De�nition 3 (Γ -Equality and Γ -less-than). Given a context Γ and two uni-
verse expressions i and j, we say i and j are Γ -equal ( resp. i is Γ -less than j)
and we write i =Γ j ( resp. i ≤Γ j) if for any φ ∈ Incr(Γ ), φ(i) = φ(j) ( resp.
φ(i) ≤ φ(j)).

It is clear that Γ -equality is an equivalence relation, Γ -less-than is a re�exive
and transitive relation. Moreover, the former is the symmetric closure of the
latter.

Γ -equality induces a congruence on terms, called U-equivalence:

De�nition 4 (U-Equivalence). Given a context Γ , the U-equivalence over Γ
is de�ned as the smallest congruence =U over terms such that Typei =U Typej

for any i, j such that i =Γ j. We write Γ � t1 =U t2 to mean t1 and t2 are
U-equivalent over Γ .

In other words, the U-equivalence over Γ is the smallest re�exive, symmetric,
transitive and monotonic relation =U such that Typei =U Typej for any i, j such
that i =Γ j (by �monotonic�, we mean that for any t, t1, t2 such that t1 =U t2,
we have t{x← t1} =U t{x← t2}).

We now de�ne the conversion relation and the cumulativity relation:

De�nition 5 (Conversion). Given a context Γ , the conversion relation over
Γ is de�ned as the smallest congruence containing the β-equivalence and the U-
equivalence over Γ . �t1 and t2 are convertible over Γ � is denoted by Γ � t1 
 t2.
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Terms:

T/VAR
Γ � x : Γ (x)

T/SORT
Γ � σ1 : sort (σ1, σ2) ∈ A

Γ � σ1 : σ2

T/PROD
Γ � t1 : σ1 Γ ;x : t1 � t2 : σ2 (σ1, σ2, σ3) ∈ R

Γ � Πx:t1.t2 : σ3

T/LAM
Γ � t1 : σ1 Γ ; x : t1 � t2 : t3

Γ � λx:t1.t2 : Πx:t1.t3
T/APP

Γ � t1 : Πx:t3.t4 Γ � t2 : t3
Γ � (t1 t2) : t4{x← t2}

T/CUMUL
Γ � t1 : t3 Γ � t2 : σ Γ � t3 	 t2

Γ � t1 : t2

Sorts:

SORT/SET
Γ � Prop : sort

SORT/TYPE
Γ � i : univ

Γ � Typei : sort

Universes:

UNIV/CONST
Γ � 0 : univ

UNIV/VAR
u ∈ UDom(Γ )

Γ � u : univ

UNIV/LIFT
Γ � i : univ

Γ � i + n : univ
UNIV/MAX

Γ � i1 : univ Γ � i2 : univ

Γ � MAX(i1, i2) : univ

Environments:

ENV/EMPTY � ok ENV/DECL
Γ � ok Γ � t : σ

Γ ;x : t � ok

ENV/UDECL
Γ � ok Γ � i : univ

Γ ;u ≥ i � ok

A = { (Typei,Typei+1) | i ∈ I } ∪ { (Prop,Type0) }
R = {(Typei,Typej ,TypeMAX(i,j)) | (i, j) ∈ I2 }

∪ {(Typei,Prop,Prop) | i ∈ I }
∪ {(Prop,Typei,Typei) | i ∈ I } ∪ {(Prop,Prop,Prop)}

Fig. 3. Typing rules of EPECC

De�nition 6 (Cumulativity Relation). Given a context Γ , the cumulativity
relation over Γ is de�ned as the smallest transitive relation � over terms such
that

� t1 � t2 for all t1, t2 such that Γ � t1 
 t2;
� Prop � Typei for all i ∈ I;
� Typei � Typej for all (i, j) ∈ I2 such that i ≤Γ j;
� Πx:t1.t

′
1 � Πx:t2.t

′
2 for all t1, t

′
1, t2, t

′
2 such that Γ � t1 
 t2 and t′1 � t′2.

We denote �(t1, t2) is in the cumulativity relation over Γ � by Γ � t1 � t2�.

3.4 Judgments and Rules

The typing rules for EPECC are given in Figure 3. As with ECC−, EPECC de�nes
the judgments Γ � t1 : t2 and Γ � ok. It de�nes two new judgments :



Explicit Universes for the Calculus of Constructions 125

� Γ � i : univ, read �i is a well-formed universe expression in Γ �. i is a well-
formed universe when all the variables it contains are declared in Γ .

� Γ � σ : sort, read �σ is well-formed sort in Γ �. The well-formed sort are Prop
and the Typei such that i is well-formed.

The rules dealing with the judgment Γ � t1 : t2 are similar to the ones
of ECC−. The typing rule for sorts is close to the standard one, although we
check that σ1 is a valid sort. The set of axioms A and the set of products
are di�erent from the one of ECC− as integer indices have been replaced by
universe expressions. The side condition of the conversion rule T/CUMUL uses
the cumulativity relation of EPECC instead of ECC−'s.

4 Metatheory

This section gives the main theoretical properties of EPECC: the elements of
Incr(φ) are morphisms from EPECC to ECC−; the existence of these morphisms
let us derive easily the Church-Rosser and strong normalization properties of
EPECC. Moreover, EPECC enjoys type-inference and type-checking algorithms.

Proposition 1 (Existence of Increasing Interpretations). For any context
Γ such that Γ � ok holds in EPECC, Incr(Γ ) �= ∅.

Theorem 1 (φ Is a Morphism). For any context Γ and any φ ∈ Incr(Γ ), φ
is a morphism:

1. It preserves β-reduction steps, conversion and cumulativity.
2. It transforms derivable typing judgments of EPECC into derivable typing

judgments of ECC−.

Corollary 1. EPECC is consistent: there is no term t such that � t : Πx:Prop.x
holds in EPECC.

Actually, once the adequate embedding of ECC− in EPECC is de�ned, Proposi-
tion 1 implies that EPECC is a conservative extension of ECC−.

Theorem 2 (Strong Normalization). For any Γ such that Γ � ok holds in
EPECC, any terms t and t′ such that Γ � t : t′, t is strongly normalizing.

Proof. As Γ � ok holds, there exists φ ∈ Incr(Γ ) by Proposition 1. If there was
an in�nite reduction starting at t, its image by φ would be an in�nite reduction
starting at φ(t) (by Theorem 1). Since φ(t) is well-typed in the well-formed
context φ(Γ ) (by Theorem 1), this is absurd.

Proposition 2 (No Creation of β-Redexes). For any Γ , any φ ∈ Incr(Γ ),
any t in EPECC, and any t′′ in ECC−, if φ(t)�β t′′, there exists t′ such that t�β t′

and φ(t′) = t′′.
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Theorem 3 (Church-Rosser Property Modulo =U). For any environment
Γ such that Γ � ok holds in EPECC, any terms t1 and t2 such that Γ � t1 
 t2,
there exists t′1 and t′2 such that t1 ��

β t′1, t2 ��
β t′2 and Γ � t′1 =U t′2.

Proof. This is a consequence of Proposition 1, Theorem 1 and Proposition 2.
The Church-Rosser property can be proved using the usual methods (for an

elegant one, see [12]):

Theorem 4 (Church-Rosser Property). For any terms t1 and t2 of EPECC
such that t1 and t2 are β-equivalent, there exists t′ such that t1 �

�
β t′ and t2 �

�
β t′.

Subject-reduction can be proved using the same techniques as [10] for ECC:

Theorem 5 (Subject-Reduction). EPECC enjoys the subject-reduction prop-
erty. More precisely, if Γ � t1 : t2 holds in EPECC and t1�β t

′
1, we have Γ � t′1 : t2

in EPECC.

The proof is as usual, the only di�culty is to prove Γ � Πx:t1.t
′
1 � Πx:t2.t

′
2

implies Γ � t1 
 t2 and Γ � t′2 � t′2. This involves proving that Γ � t1 
 t2
implies the existence of t′1 and t′2 such that t1 ��

β t′1, t2 ��
β t′2, and Γ � t′1 =U t′2.

Our type-checking and type-inference algorithms are similar to Luo's ones
for ECC [10]. They rely on an algorithm deciding the cumulativity relation.

De�nition 7 (Type-Inference and Type-Checking Algorithms).

� Given a context Γ and terms t1 and t2, we check that t1 has type t2 by
computing the principal type t of t1 in Γ , and checking Γ � t � t2.

� Given a context Γ and a term t, we infer its principal type according to the
rules T/VAR, T/SORT, T/PROD, T/LAM and T/APP. As for applications
(rule T/APP), we �rst infer recursively the type of the applied term, then
we β-reduce it to a product Πx:t1.t2 and we check that the argument of the
application has type t1.

The conversion test is similar to the one of ECC: in order to decide the
conversion of two terms t1 and t2, we �rst reduce them into weak-head normal
forms t′1 and t′2 and recursively call the conversion test if needed. The only
di�erence is when the normal forms of t1 and t2 are Typei1 and Typei2 . In ECC,
one checks that i1 and i2 are equal natural numbers. In EPECC, we check that
i1 and i2 are Γ -equal universe expressions.

Similarly, the cumulativity test reduces its arguments into weak-head normal
forms and recursively call itself or the conversion test if needed. To compare
Typei1 and Typei2 , it decides i1 =Γ i2.

To decide t1 =Γ t2 and t1 ≤Γ t2, we introduce a new judgment Γ � i1 ≤n i2,
where Γ is a typing context, n an integer, and i1 and i2 are universe expressions.
Its intended meaning is �∀φ ∈ Incr(Γ ) φ(i1) ≤ φ(i2) + n�. Figure 4 describes
inference rules for this judgment.

Theorem 6 (Soundness and Completeness of the Rules). Given a context
Γ such that Γ � ok holds in EPECC, an integer n, and universe expressions i1
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ZERO
Γ � 0 ≤n 0

n ≥ 0 VAR
Γ � u ≤n u

n ≥ 0

LEFT/MAX
Γ � i1 ≤n i3 Γ � i2 ≤n i3

Γ � MAX(i1, i2) ≤n i3
LEFT/LIFT

Γ � i1 ≤n1−n2 i2
Γ � i1 + n2 ≤n1 i2

RIGHT/LIFT
Γ � i1 ≤n+n′ i2

Γ � i1 ≤n i2 + n′ RIGHT/VAR
Γ � i ≤n i′

Γ � i ≤n u
u ≥ i′ ∈ Γ

RIGHT/MAX1
Γ � i ≤n i1

Γ � i ≤n MAX(i1, i2)
RIGHT/MAX2

Γ � i ≤n i2
Γ � i ≤n MAX(i1, i2)

Fig. 4. Deciding Γ -inequality

and i2 such that Γ � i1 : univ and Γ � i2 : univ hold, Γ � i1 ≤n i2 can
be derived by the rules given in Figure 4 if and only if for any φ ∈ Incr(Γ ),
φ(i1) ≤ φ(i2) + n.

Proof. It is easy to check that all these rules are sound. Completeness requires
more care as the rules RIGHT/MAX1, RIGHT/MAX2, and RIGHT/VAR are not
invertible. The conclusion follows from the following technical lemmas:

� Given a judgment Γ � i ≤n u with u ≥ i′ ∈ Γ , if RIGHT/VAR is the only
applicable rule, either the judgment does not hold, or Γ � i ≤n i′ holds.

� Given a judgment Γ � i ≤n MAX(i1, i2), if RIGHT/MAX1 and RIGHT/MAX2
are the only applicable rules, either the judgment does not hold, or at least
one of the judgments Γ � i ≤n i1 and Γ � i ≤n i2 holds.

De�nition 8 (Algorithm for Γ -less-than). Given a context Γ such that Γ �
ok holds in EPECC and universe expressions i1 and i2, we decide i1 ≤Γ i2 by
deciding whether Γ � i1 ≤0 i2 can be derived. This is done by applying the rules
given �gure 4 with the following strategy:

� If no rule is applicable, it can not be derived.
� If there are applicable rules other than RIGHT/VAR, RIGHT/MAX1, and
RIGHT/MAX2, we pick any of them (�don't care� non-determinism). If it
has no premise, the test succeeds, otherwise, we recursively test whether its
premise holds.

� If RIGHT/VAR is the only applicable rule, we recursively decide whether its
premise holds.

� If RIGHT/MAX1 and RIGHT/MAX2 are the only applicable rules, we pick any
of them and check whether its premise holds. If it holds, the test succeeds,
otherwise, we decide whether the premise of the other one holds (�don't know�
non-determinism).

De�nition 9 (Algorithm for Γ -Equality). Given a context Γ and terms i1
and i2, we decide i1 =Γ i2 by testing i1 ≤Γ i2 and i2 ≤Γ i1.
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Theorem 7. Algorithms for deciding Γ -inequality and Γ -equality of i1 and i2
terminate when Γ � ok, Γ � i1 : univ, and Γ � i2 : univ hold in EPECC. They
are sound and complete.

Proof. Soundness and completeness come from Theorem 6. Termination is proved
by de�ning two measures µ and ν on well-formed universes of Γ :

ν(0) = 1
ν(i + n) = 1 + ν(i)

ν(u) = 1 + ν(i) where u ≥ i ∈ Γ
ν(MAX(i1, i2)) = 1 + ν(i1) + ν(i2)

µ is de�ned similarly, excepted for variables : µ(u) = 1 for any variable u. One
can show by induction on the derivation that for any Γ such that Γ � ok and
any i such that Γ � i : univ, µ(i) and ν(i) are well-de�ned. Then, we de�ne the
measure of a judgment Γ � i1 ≤n i2 as µ(i1) × ν(i2). For each rule given in
�gure 4, the premises are clearly smaller than the conclusion.

The measures de�ned in this proof also give a complexity measure of the de-
cision algorithms: the strategy of De�nition 8 for deciding Γ � i1 ≤n i2 requires
at most µ(i1)× ν(i2) application of inference rules.

5 Implementation

We extended ÷uf, our prototype implementation of a module calculus over the
Calculus of Constructions [3,4] with the constructs and rules of EPECC. This
prototype is written in Objective Caml with the help of a home-made tool com-
piling typing rules into Objective Caml code. ÷uf with polymorphic universes
weights about 2800 lines of code. Adding polymorphic universes to ÷uf was
quite simple: we added or changed about 280 lines of code. ÷uf is available at
http://www.lri.fr/~jcourant/01/oeuf.

Developments in ÷uf enjoy the separate development property and are modu-
lar in the sense of Section 2. Errors are detected locally, although error reporting
in ÷uf is in an early stage for the moment. We did not benchmarked it as per-
formance does not seems really relevant for universe constraints checking � the
major performance issue for type-checking the Calculus of Constructions is the
e�ciency of reduction. Moreover, our prototype does not implements inductive
types yet, which prevents it to compete with Coq on realistic examples for the
moment.

6 Comparison with Other Works

We now brie�y review other systems and implementations addressing universes
with respect to our initial motivations:

� Luo's ECC provides a formal typing system with universes. Although ECC
does not deal with the notion of modules nor de�nitions, it would be quite
easy to add a modular layer on top of it. The resulting system would allow

http://www.lri.fr/~jcourant/01/oeuf
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separate checking, would be modular and errors could be reported accurately.
However, ECC is not �exible enough: each time one makes use of Type, one
has to choose which instance of Type one wants to work with. This prevents
the development of reusable proof libraries over universes.

� Coq's implicit universes are more �exible as the user does not have to tell
in advance on which universe level she is working, but they forbid separate
checking; they are non-modular and errors cannot be reported accurately.
Also, we claim that implementing implicit universes is much more di�cult
than EPECC's polymorphic universes: algorithms involved in universe infer-
ence are complex while the algorithm we use to check universe constraints
is quite straightforward. Moreover, in Coq, the code dealing with implicit
universes is scattered all around the type-checker: actually, all the typing
judgments Coq implements involve universe constraints; in the implemen-
tation, this means that each typing function returns universe constraints in
addition to the type it infers and each rule has to deal carefully with these
constraints.While the extension of CC with explicit polymorphic universes
is quite orthogonal to other extensions such as modules, implicit universes
have a large interaction with Coq's modules and inductive types. A minor
di�erence between CC an Coq's underlying theory is the presence of two
predicative sorts in Coq, Prop and Set; extending EPECC to this system
should be straightforward.

� Lego proposes an implicit universes mechanism similar to Coq's. However
Lego's is more �exible: when the type-checker introduces some constraints
on a de�ned constant, Lego duplicates the constant so that subsequent
constraints do not interfere with the previous ones. Hence Lego accepts the
development given Section 2.2 while Coq rejects it. Thus Lego behaves a
bit better than Coq with respect to modularity. Unfortunately, this behavior
is not perfect since Lego's trick works only with de�ned constants, not with
variables, and examples containing only variable declarations and similar in
spirit to the one of Section 2.2 can be given.

� Nuprl [7] allows to index occurrences of Type by universe level expressions
very similar to the ones we use in this paper. A brief explanation of the
semantics of these expressions is given in Jackson's thesis [8]. Nuprl's uni-
verse polymorphism is less expressive than EPECC's as it does not allow any
constraints over universe variables; the e�ect of some of EPECC constraints
can be simulated though. Nuprl allows one to prove theorems which are im-
plicitly quanti�ed over universe level, in Hindley-Milner style. An advantage
of this approach over ours is that this style of quanti�cation is more �ne-
grained than quanti�cation at the module level. An interesting future work
would be to de�ne a combination of this style of quanti�cation with EPECC
constraints and develop its metatheory.

7 Conclusion

Coq and Lego mislead the naive user with the illusion that Type has type Type
while implementing a universe hierarchy internally. We deliberately designed
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EPECC to tell the user the whole truth. Although this is an advantage, one can
also argue this steepens the learning curve. However the naive user often does
not need to use Type at all: Prop is often enough for her. Moreover, she might
ignore universe variables and deal with Type0, Type1, etc. until she realizes that
polymorphism would help her.

Years after universes have been introduced, implementing and using them
is still di�cult. We think EPECC brings new insights: while much simpler to
describe and implement than implicit universes, it behaves nicely with respect
to separate checking, enjoys modularity and errors can be detected locally.
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Abstract. We use a deep embedding of the display calculus for rela-
tion algebras δRA in the logical framework Isabelle/HOL to formalise a
machine-checked proof of cut-admissibility for δRA. Unlike other “im-
plementations”, we explicitly formalise the structural induction in Is-
abelle/HOL and believe this to be the first full formalisation of cut-
admissibility in the presence of explicit structural rules.

1 Introduction

Display Logic [1] is a generalised sequent framework for non-classical logics. Since
it is not really a logic, we prefer the term display calculi and use it from now
on. Display calculi extend Gentzen’s language of sequents with extra, complex,
n-ary structural connectives, in addition to Gentzen’s sole structural connective,
the “comma”. Whereas Gentzen’s comma is usually assumed to be associative,
commutative and inherently poly-valent, no such implicit assumptions are made
about the n-ary structural connectives in display calculi. Properties such as
associativity are explicitly stated as structural rules.

Such explicit structural rules make display calculi as modular as Hilbert-style
calculi: the logical rules remain constant and different logics are obtained by the
addition or deletion of structural rules only. Display calculi therefore provide
an extremely elegant sequent framework for “logic engineering”, applicable to
many (classical and non-classical) logics in a uniform way [11,5]. The display
calculus δRA [4], for example, captures the logic for relation algebras. The most
remarkable property of display calculi is a generic cut-elimination theorem, which
applies whenever the rules for the display calculus satisfy certain, easily checked,
conditions. Belnap [1] proves that the cut rule is admissible in all such display
calculi: he transforms a derivation whose only instance of cut is at the bottom,
into a cut-free derivation of the same end-sequent. His proof does not use the
standard double induction over the cut rank and degree a là Gentzen.

In [2] we implemented a “shallow” embedding of δRA which enabled us to
mimic derivations in δRA using Isabelle/Pure. But it was impossible to reason
about derivations since they existed only as the trace of the particular Isabelle
session. In [9], Pfenning has given a formalisation of cut-admissibility for tradi-
tional sequent calculi for various nonclassical logics using the logical framework
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Elf, which is based upon dependent type theory. Although dependent types al-
low derivations to be captured as terms, they do not enable us to formalise all
aspects of a meta-theoretic proof. As Pfenning admits, the Elf formalisation can-
not be used for checking the correct use of the induction principles used in the
cut-admissibility proof, since this requires a “deep” embedding [9]. The use of
such “deep” embeddings to formalise meta-logical results is rare [8,7]. To our
knowledge, the only full formalisation of a proof of cut-admissibility is that of
Schürmann [10], but the calculi used by both Pfenning and Schürmann contain
no explicit structural rules, and structural rules like contraction are usually the
bane of cut-elimination. Here, we use a deep embedding of the display calculus
δRA into Isabelle/HOL to fully formalise the admissibility of the cut rule in the
presence of explicit (and arbitrary) structural rules.

The paper is set out as follows. In Section 2 we briefly describe the display
calculus δRA for the logic of relation algebras. In Section 3 we describe an
encoding of δRA logical constants, logical connectives, formulae, structures,
sequents, rules, derivations and derived rules into Isabelle/HOL. In Section 4 we
describe the two main transformations required to eliminate cut. In Section 5
we describe how we mechanised these to prove the cut-elimination theorem in
Isabelle/HOL. In Section 6 we present conclusions and discuss further work.

2 The Display Calculus δRA

The following grammar defines the syntax of relation algebras:

A ::= pi | � | ⊥ | ¬A | A ∧A | A ∨A | 1 | 0 |∼ A |� A | A ◦A | A+A

A display calculus for relation algebras called δRA can be found in [4].
Sequents of δRA are expressions of the form X 	 Y where X and Y are built
from the nullary structural constants E and I and formulae, using a binary
comma, a binary semicolon, a unary ∗ or a unary • as structural connectives,
according to the grammar below:

X ::= A | I | E | ∗X | •X | X ; X | X , X

Thus, whereas Gentzen’s sequents Γ 	 ∆ assume that Γ and ∆ are comma-
separated lists of formulae, δRA-sequents X 	 Y assume that X and Y are
complex tree-like structures built from formulae and the constants I and E
using comma, semicolon, ∗ and •.

The defining feature of display calculi is that in all logical rules, the principal
formula is always “displayed” as the whole of the right-hand or left-hand side.
For example, the rule (LK- 	 ∨) below is typical of Gentzen’s sequent calculi
like LK, while the rule (δRA- 	 ∨) below is typical of display calculi:

Γ 	 ∆,P , Q
Γ 	 ∆,P ∨Q (LK- 	 ∨)

X 	 P , Q
X 	 P ∨Q(δRA- 	 ∨)
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3 A Deep Embedding of δRA in Isabelle/HOL

In [2], we describe our initial attempts to formalise display calculi in various
logical frameworks, and describe why we chose Isabelle/HOL for this work. To
make the current paper self-contained, we now describe the Isabelle/HOL data
structures used to represent formulae, structures, sequents and derivations. We
assume that the reader is familiar with ML and logical frameworks in general.

3.1 Representing Formulae, Structures, Sequents, and Rules

An actual derivation in a Display Calculus involves structures containing formu-
lae which are composed of primitive propositions (which we typically represent
by p, q, r). It uses rules which are expressed using structure and formula variables,
typically X,Y, Z and A,B,C respectively, to represent structures and formulae
made up from primitive propositions. Nonetheless, in deriving theorems or de-
rived rules we will often use a rule instance where the original variables in the
rule are replaced by other variables, rather than actual formulae. We may, for
example, have to take the cut rule as shown below left and substitute B ∧ C
for A, substitute (Z,D) for X and substitute C ∨ D for Y to get the cut rule
instance shown below right, and reason about this instance.

(cut)
X 	 A A 	 Y

X 	 Y
Z,D 	 B ∧ C B ∧ C 	 C ∨D

Z,D 	 C ∨D
Our Isabelle formulation must allow this since variables such as X,Y, Z and
A,B,C are not part of the language of a Display Calculus, but are part of the
meta-language used when reasoning about Display Calculi.

Formulae of δRA are therefore represented by the datatype below:

datatype formula = Btimes formula formula ("_ && _" [68,68] 67)
| Rtimes formula formula ("_ oo _" [68,68] 67)
| Bplus formula formula ("_ v _" [64,64] 63)
| Rplus formula formula ("_ ++ _" [64,64] 63)
| Bneg formula ("--_" [70] 70) | Rneg formula ("_^" [75] 75)
| Btrue ("T") | Bfalse("F") | Rtrue ("r1") | Rfalse("r0")
| FV string | PP string

The constructors FV represents formula variables which appear in the statement
of a rule or theorem, and which are instantiated to actual formulae of δRA when
constructing derivations. The constructor PP represents a primitive proposition
variable p: once again this lives at the meta-level.

Structures of δRA are represented by the datatype below:

datatype structr = Comma structr structr | SemiC structr structr

| Star structr | Blob structr |I|E| Structform formula | SV string

The operator Structform “casts ” a formula into a structure, since a formula
is a special case of a structure (as in the premises of the cut rule given above).
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The constructor SV represents structure variables which appear in the statement
of a rule or theorem, and which are instantiated to actual structures of δRA
when constructing derivations. Since we must reason about arbitrary derivations,
we have to allow derivations to contain structure variables and we must reason
about the instantiations explicitly. We therefore cannot use Isabelle’s built-in
unification facility for instantiating its “scheme variables” as explained in more
detail in [2]. Likewise, formulae of δRA are represented by a datatype which
include a constructor FV for formula variables which can be instantiated to actual
formulae of δRA, and a constructor PP for a primitive proposition variable p.

The notation in parentheses in the definition of datatype formula describe
an alternative infix syntax, closer to the actual syntax of δRA. Some complex
manipulation of the syntax, available through Isabelle’s “parse translations”
and “print translations”, allows structure variables and constants to be prefixed
by the symbol $, and the notations FV, SV and Structform to be omitted.
For technical reasons related to this, a different method is used to specify the
alternative infix syntax for structures and sequents: details omitted.

Sequents and rules of δRA are represented by the Isabelle/HOL datatypes:

datatype sequent = Sequent structr structr
datatype rule = Rule (sequent list) sequent

| Bidi sequent sequent | InvBidi sequent sequent

The premises of a rule are represented using a list of sequents while the con-
clusion is a single sequent. Thus Rule prems concl means a rule with premises
prems and conclusion concl. Many single-premise rules of display calculi are
defined to be usable from top to bottom as well as from bottom to top: the
two constants Bidi and InvBidi allow us to cater for these. Thus Bidi prem
concl means an invertible, or “bi-directional” rule (such as the display postu-
lates) and InvBidi prem concl means the rule Bidi prem concl used in the
inverted sense to derive the conclusion prem from the premise concl.

A sequent (Sequent X Y) can also be represented as $X |- $Y. Thus the
term Sequent (SV ’’X’’) (Structform (FV ’’A’’)) is printed, and may be
entered, as ($’’X’’ |- ’’A’’). Functions premsRule and conclRule return
the premise list and the conclusion of a rule respectively. A structure expression
is formula-free if it does not contain any formula as a sub-structure: that is, if
it does not contain any occurrence of the operator Structform. A formula-free
sequent is defined similarly. The constant rls represents the set of rules of δRA,
encoded using the datatypes just described: we omit the details of this code.

3.2 Handling Substitutions Explicitly

Since a “deep” embedding requires handling substitution explicitly, we now give
definitions relating to substitution for structure and formula variables. We first
give some type abbreviations, and then the types of a sample of the functions.

fSubst = "(string * formula) list"
sSubst = "(string * structr) list"
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fsSubst = "fSubst * sSubst"
sFind :: "sSubst => string => structr"
ruleSubst :: "fsSubst => rule => rule"
seqSubst :: "fsSubst => sequent => sequent"

To substitute for a variable, for example SV ’’X’’, in some object, using the
substitution (fsubs, ssubs), we use sFind to obtain the first pair (if any) in
ssubs whose first component is ’’X’’. If that pair is (’’X’’, X), then sFind
returns X , and each occurrence of SV ’’X’’ in the given object is replaced by
X . There are functions which substitute for every formula or structure variable
in a derivation tree (defined below), rule, sequent, structure or formula.

3.3 Representing Derivations as Trees

We use the term “derivation” for a proof within the sequent calculus, reserving
the term “proof” for a meta-theoretic proof of a theorem about the sequent cal-
culus. We model a derivation tree (type dertree) using the following datatype:

datatype dertree = Der sequent rule (dertree list) | Unf sequent

In Der seq rule dts the subterm seq is the sequent at the root (bottom)
of the tree, and rule is the rule used in the last (bottom) inference. If the tree
represents a real derivation, sequent seq will be an instance of the conclusion
of rule, and the corresponding instances of the premises of rule will be the
roots of the trees in the list dts. We say that the root “node” of such a tree is
well-formed. The trees in dts are the immediate subtrees of Der seq rule dts.

The leaves of a derivation tree are either axioms with no premises, or
“Unfinished” sequents whose derivations are currently unfinished. The deriva-
tion tree for a derivable sequent will therefore have no Unf leaves and we call
such a derivation tree finished. The derivation tree for a derived rule will have
the premises of the rule as its Unf leaf sequents.

Display calculi typically use the initial sequent p 	 p, using primitive proposi-
tions only. It is then proved that the sequent A 	 A is derivable for all formulae
A by induction on the size of A, where A stands for a formula composed of
primitive propositions and logical connectives. We proved this as the theorem
idfpp. However we also need to reason about the derivation trees of derived
rules; such trees may contain formula and structure variables as well as primi-
tive propositions, and may use the (derived) rule A 	 A, for arbitrary formula
A. We therefore sometimes must treat A 	 A (where A is a formula variable) as
an axiom. Thus the derivation tree Der (’’A’’ |- ’’A’’) idf [] stands for
a finished derivation, which uses the idfpp lemma that A 	 A is derivable for all
A, whereas the derivation tree Unf (’’A’’ |- ’’A’’) stands for an unfinished
derivation with unfinished premise A 	 A.

For example, the unfinished derivation tree shown below at left is represented
as the Isabelle/HOL term shown below at right where ’’A’’ |- PP p && ’’A’’



136 Jeremy E. Dawson and Rajeev Goré

allDT :: "(dertree => bool) => dertree => bool"

allNextDTs :: "(dertree => bool) => dertree => bool"

wfb :: "dertree => bool"

frb :: "rule set => dertree => bool"

premsDT :: "dertree => sequent list"

conclDT :: "dertree => sequent"

IsDerivable :: "rule set => rule => bool"

IsDerivableR :: "rule set => sequent set => sequent => bool"

Fig. 1. Functions for reasoning about derivations

stands for A 	 p ∧A and cA and ands are the contraction and (	 ∧) rules, and
idf is the derived rule A 	 A:

A 	 p A 	 A
(	 ∧)

A,A 	 p ∧A
(ctr)

A 	 p ∧A

Der (’’A’’ |- PP p && ’’A’’) cA
[Der (’’A’’, ’’A’’ |- PP p && ’’A’’) ands
[Unf (’’A’’ |- PP p),
Der (’’A’’ |- ’’A’’) idf []]]

3.4 Reasoning about Derivations and Derivability

In this section we describe various functions which allow us to reason about
derivations in δRA. The types for these functions are shown in Figure 1.

allDT f dt holds if property f holds for every sub-tree in the tree dt.
allNextDTs f dt holds if property f holds for every proper sub-tree of dt.
wfb (Der concl rule dts) holds if sequent rule rule has an instantiation

with conclusion instance concl and premise instances which are the conclu-
sions of the derivation trees in the list dts. (“wfb” stands for well-formed).

allDT wfb dt holds if every sub-tree of the derivation tree dt satisfies wfb (ie, if
every node in dt is well-formed). Such a derivation is said to be well-formed.

frb rules (Der concl rule dts) holds when the lowest rule rule used in a
derivation tree Der concl rule dts belongs to the set rules.

allDT (frb rules) dt holds when every rule used in a derivation tree dt be-
longs to the set rules.

premsDT dt returns a list of all “premises” (unfinished leaves) of the derivation
tree dt. That is, the sequents found in nodes of dt of the form Unf seq.

conclDT dt returns the end-sequent of the derivation tree dt. That is, the con-
clusion of the bottom-most rule instance.

So wfb (Der seq rule dts) means that the bottom node of the derivation
tree Der seq rule dts is well-formed. We say a derivation tree dt is well-formed
if every node in it is well-formed, and express this as allDT wfb dt, since allDT
f dt means that property f holds for every sub-tree in the derivation tree dt.
Also, allNextDTs f dt means that every proper sub-tree of dt satisfies f.
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The property allDT (frb rules) holds when every rule used in a deriva-
tion tree belongs to the set rules. The function premsDT returns a list of all
“premises” (unproved assumptions) of the derivation tree, that is, the sequents
found in nodes of the form Unf seq.

A tree representing a real derivation in a display calculus naturally is well-
formed and uses the rules of the calculus. Further, a tree which derives a sequent
(rather than a derived rule) is finished, that is, it has no unfinished leaves.

The cut-elimination procedure involves transformations of derivation trees;
in discussing these we will only be interested in derivation trees which actually
derive a sequent, so we make the following definition.

Definition 1. A derivation tree dt is valid if it is well-formed, it uses rules in
the set of rules rules of the calculus, and it has no unfinished leaves.

valid_def = "valid ?rules ?dt ==
allDT wfb ?dt & allDT (frb ?rules) ?dt & premsDT ?dt = []"

We have explicitly added question marks in front of rules and dt to flag
that they are free variables, even though the question mark would be absent in
the Isabelle/HOL theory file itself: we follow this practice throughout this paper.

Definition 2 (IsDerivableR). IsDerivableR rules prems’ concl holds iff
there exists a derivation tree dt which uses only rules contained in the set rules,
is well-formed, has conclusion concl, and has premises from set prems’.

"IsDerivableR ?rules ?prems’ ?concl == (EX dt.
allDT (frb ?rules) dt & allDT wfb dt &
conclDT dt = ?concl & set (premsDT dt) <= ?prems’)"

Here, set is a function that allows us to treat its argument as a set rather
than a list, and <= is the subset relation ⊆.

Finally, IsDerivable rules rule holds iff rule may be obtained as a de-
rived rule, from the (unordered) set rules. That is, if rule has premise list
prems and conclusion concl, then IsDerivable rules rule is equivalent to
IsDerivableR rules (set prems) concl.

3.5 Reasoning about Derivability

Among the results we have proved about the derivability relation are the fol-
lowing theorems. The first is a transitivity result, relating to a derivation of a
conclusion from premises which are themselves derived.

Theorem 1. If concl is derivable from prems’ and each sequent p in prems’

is derivable from prems then concl is derivable from prems.

IsDerivableR_trans = "[| IsDerivableR ?rules ?prems’ ?concl ;
ALL p:?prems’. IsDerivableR ?rules ?prems p |] ==>
IsDerivableR ?rules ?prems ?concl" : thm
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ΠZAB

Z � A,B
(� ∨)

Z � A ∨B

ΠAX

A � X

ΠBY

B � Y
(∨ �)

A ∨B � X, Y
(cut)

Z � X, Y

Fig. 2. Principal cut on formula A ∨B

The appellation “: thm” indicates a statement that has been proved in Is-
abelle/HOL as a theorem, from previous Isabelle/HOL definitions: we follow this
practice for theorems and lemmata throughout this paper.

The second is a a different sort of transitivity result, relating to a derivation
using rules which are themselves derived.

Theorem 2 (IsDerivableR deriv). If each rule in rules’ is derivable using
rules, and concl is derivable from prems using the set rules’, then concl is
derivable from prems using rules.

IsDerivableR_deriv = "[| ALL rule:?rules’.
IsDerivable ?rules rule ; IsDerivableR ?rules’ ?prems ?concl |]

==> IsDerivableR ?rules ?prems ?concl" : thm

In another reported formalisation of the notion of derivations in a logical
calculus [8], these two properties were, in effect, stated rather than proved. The
disadvantage of proceeding that way is the possibility of stating them incorrectly.
For example, [8] defines IsDerivable inductively as a relation which is transitive
in both the senses of the results above; see the second and third clauses of the
definition on [8, page 302]. However in the third clause, which deals with the case
of a result being provable using derived rules, inappropriate use of an existential
quantifier leads to the incorrect result that P → Q could be used as a derived
rule on the grounds that one instance of it, say True→ True, is provable.

4 An Operational View of Cut-Elimination

We now give an operational view of cut-elimination, to explain the steps involved
in the overall cut-elimination procedure a là Belnap [1]. We assume familiarity
with notions like “parametric ancestors” of a cut formula [1].

4.1 Principal Cuts and Belnap’s Condition C8

Definition 3. An application of (cut) is left-principal [ right-principal] if the
cut-formula is the principal formula of the left [right] premise of the cut rule.

Given a derivation (tree) with one principal cut, such as in Figure 2, Bel-
nap’s condition (C8) on the rules of a Display Calculus ensures that the given
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ΠZAB

Z � A, B
(cs1)

∗A, Z � B

ΠBY

B � Y
(cut)

∗A, Z � Y
(cs1)

Z � A, Y
(cs2)

Z, ∗Y � A

ΠAX

A � X
(cut)

Z, ∗Y � X
(cs2)

Z � X, Y

Fig. 3. Transformed principal cut on formula A ∨B

A � A

ΠAY
(intro-A)

A � Y
(cut)

A � Y becomes

ΠAY

A � Y

Fig. 4. Principal cut where cut-formula is introduced by identity axiom

derivation can be transformed into one whose cuts are on smaller formulae. For
example, the principal cut on A ∨ B shown in Figure 2 can be replaced by the
derivation shown in Figure 3, where (cs1), (cs2), (cs1) and (cs1) are two of the
display postulates and their inverses respectively. The replacement derivation
contains cuts only on A and B, which are smaller formulae than A ∨B.

There is one such transformation for every connective and this is the basis for
a step of the cut-elimination proof which depends on induction on the structure
or size of the cut-formula. The base case of this induction is where the cut-
formula is introduced by the identity axiom. Such a cut, and its removal, are
shown in Figure 4. We return to the actual mechanisation in Section 5.1.

The transformation of a principal cut on A into one or more cuts on strict
subformulae of A is known as a “principal move”. We now need a way to turn
arbitrary cuts into principal ones.

4.2 Transforming Arbitrary Cuts into Principal Ones

In the case of a cut that is not left-principal, say we have a tree like the one
on the left in Figure 5. Then we transform the subtree rooted at X 	 A by
simply changing its root sequent to X 	 Y , and proceeding upwards, changing
all ancestor occurrences of A to Y . In doing this we run into difficulty at each
point where A is introduced: at such points we insert an instance of the cut rule.
The diagram on the right hand side of Figure 5 shows this in the case where A
is introduced at just one point.

In Figure 5, the notation ΠL[A] and Z[A] means that the sub-derivation ΠL

and structure Z may contain occurrences of A which are parametric ancestors
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Π [A]
(intro-A)

Z[A] � A
(π)

ΠL[A]
(ρ)

X � A

ΠR

A � Y
(cut)

X � Y

Π ′[Y ]
(intro-A)

Z[Y ] � A

ΠR

A � Y
(cut)

Z[Y ] � Y
(π)

ΠL[Y ]
(ρ)

X � Y

Fig. 5. Making a cut left-principal

of the cut-formula A: thus (intro-A) is the lowest rule where A is the principal
formula on the right of 	. The notation ΠL[Y ] and Z[Y ] means that all such
“appropriate” instances of A are changed to Y : that is, instances of A which can
be traced to the instance displayed on the right in X 	 A. The rules contained
in the new sub-derivation ΠL[Y ] are the same as the rules used in ΠL; thus it
remains to be proved thatΠL[Y ] is well-formed. The resulting cut in the diagram
on the right of Figure 5 is left-principal. Notice that the original sub-derivation
Π may be transformed into a different sub-derivation Π ′ during this process
since the parametric ancestors of A occurring in Π [A] will in turn need to be
“cut away” below where they are introduced, and replaced by Y .

Belnap’s conditions guarantee that where A is introduced by an introduction
rule, it is necessarily displayed in the succedent position, as above the top of ΠL

in the left branch of the left hand derivation in Figure 5. Other conditions of
Belnap (e.g. a formula is displayed where it is introduced, and each structure
variable appears only once in the conclusion of a rule) ensure that a procedure
can be formally defined to accord with the informal description above: the pro-
cedure removes a cut on A which is not left-principal and creates (none, one or
more) cut(s) on A which are left-principal.

This construction generalises easily to the case where A is introduced (in
one of the above ways) at more than one point (e.g. arising from use of one of
the rules where a structure variable, whose instantiation contains occurrences
of A, appears twice in the premises) or where A is “introduced” by use of the
weakening rule. Our description of the procedure is very loose and informal –
the formality and completeness of detail is reserved for the machine proof!

Subsequently, the “mirror-image” procedure is followed, to convert a left-
principal cut into one or more (left- and right-)principal cuts.

The process of making a cut left-principal, or of making a left-principal cut
(left and right) principal is called a “parametric move”.

5 Functions for Reasoning about Cuts

We therefore need functions, with the following types, for reasoning about deriva-
tions which end with a cut:



Formalised Cut Admissibility for Display Logic 141

cutOnFmls :: "formula set => dertree => bool"
cutIsLP :: "formula => dertree => bool"
cutIsLRP :: "formula => dertree => bool"

Each require the bottom node of the derivation tree to be of the form Der seq
rule dts, and that if rule is (cut), then: for cutOnFmls s the cut is on a
formula in the set s; for cutIsLP A the cut is on formula A and is left-principal;
and for cutIsLRP A the cut is on formula A and is (left- and right-)principal.

Note that it also follows from the actual definitions that a derivation tree sat-
isfying any of allDT (cutOnFmls s), allDT
(cutIsLP A) and allDT (cutIsLRP A) has no unfinished leaves: we omit de-
tails.

5.1 Dealing with Principal Cuts

For each logical connective and constant in the calculus, we prove that a deriva-
tion ending in a (left and right) principal cut, where the main connective of
the cut formula is that connective, can be transformed into another derivation
of the same end-sequent, using only cuts (if any) on formulae which are strict
subformulae of the original cut-formula. Some SML code is used to do part of
the work of finding these replacement derivation trees. But the proof that such
a replacement derivation tree is well-formed, for example, has to be done using
the theorem prover. Here is the resulting theorem for ∨: there is an analogous
theorem for every logical connective and logical constant.

Theorem 3 (orC8). Assume we are given a valid derivation tree dt whose only
instance of cut (if any) is at the bottom, and that this cut is principal with cut-
formula A∨B. Then there is a valid derivation tree dtn with the same conclusion
as dt, such that each cut (if any) in dtn has A or B as cut-formula.

orC8 = "[| allDT wfb ?dt; allDT (frb rls) ?dt;
cutIsLRP (?A v ?B) ?dt; allNextDTs (cutOnFmls {}) ?dt |]

==> EX dtn. conclDT dtn = conclDT ?dt & allDT wfb dtn &
allDT (frb rls) dtn & allDT (cutOnFmls {?B, ?A}) dtn" : thm

5.2 Making a Cut (Left) Principal

For boolean b, structures X, Y and sequents seq1 and seq2, the expression seqRep
b X Y seq1 seq2 is true iff seq1 and seq2 are the same, except that (possibly)
one or more occurrences of X in seq1 are replaced by corresponding occurrences
of Y in seq2, where, when b is True [False], such differences occur only in
succedent [antecedent] positions. For two lists seql1 and seql2 of sequents,
seqReps b X Y seql1 seql2 holds if each nth member of seql1 is related to
the nth member of seql2 by seqRep b X Y.

Next come the main theorems used in the mechanised proof based on making
cuts (left and right) principal. Several use the relation seqRep pn (Structform
A) Y, since seqRep pn (Structform A) Y seqa seqy holds when seqa and
seqy are corresponding sequents in the trees ΠL[A] and ΠL[Y ] from Figure 5.
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Theorem 4 (seqExSub1). If sequent pat is formula-free and does not contain
any structure variable more than once, and can be instantiated to obtain sequent
seqa, and seqRep pn (Structform A) Y seqa seqy holds, then pat can be
instantiated to obtain sequent seqy.

seqExSub1 = "[| ~ seqCtnsFml ?pat; noDups (seqSVs ?pat);
seqSubst (?fs, ?suba) ?pat = ?seqa;
seqRep ?pn (Structform ?A) ?Y ?seqa ?seqy |]

==> EX suby. seqSubst (?fs, suby) ?pat = ?seqy" : thm

To see why pat must be formula-free, suppose that pat contains Structform
(FV ’’B’’), which means that pat is not formula-free. Then, this part of pat
can be instantiated to Structform A, but not to an arbitrary structure Y as
desired. The condition that a structure variable may not appear more than once
in the conclusion of a rule is one of Belnap’s conditions [1].

The stronger result seqExSub2 is similar to seqExSub1, except that the an-
tecedent [succedent] of the sequent pat may contain a formula, provided that
the whole of the antecedent [succedent] is that formula.

The result seqExSub2 is used in proceeding up the derivation tree ΠL[A],
changing A to Y : if pat is the conclusion of a rule, which, instantiated with
(fs, suba), is used in ΠL[A], then that rule, instantiated with (fs, suby), is
used in ΠL[Y ]. This is expressed in the theorem extSub2, which is one step in
the transformation of ΠL[A] to ΠL[Y ].

To explain theorem extSub2 we define bprops rule to hold if the rule rule
satisfies the following three properties, which are related (but do not exactly
correspond) to Belnap’s conditions (C3), (C4) and (C5):

– the conclusion of rule has no repeated structure variables
– if a structure variable in the conclusion of rule is also in a premise, then it

has the same “cedency” (ie antecedent or succedent) there
– if the conclusion of rule has formulae, they are displayed (as the whole of

one side)

Theorem 5 (extSub2). Suppose we are given a rule rule and an instantiation
ruleA of it, and given a sequent conclY, such that (i) seqRep pn (Structform

A) Y (conclRule ruleA) conclY holds; (ii) bprops rule holds; (iii) if the
conclusion of rule has a displayed formula on one side then conclrule ruleA

and conclY are the same on that side. Then there exists ruleY, an instantiation
of rule, whose conclusion is conclY and whose premises premsY are, respec-
tively, related to premsRule ruleA by seqRep pn (Structform A) Y.

extSub2 = "[| conclRule rule = Sequent pant psuc ;

conclRule ruleA = Sequent aant asuc ; conclY = Sequent yant ysuc ;

(strIsFml pant & aant = Structform A --> aant = yant) ;

(strIsFml psuc & asuc = Structform A --> asuc = ysuc) ;

ruleMatches ruleA rule ; bprops rule ;

seqRep pn (Structform A) Y (conclRule ruleA) conclY |]
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==> (EX subY. conclRule (ruleSubst subY rule) = conclY &

seqReps pn (Structform A) Y (premsRule ruleA)

(premsRule (ruleSubst subY rule)))" : thm

This theorem is used to show that, when a node of the tree ΠL[A] is trans-
formed to the corresponding node of ΠL[Y ], then the next node(s) above can be
so transformed. But this does not hold at the node whose conclusion is X ′ 	 A
(see Fig.5); condition (iii) above reflects this limitation.

5.3 Turning One Cut into Several Left-Principal Cuts

To turn one cut into several left-principal cuts we use the procedure described
above. This uses extSub2 to transform ΠL[A] to ΠL[Y ] up to each point where
A is introduced, and then inserting an instance of the (cut) rule. It is to be
understood that the derivation trees have no (unfinished) premises.

Theorem 6 (makeCutLP). Given cut-free derivation tree dtAY deriving (A 	 Y)
and dtA deriving seqA, and given seqY, where seqRep True (Structform A)

Y seqA seqY holds (ie, seqY and seqA are the same except (possibly) that A in
a succedent position in seqA is replaced by Y in seqY), there is a derivation tree
deriving seqY whose cuts are all left-principal on A.

makeCutLP = "[| allDT (cutOnFmls {}) ?dtAY; allDT (frb rls) ?dtAY;
allDT wfb ?dtAY; conclDT ?dtAY = (?A |- $?Y);
allDT (frb rls) ?dtA; allDT wfb ?dtA; allDT (cutOnFmls {}) ?dtA;
seqRep True (Structform ?A) ?Y (conclDT ?dtA) ?seqY |]

==> EX dtY. conclDT dtY = ?seqY & allDT (cutIsLP ?A) dtY &
allDT (frb rls) dtY & allDT wfb dtY" : thm

Function makeCutRP is basically the symmetric variant of makeCutLP ; so
dtAY is a cut-free derivation tree deriving (Y 	 A). But with the extra hypothesis
that A is introduced at the bottom of dtAY, the result is that there is a derivation
tree deriving seqY whose cuts are all (left- and right-) principal on A.

These were the most difficult to prove in this cut-elimination proof. The
proofs proceed by structural induction on the initial derivation tree, where the
inductive step involves an application of extSub2, except where the formula A
is introduced. If A is introduced by an introduction rule, then the inductive
step involves inserting an instance of (cut) into the tree, and then applying the
inductive hypothesis. If A is introduced by the axiom (id), then (and this is the
base case of the induction) the tree dtAY is substituted for A 	 A.

Next we have the theorem expressing the transformation of the whole deriva-
tion tree, as shown in the diagrams.

Theorem 7 (allLP). Given a valid derivation tree dt containing just one cut,
which is on formula A and is at the root of dt, there is a valid tree with the same
conclusion (root) sequent, all of whose cuts are left-principal and are on A.
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allLP = "[| cutOnFmls {?A} ?dt; allDT wfb ?dt; allDT (frb rls) ?dt;

allNextDTs (cutOnFmls {}) ?dt |]

==> EX dtn. conclDT dtn = conclDT ?dt & allDT (cutIsLP ?A) dtn &

allDT (frb rls) dtn & allDT wfb dtn" : thm

allLRP is a similar theorem where we start with a single left-principal cut,
and produce a tree whose cuts are all (left- and right-) principal.

5.4 Putting It All Together

A monolithic proof of the cut-admissibility theorem would be very complex,
involving either several nested inductions or a complex measure function. For
the transformations above replace one arbitrary cut by many left-principal cuts,
one left-principal cut by many principal cuts and one principal cut by one or two
cuts on subformulae, whereas we need, ultimately, to replace many arbitrary cuts
in a given derivation tree. We can manage this complexity by considering how we
would write a program to perform the elimination of cuts from a derivation tree.
One way would be to use a number of mutually recursive routines, as follows:

elim eliminates a single arbitrary cut, by turning it into several left-principal
cuts and using elimAllLP to eliminate them . . .

elimAllLP eliminates several left-principal cuts, by repeatedly using elimLP to
eliminate the top-most remaining one . . .

elimLP eliminates a left-principal cut, by turning it into several principal cuts
and using elimAllLRP to eliminate them . . .

elimAllLRP eliminates several principal cuts, by repeatedly using elimLRP to
eliminate the top-most remaining one . . .

elimLRP eliminates a principal cut, by turning it into several cuts on smaller
cut-formulae, and using elimAll to eliminate them . . .

elimAll eliminates several arbitrary cuts, by repeatedly using elim to eliminate
the top-most remaining one . . .

Such a program would terminate because any call to elim would (indirectly) call
elim only on smaller cut-formulae.

We turn this program outline into a proof. Each routine listed above, of the
form “routine P does . . . and uses routine Q” will correspond to a theorem which
will say essentially “if routine Q completes successfully then routine P completes
successfully” (assuming they are called with appropriately related arguments).

We define two predicates, canElim and canElimAll, whose types and mean-
ings (assuming valid trees) are given below. When we use them, the argument f
will be one of the functions cutOnFmls, cutIsLP and cutIsLRP.

Definition 4. canElim f holds for property f if, for any valid derivation tree
dt satisfying f and containing at most one cut at the bottom, there is a valid
cut-free derivation tree which is equivalent to (has the same conclusion as) dt.

canElimAll f means that if every subtree of a given valid tree dt satisfies
f, then there is a valid cut-free derivation tree dt’ equivalent to dt such that if
the bottom rule of dt is not (cut), then the same rule is at the bottom of dt’.
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canElim :: "(dertree => bool) => bool"
canElimAll :: "(dertree => bool) => bool"

"canElim ?f == (ALL dt. ?f dt & allNextDTs (cutOnFmls {}) dt &
allDT wfb dt & allDT (frb rls) dt -->

(EX dtn. allDT (cutOnFmls {}) dtn & allDT wfb dtn &
allDT (frb rls) dtn & conclDT dtn = conclDT dt))"

"canElimAll ?f ==
(ALL dt. allDT ?f dt & allDT wfb dt & allDT (frb rls) dt -->
(EX dt’. (botRule dt ~= cutr --> botRule dt’ = botRule dt) &

conclDT dt’ = conclDT dt & allDT (cutOnFmls {}) dt’ &
allDT wfb dt’ & allDT (frb rls) dt’))"

We restate allLP and allLRP using canElim and canElimAll.

Theorem 8 (allLP’, allLRP’).

(a) If we can eliminate any number of left-principal cuts on A from a valid tree
dt, then we can eliminate a single arbitrary cut on A from the bottom of dt.

(b) If we can eliminate any number of principal cuts on A from a valid tree dt,
then we can eliminate a single left-principal cut on A from the bottom of dt.

allLP’ = "canElimAll (cutIsLP ?A) ==> canElim (cutOnFmls {?A})":thm

allLRP’ = "canElimAll (cutIsLRP ?A) ==> canElim (cutIsLP ?A)":thm

Now if we can eliminate one arbitrary cut (or left-principal cut, or principal
cut) then we can eliminate any number, by eliminating them one at a time
starting from the top-most cut. This is easy because eliminating a cut affects
only the proof tree above the cut. (There is just a slight complication: we need
to show that eliminating a cut does not change a lower cut from being principal
to not principal, but this is not difficult). This gives the following three results:

Theorem 9. If we can eliminate one arbitrary cut (or left-principal cut, or
principal cut) from any given derivation tree, then we can eliminate any number
of such cuts from any given derivation tree.

elimLRP= "canElim (cutIsLRP ?A) ==> canElimAll (cutIsLRP ?A)":thm

elimLP= "canElim (cutIsLP ?A) ==> canElimAll (cutIsLP ?A)":thm

elimFmls="canElim (cutOnFmls ?s) ==> canElimAll (cutOnFmls ?s)":thm

We also have the theorems such as orC8 (see §4.1) dealing with a tree with
a single (left- and right-) principal cut on a given formula.

Theorem 10. A tree with a single (left- and right-) principal cut on a given for-
mula can be replaced by a tree with arbitrary cuts on the immediate subformulae
(if any) of that formula.

These theorems (one for each constructor for the type formula) are converted
to a list of theorems thC8Es’, of which an example is
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"canElimAll (cutOnFmls {?B,?A}) ==> canElim (cutIsLRP (?Av?B))":thm

We have one such theorem for each logical connective or constant, and one for
the special formulae FV str and PP str. These latter two arise in the trivial
instance of cut-elimination when Y is A and ΠAY is empty in Figure 4.

Together with the theorems elimLRP, allLRP’, elimLP, allLP’ and
elimFmls, we now have theorems corresponding to the six routines described
above. As noted already, a call to elim would indirectly call elim with a smaller
cut-formula as argument, and so the program would terminate, the base case
of the recursion being the trivial instance of Figure 4 mentioned above. Corre-
spondingly, the theorems we now have can be combined to give the following.

Theorem 11. We can eliminate a cut on a formula if we can eliminate a cut
on each of the formula’s immediate subformulae.

"canElim (cutOnFmls {?B,?A}) ==> canElim (cutOnFmls {?A v ?B})":thm

The proof of Theorem 11 is by cases on the formation of the cut-formula,
and here we have shown the case for ∨ only. There is one such case for each
constructor for the type formula. We can therefore use structural induction on
the structure of a formula to prove that we can eliminate a cut on any given
formula fml: that is, we can eliminate any cut.

Theorem 12. A sequent derivable using (cut) is derivable without using (cut).

Proof. Using elimFmls from Theorem 9, it follows that we can eliminate any
number of cuts, as reflected by the following sequence of theorems.

canElimFml = "canElim (cutOnFmls {?fml})" : thm
canElimAny = "canElim (cutOnFmls UNIV)" : thm
canElimAll = "canElimAll (cutOnFmls UNIV)" : thm
cutElim = "IsDerivableR rls {} ?concl ==>

IsDerivableR (rls - {cut}) {} ?concl" : thm

Corollary 1. The rule (cut) is admissible in δRA.

6 Conclusion and Further Work

We have formulated the Display Calculus for Relation Algebra, δRA, in Is-
abelle/HOL as a “deep embedding”, allowing us to model and reason about
derivations rather than just performing derivations (as in a shallow embedding).
We have proved, from the definitions, “transitivity” results about the composi-
tion of proofs. These are results which were omitted – “due to their difficulty”
– from another reported mechanised formalisation of provability [8, p. 302].

We have proved Belnap’s cut-admissibility theorem for δRA. This was a
considerable effort, and could not have been achieved without the complementary
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features (found in Isabelle) of the extensive provision of powerful tactics, and
the powerful programming language interface available to the user.

The most important disadvantage of our approach is the inability to easily
produce a program for cut-elimination from our Isabelle/HOL proofs, even when
our proofs mimic a programming style (see §5.4).

Results like IsDerivableR_trans and IsDerivableR_deriv are general re-
sults about the structure of derivations, closely resembling facilities available
in Isabelle: namely, successive refinement of subgoals, and use of a previously
proved lemma. A higher order framework allows us to reason about higher and
higher meta-levels, like the IsDerivable relation itself, without invoking explicit
“reflection principles” [6]. This is the topic of future work.
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Abstract. We study the formalization and then the proof of a well-
known theorem of surface topology called the trading theorem. This is
the �rst major work undertaken with our Coq speci�cation of the gener-
alized maps, which may be used as a model for surfaces subdivisions. We
explain how we expressed in terms of subdivisions the notion of topo-
logical equivalence, and how we used this notion to prove the trading
theorem, while giving a quick look at the speci�cation we have built.

1 Introduction

Geometry modelling involves a large variety of objects and algorithms that are
often complex from a mathematical point of view, and the crafting and under-
standing of which heavily rely on intuition. Thus, geometric modellers are often
based on representations and processes that are likely, but not surely, right. This
is typically a domain that could really bene�t from an e�ort in formalization, as
Knuth pointed out in �Axioms and Hulls� [12].

This work is part of a rigorous study of mathematical models that have been
implemented and used in the geometry modelling community for over ten years.
For this purpose, Puitg and Dufourd [17] have speci�ed combinatory maps, that
can represent subdivisions of closed orientable surfaces. That work eventually
featured the de�nition of a planarity criterion and to the proof of a combina-
torial form of the Jordan theorem. This success led us to carry on by focussing
on generalized maps, an extension of combinatory maps that also allow repre-
sentation of subdivisions of open or non-orientable surfaces. This model is the
topological foundation of the modeller TOPOFIL [3].

In this paper, we will show how to express and prove a fundamental theorem
on surfaces that Gri�ths called the trading theorem [9]. This theorem actually
is one half of the surface classi�cation theorem. Formally proving this kind of
properties for a model strengthens three convictions: that the model is well
adapted to the represented objects, that the formal speci�cation of the model
�ts it well, and that the represented objects do verify the considered property.

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 148�163, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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After this introduction, we brie�y present some related works in Sect. 2. In
Sect. 3, we state precisely what we mean by �surfaces�, emphasizing the link be-
tween surface subdivisions and generalized maps. We also introduce the trading
theorem and its place in the classi�cation theorem. In Sect. 4, we describe in-
tuitively and then formally the model of generalized maps, as well as important
related basic notions. In Sect. 5, we describe a set of operations on generalized
maps that we call conservative, and use it to de�ne topological equivalence. In
Sect 6, we describe what we call the normal maps. In Sect. 7, we outline our proof
of the trading theorem. In Sect. 8, we give a quick description of the structure
of our formal speci�cation, and we conclude in Sect. 9.

Our theoretical framework has entirely been formalized in the Calculus of
Inductive Constructions (CIC) using the language Gallina, and all proofs have
been carried with the help of Coq, a proof assistant based on CIC. However, due
to space constraints, we will use a standard mathematical language instead of
the Gallina language, which would require too long an introduction.

2 Related Work

The geometry modelling aspects of this work are mostly related to generalized
maps. Theses maps are a variation of Jacques's combinatory maps [10], which
have been extended by Cori into hypermaps [5] and then by Lienhardt into
generalized maps [13], and later speci�ed by Bertrand and Dufourd [3].

There have been several di�erent approaches to the trading theorem (see for
instance [7] for a word-based combinatorial approach). We took our inspiration
in the works of Gri�ths's [9] and Fomenko's [8], as they can be adapted to
generalized maps relatively easily.

Generalized maps o�er one constructive model for geometry. Another ap-
proche of constructive geometry has been explored by Von Plato [18] and for-
malized in Coq by Kahn [11]. A similar experiment has been undertaken by
Dehlinger et al [6]. Also using Coq, Pichardie and Bertot [16] have formalized
Knuth's plane orientation and location axioms, and then proved correct algo-
rithms of computation of convex hulls.

Proof assistant Coq [1] is based on the Calculus of Inductive Constructions
[4], an intuitionnistic type theory [14]. In addition to being a powerful tool for
proofs, it features the extraction of certi�ed programs from proof terms [15].

3 The Theorem of Classi�cation

The theorem that we are trying to prove here is a subpart of the classi�cation
theorem, which states that all surfaces can be classi�ed with respect to their
topology using only three characteristic numbers. We shall however introduce the
rest of the classi�cation theorem, as it will in�uence our speci�cation. For now,
we restrict ourselves to open surfaces (i.e. surfaces with at least one boundary).

Our de�nition of surfaces is rather classic and intuitive. For us, a surface
is built from simple basic elements called panels. A panel is a surface that is
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homeomorphic to a disc, that is the image of disc by a bijective and bicontinuous
transformation. In other words, a panel is the interior of a closed compact curve
without self-intersection, also known as a Jordan curve. By de�nition, a panel
has a single boundary. A disc, a polygon and a punctured sphere all are panels.
Neither a sphere nor a ring is a panel.

We call surface any �patchwork� of panels glued along each other's bound-
aries with an imaginary sticky tape, each edge glued at most to only one other
boundary (Fig. 1). Surfaces may be open or closed, i.e. with or without boundary,
and orientable or not. A disc and a ring are open and orientable. A torus and
a sphere are closed and orientable. A Moebius strip is open and non orientable.
A Klein bottle is closed and non orientable. We impose as a de�nition that two
surfaces are in the same class if they are homeomorphic to each other.

Obviously, surfaces are classi�ed on the basis of a criterion that is geometric,
i.e. that depends on the actual objects, while we want to only manipulate their
structures. The challenge is to express it in topological and combinatory terms
at the level of the surface subdivisions in a coherent and satisfying manner.
Thus, the classi�cation theorem states: �Any open surface belongs to at least
one class, the members of which are homeomorphic to each other. Each class is
characterized by a triplet of natural numbers (p, q, r) with r ≤ 2.�

De�nition 1. The normal surfaces Pp,q,r are de�ned exclusively by:

� P0,0,0 is a disc;
� Pp+1,0,0 is made of Pp,0,0 glued to an ear, i.e. a ring;
� Pp,q+1,0 is made of Pp,q,0 glued to a bridge, i.e. a punctured torus, at the

only possible location: the puncture;
� Pp,q,r+1 is made of Pp,q,r glued to a twisted ear, i.e. a Möbius strip.

Fig. 1. Surface P1,1,1: a disc, a ring, a punctured torus and a Möbius strip glued
together along their boundaries

The surfaces Pp,q,r are geometric. The latter term is used to emphasize the
�metric� aspect of the surface. In contrast, the term �combinatory� denotes a
surface that is regarded only from a combinatory point of view, meaning that
only the relations between the elements of this surface are considered. With the
help of these surfaces, we reformulate the classi�cation theorem by splitting it
into two independent halves. This article only deals with the second one:

� Normalization theorem: �for any open surface S there exists a triplet of nat-
urals (p, q, r) such that S is homeomorphic to Pp,q,r�
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� Trading theorem: �for any triplet (p, q, r) such that r ≥ 1, surface Pp,q+1,r is
homeomorphic to surface Pp,q,r+2�

4 Generalized Maps

The notion of generalized maps, or g-maps, encompasses a series of combinatorial
models used to represent the topology of di�erent classes of objects. A generalized
map's, foremost characteristic is its dimension, an integer greater or equal to −1.
The type of represented objects varies with the dimension: g-maps of dimension
−1, or −1-g-maps, represent isolated vertices, 0-g-maps isolated edges, 1-g-maps
simple curves, 2-g-maps surfaces, 3-g-maps volumes, etc. The formal speci�cation
that we have developed includes all types of generalized maps and has allowed
us to �nd new results on this mathematical models. In order to simplify the
presentation, we shall focus on 2-g-maps, which are the only ones needed to
prove the classi�cation theorem.

A 2-g-map is built from basic abstract elements called darts. We note by dart
the type of darts. The mathematical de�nition of generalized maps of dimension
2 is the following:

De�nition 2. A generalized map of dimension 2, or 2-g-map, is a quadruplet
(D,α0, α1, α2) where D is a �nite subset of dart, and where the αi are involutions
on D, such that α0 and α1 have no �xpoint and that α0◦α2 is also an involution:
∀D ⊂ dart, D finite, ∀α0, α1, α2 : D → D, G = (D,α0, α1, α2) is a 2-g-map if

� ∀x ∈ D, ∀i ≤ 2, α2
i (x) = x;

� ∀x ∈ D, ∀i ≤ 1, αi(x) 	= x;
� ∀x ∈ D, (α0 ◦ α2)2(x) = x;

A dart x is said to be sewn at dimension k, or k-sewn, to dart y if αk(x) = y.
As the αi are involutive, hence symmetrical, x is k-sewn to y i� y is k-sewn to x.
Dart y is also said to be the k-neighbor of dart x if αk(x) = y. Intuitively, darts
can be understood as half-edges that are connected to each other in di�erent
ways with the help of the αi. Each of the αi has a di�erent meaning: α0 is
used to make up edges, α1 simple curves, and α2 surfaces. In general, for any
given k, αk is used to make up cells of dimension k. The conditions imposed
on the αi enforce the consistency and completeness of cells: involutivity of the
αi guarantees that each dart has exactly one k-neighbor for each k. The lack of
�xpoints for α0 and α1 prevents the presence of dangling darts. As we will see
later, �xpoints of α2 are the darts that belong to a boundary. Finally, forcing
α0 ◦α2 to be involutive ensures that whenever a dart is 2-sewn to another, their
respective 0-neighbors are also 2-sewn. Thus, only whole edges are 2-sewn. Fig.
2 shows the standard representation for darts and sewings. In this �gure, x and
y are darts. A dart pictured without k-neighbor is implicitely k-sewn to itself.

A priori, there is no condition on dart. However, we will have to make a couple
of assumptions on it in order to construct proofs. First, we need to assume that
we can compare any two darts, which is not trivial in CIC's intuitionnistic logic:
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5 Conservative Operations on 2-g-Maps

The main purpose of our speci�cation is to prove the classi�cation theorem for
surfaces represented by 2-g-maps, i.e. to prove that any surface is topologically
equivalent to a �normal� surface identi�ed by only three numbers. Thus, we have
to �nd a way to express that surfaces are topologically equivalent, or homeo-
morphic. As we said before, this is a geometric condition, so we have to �nd a
way to express it in combinatory terms. Thus, we pose that two 2-g-maps are
topologically equivalent if one is obtained from the other by applying a series of
operations believed to preserve the topology of their arguments, called conser-
vative operations. They are willingly kept as simple as possible, so that we can
be convinced that they actually are topological equivalents of homeomorphisms.
We shall now list these operations as well as the conditions under which we
allow their use. From our point of view, this axiomatic de�nition of topological
equivalence is the most obvious objection to the validity of this work.

5.1 Removal of an Edge

Given a 2-g-map and a dart from it, operation rmedge (remove edge) removes
from this 2-g-map the edge incident to this dart and joins the two edges to which
this edge was incident (Fig. 4). This operation may also be interpreted as the
fusion of neighboring vertices that are connected with the edge incident to the
dart. It can be used to remove open as well as closed edges.

De�nition 8. Removing the edge incident to dart x ∈ D yields 2-g-map
rmedge(x,G) = (D′, α′

0, α
′
1, α

′
2) such that:

� D′ = D− < α0, α2 > (x);
� α′

1(y) = α1(α0(α1(y))) for y ∈ α1(< α0, α2 > (x))
� α′

i(y) = αi(y) for all other combinations of y and i.

rmedge(x,G)

x

Fig. 4. Example of edge removal

The application of rmedge is considered to conserve topology in both the
easily recognized following cases:
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1. the vertex incident to x is an internal vertex, which means that none of its
darts are incident to a boundary. The removed edge is then always closed.
The operation is a fusion of two neighboring vertices, one of which is internal;

2. the edge incident to x is open, and isn't a boundary by itself. In other words,
it is part of a boundary but isn't an edge both ends of which are 1-sewn to
darts incident to the same vertex.

Besides, the use of rmedge is forbidden on some degenerate edges, namely
dangling edges, crossed or not, and elementary loops, 2-sewn or not.

5.2 Vertex Stretching with an Open Edge

This operation, called stro (stretch with open edge), �stretches� the vertex in-
cident to a dart by inserting an open edge between this dart and its 1-neighbor
(Fig. 5). It can be understood as the inverse of rmedge restricted to open edges.
It takes four arguments: a 2-g-map, the dart used to locate the vertex and the
two extra darts that will make up the new edge. Stretching of a vertex with an
open edge is allowed only if the vertex is incident to a boundary, thus ensuring
that it will only enlarge the boundary and not create a new one.

De�nition 9. Stretching the vertex incident to dart x ∈ D with an edge made up
of distinct darts x1, x2 /∈ D yields 2-g-map stro(x, x1, x2, G) = (D′, α′

0, α
′
1, α

′
2)

such that

� D′ = D ∪ {x1, x2};
� α′

0(x1) = x2, α
′
1(x1) = x, α′

1(x2) = α1(x);
� α′

2(y) = y for y ∈ {x1, x2};
� α′

i(y) = αi(y) for all other combinations y of i.

x

x1

x

x2

stro(x,x1,x2,G)

Fig. 5. Example of stretching of a vertex with an open edge

5.3 Vertex Stretching with a Closed Edge

This operation consists in stretching a vertex in two places with open edges, and
then 2-sew the two new edges together (Fig. 6). In other words, the operation
splits the vertex in half, and then joins both new vertices with a closed edge,
hence its name: strc (stretch with a closed edge). In reality, this operation is
the combination of two applications of stro followed by a 2-sewing of edges:
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De�nition 10. Stretching the vertex incident to x ∈ D in positions located
by x, x′ ∈< alpha1, α2 > (x) with the closed edge made up of distinct darts
x1, x2, x3, x4 /∈ D yields 2-g-map strc(x, x′, x1, x2, x3, x4, G) = (D′, α′

0, α
′
1, α

′
2)

such that:

� D′ = D ∪ {x1, x2, x3, x4};
� α′

2(x1) = x3, α
′
2(x2) = x4;

� the other α′
i have the same values as the αi of 2-g-map stro(x′, x3, x4,

stro(x, x1, x2, G))

x

x

x’
x’

strc(x,x’,x1,x2,
x3,x4,G)

x1

x3
x4

x2

Fig. 6. Example of stretching with a closed edge

The precondition stems from the fact that if x and x′ are inappropriately
chosen, the new edges might end up sewn in the wrong way, resulting in an
unwanted twist in the surface. The following criterion allows us to identify the
cases where such twists would appear:

De�nition 11. Operation strc may be applied to x and x′ only if there is a
k ∈ IN such that x′ = α2 ◦ (α2 ◦α1)k(x) with, for any k′ ≤ k, x′ 	= (α2 ◦α1)k′

(x).

5.4 Sliding along a Boundary

Consider two distinct edges (x1, x2) and (x3, x4) that are 2-sewn together in
the manipulated 2-g-map (thus forming a single closed edge), such that x1 has
a boundary neighbor. This operation �slides� the sewing along this boundary,
which consists in 2-unsewing the two edges, and then 2-sewing the second edge
to the edge incident to x1's boundary neighbor (Fig. 7).

De�nition 12. Sliding the edge incident to x towards its boundary neighbor x′

yields map slide(x,G) = (D,α0, α1, α
′
2) such that:

� α′
2(y) = y for y ∈ {x, α0(x)}

� α′
2(x

′) = α0(α2(x)), α′
2(α0(x′)) = α2(x)

� α′
2(y) = α2(y) for y ∈ D − {x, x′, α0(x), α0(x′)}
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x

slide(x,G)

x

Fig. 7. Example of sliding

As far as preconditions are concerned, all we have to do is make sure that we
neither add nor remove a boundary. For that, we allow sliding only if there are
enough boundary edges both sides of the edge incident to x, enough being two
on the side of x and one on the side of α0(x). Thus, after sliding, there is still
one boundary edge on the side of x and two on the side of α0(x).

5.5 Renaming Darts

This operation allows to apply an injective function f of type dart→ dart to all
darts in a 2-g-map. The only precondition, injectivity of f , is required to make
sure that f is inversible and thus avoid any confusion of darts.

De�nition 13. Renaming the darts of G with injective function f yields 2-
g-map rename(f,G) = (f(D), α′

0, α
′
1, α

′
2) such that, for any i ≤ 2 and any

x ∈ f(D), the equality α′
i(x) = f(αi(f−1(x))) stands.

5.6 Topological Equivalence

De�nition 14. Topological equivalence on 2-g-maps is the smallest re�exive
symmetrical transitive relation on 2-g-maps that is stable by application of any
conservative operations, provided all preconditions are veri�ed at every step.

6 Normal Maps

6.1 De�nitions and Choices

The next step of our speci�cation consists in formally describing the topology
of surfaces Pp,q,r with 2-g-maps. We call normal 2-g-maps a particular set of
2-g-maps that represent the topology of surfaces Pp,q,r. Indeed, a 2-g-map rep-
resents a subdivision of surface, and there is an in�nity of subdivisions for each
surface. Thus, there is an in�nity of 2-g-maps that represent each surface Pp,q,r.
Therefore, we must pick one such 2-g-map for each surface Pp,q,r . The selection
is made in two steps.
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First, we try to �nd an �easy� subdivision of the surface, meaning a subdi-
vision which we are convinced that it �ts the surface. For example, for P1,1,1

(the disc, an ear, a bridge and a twisted ear), we choose the 2-g-map depicted
in Fig. 8, which features a single panel. On this �gure, the two shades of grey

Fig. 8. Rough 2-g-map representing P1,1,1

are used to separate the recto from the verso of the panel. It's easy to see how
a similar 2-g-map could be built for each Pp,q,r, with patterns for the disc, ears,
bridges and twisted ears. The problem with these 2-g-maps is that they contain
way too many darts, which makes them too bulky. As we work modulo topo-
logical equivalence, we can simplify them by repeatedly applying conservative
operations Applying as many edge removals as possible and then a single vertex
stretching with a closed edge to the 2-g-map in Fig. 8 yields the 2-g-map in
Fig. 9. The 2-g-maps in Figs. 8 and 9 are topologically equivalent. The vertex

Fig. 9. Normal map for P1,1,1

stretching occurred at the level of the disc pattern, and allows us to replace the
disc pattern by simply another ear pattern. Thus, instead of four, there are only
three di�erent pattern types, at the inexpensive cost of four additionnal darts.

Looking at the normal map in Fig. 9, it's easy to see that it's made up of
a single cycle of darts that are alternately 0- and 1-sewn, in which some darts
have later been 2-sewn in order to make up the basic patterns. An ear pattern is
made up of 6 consecutive darts from the cycle, such that the �rst has been 2-sewn
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to the sixth and the third to itself. Similarly, a bridge pattern is made up of 8
consecutive darts such that the �rst and third dart are respectively 2-sewn to the
sixth and eighth dart. A twisted ear pattern is made up of 4 consecutive darts
such that the �rst and third dart are 2-sewn. The sewings of all unmentioned
darts can be deduced from the fact that only entire edges are sewn.

As a consequence, the normal map corresponding to Pp,q,r contains 6(p+1)+
8q + 4r darts, the �+1� stemming from the fact that the disc is represented by
an extra ear pattern. These darts, generated with idg, may be numbered from 0
on. We will simply write n for idg(n) when there is no possible confusion:

De�nition 15. The normal map Np,q,r = (D,α0, α1, α2), corresponding to
Pp,q,r, is de�ned by:

1. D = {idg(n)|n < (6(p+ 1) + 8q + 4r)}
2. ∀i ≤ ((6(p+ 1) + 8q + 4r)/2) α0(2i) = (2i+ 1)
3. ∀0 < i ≤ ((6(p+ 1) + 8q + 4r)/2) α1(2i) = (2i− 1)
4. α1(0) = α1(6(p+ 1) + 8q + 4r − 1)
5. ∀i ≤ p, α2(6i) = (6i+ 5)
6. ∀i ≤ p, α2(6i+ 2) = (6i+ 2)
7. ∀i < q, α2(6p+ 8i) = (6p+ 8i+ 6)
8. ∀i < q, α2(6p+ 8i+ 3) = (6p+ 8i+ 8)
9. ∀i < r, α2(6p+ 8q + 4i) = (6p+ 8q + 4i+ 3)

Relations 2, 3 and 4 build the cycle of darts. Relations 5 and 6 build ear
patterns, relations 7 and 8 bridge patterns and relation 9 twisted ear patterns.
Normal maps are the objects that are manipulated in the classi�cation theorem.

7 Trading Theorem

Now, we have all the de�nitions we need to prove the trading theorem. Recall that
it reads �for any triplet (p, q, r) such that r ≥ 1, surface Pp,q+1,r is homeomorphic
to Pp,q,r+2�. The proof is carried by successively applying conservative operations
to Np,q+1,r and proving that the �nal result is Np,q,r+2. This proof could have
been further automatized, but was not as it is quite short to do manually. The
formal version of the trading theorem, the text of which precisely tells which
operations to perform, states:

Theorem 1. Let (p, q, r) be a triplet of naturals such that r ≥ 1. Then the
following equality stands:
Np,q,r+2 = rename(f,
strc(idg(2), idg(3), idg(1), idg(0), idg(3), idg(2),
rmedge(idg(6p+ 8q + 6),
rmedge(idg(6p+ 8q + 2),
slide(idg(6p+ 8q + 3),
slide(idg(6p+ 8q + 11),
slide(idg(6p+ 8q + 7),
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slide(idg(3),
slide(idg(6p+ 8q),
stro(idg(6p + 8q + 7), x2, x3,
stro(idg(6p + 8q + 11), x0, x1,
rmedge(idg(0), Np,q+1,r)))))))))))) with f and xi well chosen.

The �rst step is the removal of the edge incident to idg(0). This edge was the
edge that had been added to the disc pattern so that it could be replaced by an
ear pattern. Removing it makes all darts that are incident to a twisted ear or a
bridge incident to an external vertex. The 11th step reverses this removal. Steps
2 and 3 are vertex stretchings with open edges, that are later reversed in steps 9
and 10. Steps 4 through 8 are the core of the proof. They all are slides that occur
within the �rst three twisted ears patterns; they are used to rearrange them into
a bridge and a twisted ear patterns. Step 12 is a simple dart renaming. All steps
are depicted on Fig. 9. On each sub�gure, the darts that are used as arguments
of the next transformation are dashed.

8 Formal Speci�cation Outline

Our Gallina speci�cation assumes the form of a three-level hierarchy of increas-
ingly constrained types. A similar approach in a simpler context has already
been used in [17] for combinatory maps. Their speci�cation and ours even share
the lowest (least constrained) level, the level of free maps.

The type of free maps is noted fmap. A fmap is simply a set of darts,
represented by a list, with a set of sewings, represented by a list of triplets made
up of the dimension of the sewing and the two sewn darts. The fmap are very
simple, without any constraints, and it is easy to de�ne operations on them and
to perform structural induction to prove their properties, but in a way they are
too general as we are really interested in generalized maps, while free maps can
also be used to represent lots of other models.

In order to retain the simplicity of use of fmap while at the same time
restraining ourselves to generalized maps, we use the following technique to
de�ne the second level of our speci�cation, the level of generalized maps: the
type of generalized maps, noted ngmap, is de�ned as the type of pairs made up
of a fmap, called the support of the g-map, and a proof that the support satis�es
a predicate of well-formedness. This predicate is a straightforward adaptation of
the mathematical de�nition of g-maps given in Sect. 4.

Coq's type coercions allow to apply fmap selectors and transformations to a
ngmap by implicitly applying them to its support. Note that such a transforma-
tion will still yield a fmap when applied to a ngmap. In order to make it a real
ngmap transformation, it must �rst be proved to preserve well-formedness. This
way, it is possible to de�ne operations on a complex type like ngmap by express-
ing it intuitively in fmap and then proving that it preserves well-formedness.

The third level is the level of sewn cells maps of type smap. They are de�ned
at the free map level as roughly the set of maps obtained by any number of
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applications of a complex cell sewing operation, also de�ned at the free map level,
under some preconditions. Much like well-formedness, this property is expressed
by a predicate of well-constructedness. Thus, a smap is a pair made of a fmap,
its support, and a proof of the support's well-constructedness. A useful theorem
that we have proved is that well-constructedness entails well-formedness, hence
any smap support is also a ngmap support. We use coercions again to use smaps
as ngmaps.

We have also proved a major theorem, stating that well-formedness implies
well-constructedness, modulo reordering of the elements of the support. This
theorem used to be a conjecture but was widely used nonetheless. Its computer-
assisted proof turned out to be very useful, as it allowed to reveal a formerly
missing precondition to the sewing of cells. The order of the elements of a free
map being semantically irrelevant, we deduce from these two theorems that any
meaningful result on ngmap can be extended to smap and vice versa.

The biggest gain of this equivalence is of being able to work in smap, a
cleaner, more constrained subset of ngmap, in order to prove properties of ngmap
as a whole. In particular, the structure of the smap is very well adapted for struc-
tural induction, whereas the structure of ngmap isn't at all. This ability to rea-
son by induction on generalized maps will be crucial to adapt the fundamentally
inductive proof of the normalization theorem.

9 Conclusion

In this article, we have shown a way to express and prove a well-known surface
classi�cation theorem, called the trading theorem, in the formalism of general-
ized maps of dimension 2. For that, we had to �nd a satisfying way to express
the metric-related notion of topological equivalence in the framework of surface
subdivisions. Our solution was to choose a set of operations that are likely to
preserve the topology of their arguments, and declare that two 2-g-maps are
topologically equivalent if one is the image of the other by any number of ap-
plication of these operations. With the help of this de�nition, we have formally
proved the trading theorem following a proof scheme proposed by Fomenko.

This result further con�rms that generalized maps of dimension 2 are a good
model for surfaces subdivisions, in which reasoning and object building is rather
natural, as we did it with normal surfaces. On the opposite point of view, if one
is convinced that 2-g-maps are a good model for surface subdivisions, one can be
convinced that we have formally proved the trading theorem for surfaces. This
success also shows the quality of our formal speci�cation of generalized maps,
that, while being very close to the mathematical speci�cation of the maps, turns
out to be powerful and simple enough to prove this hard-to-formalize theorem.

Of course, this work isn't over, as the normalization theorem hasn't been
proved yet. Besides, months of experience in the use of our speci�cation has
made clear that some of our early decisions were not optimal. A �cleaning up�
and �ne-tuning step would be a good preliminary step to undertaking any major
theorem studies. This will take some time, as the speci�cation is already very
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large: it features 222 de�nitions, 1458 theorems for a total of 37000 script lines.
Afterwards, it will also be interesting to make sure that the operations that we
use really preserve the topology of their arguments by formalizing topology [13].

In the long term, we would like to use these results in the �eld of discrete
geometry, for instance by representing each pixel by a square face and studying
the obtained corresponding 2-g-maps. A good de�nition of discrete surfaces and
irrefutable properties would be very welcome in the �eld of 3D imaging in order
to de�ne, build and manipulate �hulls� of voxels [2].

References

1. Barras, B. et al.: The Coq proof assistant reference manual.
http://coq.inria.fr/doc/main.html

2. Bertrand, G., Malgouyres, R.: Some topological properties of surfaces in Z3. Jour-
nal of Mathematical Imaging and Vision no 11 (1999) 207�221

3. Bertrand, Y., Dufourd, J.-F.: Algebraic speci�cation of a 3D-modeler based on
hypermaps. Graphical Models and Image Processing (1994) 56(1) 29�60

4. Coquand, T., Huet, G.: Constructions: a higher order proof system for mechanizing
mathematics. EUROCAL (1985) Springer-Verlag LNCS 203

5. Cori, R.: Un Code pour les Graphes Planaires et ses Applications. Société Math.
de France, Astérisque 27 (1970)

6. Dehlinger, C., Dufourd, J.-F., Schreck, P.: Higher-Order Intuitionistic Formaliza-
tion and Proofs in Hilbert's Elementary Geometry. Automated Deduction in Ge-
ometry (2000) Springer-Verlag LNAI 2061

7. Firby, P. A., Gardiner, C. F.: Surface Topology. Ellis Horwood Ltd. (1982)
8. Fomenko, A. T.: Di�erential Geometry and Topology. Consultant Associates (1987)
9. Gri�ths, H.: Surfaces. Cambridge University Press (1981)
10. Jacques, A.: Constellations et graphes topologiques. Combinatorial Theory And

Applications (1970) 657�673
11. Kahn, G.: Elements of Constructive Geometry, Group Theory, and Domain Theory.

Coq contribution (http://coq.inria.fr/contribs-eng.html)
12. Knuth, D.E.: Axioms and Hulls. Springer-Verlag (1992) LNCS 606

13. Lienhardt, P.: Subdivisions of N-Dimensional Spaces and N-Dimensional General-
ized Maps. Computational Geometry ACM Symp. (1989) 228�236

14. Martin-Löf, P.: Intuitionistic Type Theory. Bibliopolis (1984)
15. Parent, C.: Synthesizing proofs from programs in the calculus of inductive con-

structions. Mathematics of Program Construction (1995) Springer-Verlag LNCS
947

16. Pichardie, D., Bertot, Y.: Formalizing Convex Hulls Algorithms. TPHOL (2001)
Springer-Verlag LNCS 2152 346�361

17. Puitg, F., Dufourd, J.-F.: Formal speci�cations and theorem proving breakthroughs
in geometric modelling. TPHOL (1998) Springer-Verlag LNCS 1479 401�427

18. Von Plato, J.: The axioms of constructive geometry. Annals of pure and applied
logic 76 (1995) 169�200

http://coq.inria.fr/doc/main.html
http://coq.inria.fr/contribs-eng.html


Free-Style Theorem Proving�

David Delahaye

Programming Logic Group
Chalmers University of Technology

Department of Computing Science, S-412 96 Gothenburg, Sweden
delahaye@cs.chalmers.se

http://www.cs.chalmers.se/~delahaye

Abstract. We propose a new proof language based on well-known ex-
isting styles such as procedural and declarative styles but also using
terms as proofs, a speci�c feature of theorem provers based on the Curry-
Howard isomorphism. We show that these three styles are really appro-
priate for speci�c domains and how it can be worth combining them to
bene�t from their advantages in every kind of proof. Thus, we present,
in the context of the Coq proof system, a language, called Lpdt, which is
intended to make a fusion between these three styles and which allows
the user to be much more free in the way of building his/her proofs.
We provide also a formal semantics of Lpdt for the Calculus of Inductive
Constructions, as well as an implementation with a prototype for Coq,
which can already run some relevant examples.

1 Introduction

In theorem provers, we can generally distinguish between two kinds of languages:
a proof1 language, which corresponds to basic or more elaborated primitives and
a tactic language, which allows the user to write his/her own proof schemes. In
this paper, we focus only on the �rst kind of language and we do not deal with
the power of automation of proof systems. Here, we are interested in expressing
proofs by considering di�erent kinds of styles, �nding the "good" criteria and
thinking about combining these criteria according to the proof.

Proof languages for theorem provers have been extensively studied and, cur-
rently, two styles have gained prominence: the procedural style and the declara-
tive style. John Harrison makes a complete comparison between these two styles
in [5], where the declarative style is rather enhanced but also moderated. Indeed,
the author shows how it is di�cult to make a clear division between these two
styles and this can be seen in the Mizar mode [6] he developed for HOL. In the
same way, Markus Wenzel has implemented a generic declarative layer, called
Isar [11], on top of Isabelle. From a more declarative-dedicated viewpoint, there

� This work has been realized within the LogiCal project (INRIA-Rocquencourt,
France).

1 The word "proof" may be open to several interpretations. Here, we mostly use
"proof" in the sense of a script to be presented to a machine for checking.
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are the work of Don Syme with his theorem prover Declare [8] and Vincent Za-
mmit's thesis [12]. Closer to natural language, there is also the Natural package
of Yann Coscoy [2] in Coq, where it is possible to produce natural proofs from
proof terms and to write natural proof scripts directly. Along the same lines, in
Alfa [1] (successor of ALF), we can produce natural proofs in several languages.

A third kind of proof language, quite speci�c to the logic used by the proof
system, could be called "term language". This is a language which uses the cod-
ing of proofs into terms and propositions into types. This semantic (Brouwer-
Heyting-Kolmogorov) deals only with intuitionistic logics (without excluded mid-
dle) and signi�cantly modi�es the way proofs are checked. In such a context, the
logic is seen as a type system and checking if a proof (term) corresponds to
a proposition (type) is only typechecking (Curry-Howard's isomorphism). The
�rst versions of Coq used that kind of language before having a procedural style
even if it is always possible to give terms as proofs. In Lego or Nuprl, we have
exactly the same situation. Currently, only Alfa uses a direct manipulation of
terms to build proofs.

The main idea in this paper is to establish what the contributions of these
three kinds of languages are, especially in which frameworks, and to make a
fusion which could be interesting in practice. Before presenting our proposition,
we consider a short example of a proof to allow the reader to have some idea
of these three proving styles. It also illustrates the various features of these
languages and shows the domains (in terms of the kinds of proofs) in which they
are suitable. Next, we give the syntax of the language we suggest in the context
of Coq [9], and which has been called Lpdt ("pdt" are initials denoting the fusion
between the three worlds: "p" is for procedural, "d" is for declarative and "t"
is for term), as well as some ideas regarding the formal semantics that has been
designed. This last point is also a major originality of this work and as far as
the author is aware, ALF is the only system, which has a formally described
proof language [7]. However, this semantics deals only with proof terms and,
here, we go further trying to give also, in the same context, a formal semantics
to procedural parts, as well as to declarative features. From this semantics, a
prototype has been carried out and, �nally, we consider some examples of use,
which show how Lpdt can be appropriate, but also what kind of improvements
can be expected.

2 Proof Examples

The example we chose to test the three kinds of languages is to show the decid-
ability2 of equality on the natural numbers. It can be expressed as follows:

∀n, m ∈ N.n = m ∨ ¬(n = m)

2 This proposition is called "decidability of equality" because we will give an intuition-
istic proof in every case. Thus, we can always realize the proof of this lemma toward
a program which, given two natural numbers, answers "yes" if the two numbers are
equal and "no" otherwise.
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Informally, the previous proposition can be shown in the following way:

1. We make an induction on n.
The basis case gives us 0 = m ∨ ¬(0 = m) to be shown:

(a) We reason by case on m.
First, we must show that 0 = 0 ∨ ¬(0 = 0), which is trivial because we know
that 0 = 0.

(b) Next, we must show that 0 = m + 1 ∨ ¬(0 = m + 1), which is trivial because
we know that ¬(0 = m + 1).

2. For the inductive case, we suppose that we have n = m ∨ ¬(n = m) (H) and we
must show that n + 1 = m ∨ ¬(n + 1 = m):

(a) We reason by case on m.
First, we must show that n +1 = 0∨¬(n + 1 = 0), which is trivial because we
know that ¬(n + 1 = 0).

(b) Next, we must show that n + 1 = m + 1 ∨ ¬(n + 1 = m + 1). Thus, we reason
by case with respect to the inductive hypothesis H :

i. Either n = m: we can conclude because we can deduce that n+1 = m+1.
ii. Or ¬(n = m): we can conclude in the same way because we can deduce

that ¬(n + 1 = m + 1).

2.1 Procedural Proof

As a procedural style, we decided to choose the Coq proof system [9]. A possible
proof script for the previous proposition is the following:

Lemma eq_nat:(n,m:nat)n=m\/~n=m.

Proof.

Induction n.

Intro;Case m;[Left;Auto|Right;Auto].

Intros;Case m;[Right;Auto|Intros].

Case (H n1);[Intro;Left;Auto|Intro;Right;Auto].

Save.

Brie�y, we can describe the instructions involved: Intro[s] introduces prod-
ucts in the local context (hypotheses), Induction applies induction schemes,
Case makes reasoning by case, Left/Right applies the �rst/second constructor
of an inductive type with two constructors and Auto is a resolution tactic which
mainly tries to apply lemmas of a data base.

2.2 Declarative Style

For the declarative proof, we used Mizar [10], which seems to be very representa-
tive of this proving style3. The proof is partially described in the following script
(the complete proof is a little too long, so we have only detailed the basis case
of the �rst induction):

3 Indeed, the Mizar project developed a very impressive library essentially in mathe-
matics. So, we can easily consider the stability of this language with respect to its
very widespread use.
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theorem

eq_nat: n = m or not (n = m)

proof

A1: for m holds 0 = m or not (0 = m)

proof

A2: 0 = 0 or not (0 = 0)

proof

A3: 0 = 0;

hence thesis by A3;

end;

A4: (0 = m0 or not (0 = m0)) implies

(0 = m0 + 1 or not (0 = m0 + 1))

proof

assume 0 = m0 or not (0 = m0);

A5: not (0 = m0 + 1) by NAT_1:21;

hence thesis by A5;

end;

for k holds 0 = k or not (0 = k) from Ind(A2,A4);

hence thesis;

end;

A6: (for m holds (n0 = m or not (n0 = m))) implies

(for m holds ((n0 + 1) = m or not ((n0 + 1) = m)))

...

where by/from is used to perform a more or less powerful resolution, hence
thesis, to conclude the current proof (between proof and end) and assume, to
suppose propositions.

2.3 Term Re�nement

The third solution to solve the previous proposition is to give the proof term
more or less directly. This can be done in a very easy and practical way by the
prover Alfa [1], which is a huge graphic interface to Agda (successor of ALF).
Figure 1 shows a part of the proof term which has been built gradually (�ll-
ing placeholders). As for the Mizar proof, the complete proof is a bit too large,
so, in the same way, we have only printed the basis case of the �rst induction.
The rest is behind the "..." managed by Alfa itself, which allows parts of proofs
to be hidden. Even if the explicit pretty-print allows well-known constructions
(λ-abstractions, universal quanti�ers, ...) to be recognized, some comments can
be made to understand this proof. The universal quanti�er ∀ has a special cod-
ing and to be introduced/eliminated, speci�c constants ∀I/∀E are to be used.
∨I1/∨I2 allow the side of a ∨-proposition to be chosen. Finally, natrec is the
recursor (proof term) of the induction scheme on natural numbers, eqZero is the
proof that 0 == 0 and nat_discr1 is the lemma ∀a ∈ Nat.¬(0 == a+ 1).

2.4 Comparison

The procedural script in Coq shows that it is quite di�cult to read procedural
proofs. The user quickly becomes lost and does not know what the state of the
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Fig. 1. Proof of the decidability of equality on natural numbers in Alfa

proof is. Without the processing of Coq, the user cannot understand the proof
and this is enforced by, for example, the apparition of free variables (as H or n1
here) which are only bound during the checking of the proof. So, that kind of
script cannot be written in a batch way but only and very easily in interaction
with Coq. Thus, procedural proofs are rather backward-oriented because there
is not much information provided by user's instructions and everything depends
on the current goal to be proved. As concerns maintainability, obviously, we
can imagine that these scripts are quite sensitive to system changes (naming
conventions for example).

The Mizar script shows a very readable and so understandable proof. The
declarations of auxiliary states allows the user to know what is proved and how
to conclude. The proof can be written in batch mode and an interactive loop
is not required at all to build this kind of proof. Indeed, the state of the proof
may be far from the initial goal to be proved and we know how to prove it only
at the end when we know how to make the link between this initial goal and
the auxiliary lemmas we have proved to succeed, so that, declarative scripts are
rather forward-oriented. A direct inconvenience of this good readability is that
it is rather verbose and the user may well �nd it tedious to repeat many proposi-
tions (even with copy-paste). These many (forced) repetitions make declarative
scripts fragile with respect to speci�cation changes (permutations of arguments
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in a de�nition, for example) and we cannot imagine speci�c edition tools which
could deal with every kind of change.

The proof in Alfa is rather readable. Of course, it requires a little practice
to read terms as proofs but it is quite full of information especially when you
reveal type annotations. In the same way, it is easy to write such scripts4, both
in an interactive proof loop as well as in batch mode, because, when building
terms, we can ignore type annotations, which are �lled by the proof system with
respect to the goal. Thus, that kind of style is completely backward-oriented.
Regarding robustness, system changes does not interfere because we do not give
instructions to build a proof term but a proof term directly. But, as declarative
scripts, speci�cation changes may involve many changes in the term even without
type signatures.

Following on the previous observations, we can easily tell where these styles
are useful and also when it is interesting to use them. We will use procedu-
ral proofs for small proofs, known to be trivial and realized interactively in a
backward mode, for which, we are not interested in the formal details. These
proofs must be seen as black boxes. Declarative style will be used for more com-
plex proofs we want to build more in a forward style (as in a natural proof in
mathematics), rather in a batch way and very precisely5, i.e. with much infor-
mation for the reader. Finally, proof terms will be also for complex proofs, but
backward-oriented, built either interactively or in batch mode (this is adapted
for both methods), and for which we can choose the level of detail (put all type
signatures, some of them or none). Thus, we can notice that the three styles
correspond to speci�c needs and it could be a good idea to amalgamate them to
bene�t from their advantages in every kind of proof.

3 Presentation of Lpdt

As said previously, Lpdt was developed in the context of the Coq proof system
and there are several reasons for that choice. First, in this theorem prover, the
procedural part comes for free because the proof language is purely procedural.
But, the main reason is certainly that Coq uses the Curry-Howard isomorphism
to code proofs into terms and the adaptation to make Coq accept terms as
proofs will be rather easy6. Only declarative features are not quite natural for
insertion in Coq but we will see how they can be simulated on a procedural proof

4 We do not consider here the useful graphical interface which allows placeholders to
be �lled very easily (especially for beginners).

5 However, this depends on the level of automation (that we do not want to consider
here). Too great, an automation can strictly break readability even if we ask decision
procedures to give details of the proofs they built because automated proofs are not
really minimal and thus as clear as "human"-built proofs.

6 We can already give complete terms (Exact tactic) or partial terms ([E]Apply, Refine
tactics) to prove lemmas, but no means is provided to build these terms gradually
or to have a total control on the placeholders we want to �ll, so most of these tactics
are only used internally.



170 David Delahaye

machine. Although the choice for suitable systems might seem rather restricted
(procedural systems based on Curry-Howard's isomorphism), such an extension
could be also possible and quite appropriate for systems like Lego or Nuprl.

3.1 De�nition

The syntax of Lpdt is shown in �gure 2, presented in a BNF-like style and where
<proof> is the start entry. <ident> and <int> are respectively the entries for
identi�ers and integers. <tac> includes all the current tactic language of Coq.
Here, we have deliberately simpli�ed the <term> entry. In particular, the Cases
construction has been reduced compared to the real version and the Fix/CoFix
forms has been removed (we will not use them directly in our examples and we
will consider recursors just as constants in the way of Martin-Löf's type theory).

3.2 Semantics

As said previously, one of the major novelties of this work is to try to give a
formal semantics to a proof language, here Lpdt, not only for proof terms as
for ALF in [7], but also for procedural and declarative parts. We chose to build
a natural semantics (big steps), which is very concrete and so very close to a
possible implementation. This semantics is correct in the context of the Calculus
of Inductive Constructions (CIC) but without universes and to deal with the
complete theory with universes, we only have to verify the universes constraints
at the end with a speci�c procedure we did not formalize (this allows us to skip
universe constraints from the evaluation rules and to keep light rules which are
easier to read). Thus, in this context, to give a value to a proof script will consist
in giving a term whose type is convertible to the lemma to be proved.

Preliminaries. In �gure 2, we call proof script or simply script, every expression
of the <proof> entry. A sentence is an expression of the <proof-sen> entry. We
call term, every expression of the <term> entry and pure term, every expression
of the<term> entry, the<proc> and<decl> entries excluded. We call procedural
part, every expression of the <proc> entry and declarative part, every expression
of the <decl> entry. Finally, a tactic is an expression of the <tac> entry.

A local environment or context is an ordered list of hypotheses. An hypothesis
is of the form (x : T ), where x is an identi�er and T , a pure term called type
of x. A global environment is an ordered list of hypotheses and de�nitions. A
de�nition may be inductive or not. A non-inductive de�nition is of the form
c := t : T , where c is an identi�er called constant, t, a pure term called body
of c and T , a pure term called type of c or t. An inductive de�nition is of the
form Ind[Γ p](Γ d := Γ c), where Γ p, Γ d and Γ c are contexts corresponding to the
parameters, the de�ned inductive types and the constructors. A goal is made of
a global environment ∆, a local environment Γ and a pure term T (type).
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<proof> ::= (<proof-sen>)+

<proof-sen> ::= <proof-top>.

<proof-top> ::= Let [[?<int>]] <ident> : <term>
| Let <let-clauses>
| ?<int> [: <term>]:= <term>
| Proof

| Qed | Save

<let-clauses> ::= [[?<int>]] <ident> [: <term>] := <term>
(And [[?<int>]] <ident> [: <term>] := <term>)∗

<term> ::= [<binders>]<term>
| <term> -> <term>
| (<ident>(, <ident>)∗ : <term>)<term>
| ((<term>)∗)
| [<<term>>] Cases <term> of (<rules>)∗ end

| Set | Prop | Type
| <ident>
| ? | ?<int>
| <proc>
| <decl>

<binders> ::= <ident> (,<ident>)∗ [: <term>](; <binders>)∗

<rules> ::= [|] <pattern> => <term> (| <pattern> => <term>)∗

<pattern> ::= <ident> | ((<ident>)+)

<proc> ::= <by <tac>>

<tac> ::= Intro | Induction <ident> | ...

<decl> ::= Let <let-clauses> In <term>

Fig. 2. Syntax of Lpdt

The evaluated terms are de�ned by the <term-eval> entry of �gure 3. The
set of evaluated terms is noted TE . We call implicit argument, every term of the
form ?, or every evaluated term of the form ?in, where n is an integer. The set of
evaluated terms which are implicit arguments is noted IE . We call metavariable,
every term or every evaluated term of the form ?n, where n is an integer. Finally,
every term or every evaluated term of the form Set, Prop or Type is a sort and
the sort set is noted S.
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<term-eval> ::= [<binders>]<term-eval>
| <term-eval> -> <term-eval>
| (<ident>(, <ident>)∗ : <term-eval>)<term-eval>
| ((<term-eval>)∗)
| [<<term-eval>>] Cases <term-eval> of (<rules>)∗ end

| Set | Prop | Type
| <ident>
| ?i<int> | ?<int>

Fig. 3. Evaluated terms

Term Semantics. This consists in typechecking incomplete7 terms of CIC (pure
terms) and interpreting some other parts (procedural or declarative parts) which
give indications regarding the way the corresponding pure term has to be built.
Procedural and declarative parts which are in the context of a term are replaced
by metavariables and instantiations (of those metavariables) where they occur
at the root.

The values are:

� either (t,∆[Γ � T ],m, σ), where t ∈ TE , ∆[Γ � T ] is a goal, m is a set of
couples metavariable numbers-goals (i,∆[Γ i � Ti]), σ is a substitution from
IE to TE , s.t. � ∃j, ?j ∈ ∆[Γ � T ] and ?j ∈ ∆[Γ i � Ti],

� or Error.

The set of those values is noted VT .
Thus, a value is given by a proof term t, the type of this proof term ∆[Γ � T ],

a set of metavariables (bound to their types) m occurring in t and an instantia-
tion of some implicit arguments (coming from the typechecking of t) σ. Moreover,
there are two restrictions: there is no metavariable in the type of t (∆[Γ � T ]),
as well as in the types of the metavariables (in m).

Two modes of evaluation are possible if we have the type of the term or not:
the veri�cation mode and the inference mode. Initially, we have the type of the
term (coming from the goal) and we use the veri�cation mode, but some terms
(like applications) can only be evaluated in the inference mode.

Due to lack of space here, we will not be able to give all the evaluation rules
(with the corresponding error rules) of the several semantics. The reader can
refer to [4]8 for a complete description (�gures 5.3�5.16, pages 57�73) and we
will just give some examples of rules. In particular, we will not consider the error
rules, which can be also found in [4] (appendix A).

7 Indeed, pure terms may contain some metavariables.
8 A version of this document can be found at:
http://logical.inria.fr/~delahaye/these-delahaye.ps.

http://logical.inria.fr/~delahaye/these-delahaye.ps
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Pure Terms. A pure term t is evaluated, in the inference mode (resp. in the
veri�cation mode), into v, with v ∈ VT , in the unde�ned goal ∆[Γ ] (resp. in the
goal ∆[Γ � T ]), i� (t,∆[Γ ]) � v (resp. (t,∆[Γ � T ]) � v) holds.

As an example of rule (to derive the relation �), the evaluation of a
λ-abstraction à la Curry in an unde�ned goal is the following:

(t,∆[Γ , (x :?in)]) � (t1, ∆[Γ 1, (x : T1) � T2],m, σ)
x �∈ ∆[Γ ] new_impl(n)

(λUCurry)([x :?]t,∆[Γ ]) � ([x : T1]t1, ∆[Γ 1 � (x : T1)T2],m, σ)

where new_impl(n) ensures that the integer n numbering an implicit argument
is unique.

This rule consists in giving a number (n) to the implicit argument corre-
sponding to the type of x, verifying that x is not already in the (global and
local) environments and typechecking t.

Declarative Parts. We extend the relation � to deal with the declarative parts:
a pure term or a declarative part t is evaluated, in the inference mode (resp. in
the veri�cation mode), into v, with v ∈ VT , in the unde�ned goal ∆[Γ ] (resp. in
the goal ∆[Γ � T ]), i� (t,∆[Γ ]) � v (resp. (t,∆[Γ � T ]) � v) holds.

For instance, a Let . . . In in an unde�ned goal is evaluated as follows:

(T1, ∆[Γ ]) 	 (T2, ∆[Γ 1 � s], m1, σ1) s ∈ S
(t1, ∆[Γ 1 � T2]) 	 (t3,� [Γ 2 � T3], m2, σ2)

(t2, ∆[Γ 2, (x : T3)]) 	 (t4, ∆[Γ 3, (x : T4) � T5], m3, σ3)
(ULetIn)

(Let x : T1 := t1 In t2, ∆[Γ ]) 	
(([x : T4]t4 t3σ3), ∆[Γ 3 � T5[x\t3σ3]], (m1σ2 ∪m2)σ3 ∪m3, σ1σ2σ3)

In this rule, �rst, the type of the binding (T1) is typechecked, next, the body of
the binding (t1) is typechecked with the previous type where some instantiations
(of implicit arguments) may have been performed (T2) and, �nally, the body of
the Let . . . In is typechecked adding x as well as the new type of x (T3) in the
local context. We can notice that this rule is sequential (the rule must be read
from the top to the bottom) and instead of allowing parallel evaluations, which
would require a speci�c mechanism to merge the several constraints, we chose
to impose an evaluation order giving the constraints from an evaluation to the
next one.

Procedural Parts. Finally, to deal with all the terms, we have to include the
procedural parts in the relation �. To do so, we have to de�ne the evaluation of
tactics. This evaluation can be done only in veri�cation mode because most of
tactics do not provide a pure term as proof but a method to build a pure term
from goals which they are applied to.

A tactic t is evaluated into v, with v ∈ VT , in the goal ∆[Γ � T ], which is
noted (t,∆[Γ � T ])�· v, i� (t,∆[Γ � T ])�· v holds.
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For example, the Cut tactic, which is used to make a cut of a term, is evalu-
ated by means of the following rule:

(T1, ∆[Γ ]) � (T3, ∆[Γ 1 � s], ∅, σ1) s ∈ S
new_meta(n1, n2) (Cut)

(Cut T1, ∆[Γ � T2])�· ((?n1 ?n2), ∆[Γ 1 � T2σ1],
{(n1, ∆[Γ 1 � (x : T3)T2σ1]), (n2, ∆[Γ 1 � T3])}, σ1)

where new_meta(n1, n2, . . . , np) ensures that the integers n1, n2, . . . , np, num-
bering some metavariables, are unique.

As this rule generates a cut, that is to say an application in the proof term,
this produces two subgoals, bound to metavariables ?n1 and ?n2, and the corre-
sponding proof term is (?n1 ?n2). Once the term to be cut (T1) evaluated (into
T3), the �rst goal (bound to ?n1), which corresponds to the head function, is
a product type ((x : T3)T2σ1) and the second subgoal (bound ot ?n2), which
corresponds to the argument, is the result of the previous evaluation (T3).

Now, using the relation �· 9, we can give the complete evaluation of the terms,
including the procedural parts: a term t is evaluated, in the inference mode (resp.
in the veri�cation mode), into v, with v ∈ VT , in the unde�ned goal ∆[Γ ] (resp.
in the goal ∆[Γ � T ]), i� (t,∆[Γ ]) � v (resp. (t,∆[Γ � T ]) � v) holds.

Sentence Semantics. A sentence allows us to instantiate a metavariable or to
add a lemma in the context of a metavariable. The values are the following:

� (t,∆[Γ � T ],m, p, d), where t is a pure term, ∆[Γ � T ] is a goal, m is a
set of couples metavariable numbers-goals (i,∆[Γ i � Ti]), p is a stack of
values (�� is the empty stack and � is the concatenation operator), d ∈ D
with D = {Lemma; Leti; Lemmab; Leti,b}, s.t. � ∃j, ?j ∈ ∆[Γ � T ] and
?j ∈ ∆[Γ i � Ti],

� Error

The set of those values is noted VP and a value will be also called a state.
Here, as for the term semantics, a value is given by a proof term t, the type

of this proof term (∆[Γ � T ]) and the set of the metavariables (bound to their
types) m occurring in t. A di�erence is that we do not keep an instantiation
of the implicit arguments and, in particular, this means that all the implicit
arguments involved by a sentence must be solved during the evaluation of this
sentence (we cannot use the next sentences to do so). Moreover, in a value, we
have also a stack of values, which will be used to store the current proof session
when opening new proof sessions during the evaluation of Let's which provide
no proof term. Finally, in the same way, we add a declaration �ag, which deals
with the several possible declarations (Lemma or Let). Initially, this �ag is set to
Lemma and becomes Lemmab when Proof is evaluated. This is similar for Let

9 The relation 	· is used by the relation 	 during the evaluation of a <by . . . > expres-
sion (rule By in [4]).
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with the �ags Leti and Leti,b, where we give also a tag (here i) which is the
metavariable corresponding to the upcoming proof of the Let.

A sentence "p." is evaluated into v, with v ∈ VP , in the state (or value)
(t,∆[Γ � T ],m, p, d), i� (p., t,∆[Γ � T ],m, p, d)−�� v holds.

As an example, let us consider the evaluation of a Let in the current goal:

d = Lemmab ou d = Leti,b

n = min{i | (?i, b) ∈ m} (?n, ∆[Γ n � Tn]) ∈ m x �∈ Γ n

(T, ∆[Γ n]) 	 (T2, ∆[Γ 1 � s], ∅, σ) new_meta(k)
(LetCur)

(Let x : T, t, ∆[Γ � T1], m, p, d)		
(?1, ∆[Γ 1 � T2], {(?1, ∆[Γ 1 � T2])},

�(([x : T2]?n ?k), ∆[Γ � T1]σ, (m− {(?n, ∆[Γ n � Tn])})σ ∪
{(?n, ∆[Γ nσ, (x : T2) � Tnσ]; (?k, ∆[Γ 1 � T2])}, pσ, d)� � pσ, Letk)

In this rule10, the �rst line consists only in verifying that we are in the context
of a opened proof (introduced by Lemma or another toplevel Let, and where a
Proof command has been evaluated). Next, we look for the current goal, which
this Let is applied to. Our convention is to choose this goal such that it is bound
to the lowest metavariable number (n). The type of the Let (T ) is then evaluated
(into T2) and we generate a new metavariable (?k), which will correspond to the
proof given to the Let (once Qed reached, this metavariable will be replaced by
the actual proof). The result of the evaluation shows that we obtain a new goal
bound to metavariable ?1 (this will be also when opening a new proof session
with Lemma). This goal has the context of the current goal (after the evaluation
of T , i.e. Γ 1) and the evaluated type introduced by the Let (T2). The current
proof state is put in the stack. In this state, as expected, the global proof term
is an application (([x : T2]?n ?k)). Here, contrary to the previous tactic Cut, the
type of the cut is introduced automatically (this is an expectable behavior) and
this is why the proof term has a λ-abstraction in head position. Finally, the Letk
�ag is set to declare that we are in the context of Let bound to metavariable ?k.
To accept other Let instructions or instantiations, a Proof command has to be
processed to transform this �ag into the �ag Letk,b.

Script Semantics. Finally, the values of the script semantics are:

� (t,∆[� T ]), where t is a pure term, ∆[� T ] is a goal, s.t. � ∃j, ?j, ?ij ∈ t, T .
� Error

The set of those values is noted VS .
As a script must provide a complete proof, a value is a proof term t and the

type of this proof term ((t,∆[� T ])), where there is no metavariable or implicit
argument. The context of the type is empty because we suppose that a script is
a proof of a lemma introduced in the toplevel of the global environment (∆) by
the command Lemma. Hence, we call lemma, every goal ∆[� T ], where ∆[� T ] is
a goal introduced by Lemma.

10 Here, we use the relation 		 which is related to the relation −		 just adding a dot
(".") at the end of the sentence (rule Sen in [4]).
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A script "p1. p2. . . . pn." of the lemma ∆[� T ] is evaluated into v, with
v ∈ VS , i� (p1. p2. . . . pn., ∆[� T ]) ↓ v holds.

This evaluation consists mainly in iterating the rules for sentences.

4 Examples

We have implemented Lpdt for the latest versions V7 of Coq. Currently, this
is a prototype which is separate from the o�cial release and all the following
examples have been carried out in this prototype.

4.1 Decidability of the Equality on Natural Numbers

Now, we can go back to the example we introduced to compare the three proving
styles. Using Lpdt, the proof could look like the following script:

Lemma eq_nat:(n,m:nat)n=m\/~n=m.

Proof.

Let b_n:(m:nat)(0)=m\/~(0)=m.

Proof.

?1 := [m:nat]

<[m:nat](0)=m\/~(0)=m>

Cases m of

| O => <by Left;Auto>

| (S n) => <by Right;Auto>

end.

Qed.

Let i_n:(n:nat)((m:nat)n=m\/~n=m)->(m:nat)(S n)=m\/~(S n)=m.

Proof.

?1 := [n:nat;Hrec;m:nat]

<[m:nat](S n)=m\/~(S n)=m>

Cases m of

| O => <by Right;Auto>

| (S n0) => ?2

end.

?2 := <[_:n=n0\/~n=n0](S n)=(S n0)\/~(S n)=(S n0)>

Cases (Hrec n0) of

| (or_introl _) => <by Left;Auto>

| (or_intror _) => <by Right;Auto>

end.

Qed.

?1 := (nat_ind ([n:nat](m:nat)n=m\/~n=m) b_n i_n).

Save.

In this proof, we have mixed the three proof worlds. The �rst induction on n

is done declaratively with two toplevel Let's for the basis (b_n) and the inductive
(i_n) cases. The two cases are used to perform the induction on n, at the end of
the script, by an instantiation (of ?1) with a term using nat_ind, the induction
scheme on natural numbers (the �rst argument of nat_ind is the predicate to be
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proved by induction). The proofs of b_n and i_n are realized by instantiations
with terms and trivial parts are settled by small procedural scripts, which are
clearly identi�ed (using <by ...>). In particular, reasonings by case are dealt
with Cases constructions and the term between <...> is the corresponding
predicate (the �rst λ-abstraction is the type of the term to be destructured and
the rest is the type of the branches, i.e. the type of the Cases). Currently, these
predicates have to be provided (by the user) because all the Cases used in this
script are incomplete (presence of metavariables, even with procedural scripts,
see section 3.2) and the typechecker (due to possible dependences) needs to be
helped to give a type to metavariables.

More precisely, to solve the basis case (b_n), we use directly an instantiation
(of ?1). We assume the variable m (with a λ-abstraction [. . .]) and we perform a
reasoning by case (with Cases) on m. If m is equal to O, then this is trivial and we
can solve it in a procedural way. We choose the left-hand side case with the tactic
Left and we have to prove O=O, which is solved by the tactic Auto. Otherwise,
if m is of the form (S n), it is quite similar and we choose the right-hand side
case with the tactic Right to prove �(S n)=O with Auto.

For the inductive case (i_n), we use also directly an instantiation (of ?1).
We assume the induction hypothesis Hrec (coming from the induction on n) and
we perform another reasoning by case on m. If m is equal to O, this is trivial and
we solve it procedurally in the same way as in the basis case. Otherwise, if m is
equal to (S n0), this is a bit more complicated and we decide to delay the proof
using a metavariable (?2). Next, this metavariable is instantiated performing a
reasoning by case on Hrec applied to n0. The two cases correspond to either
n=n0 or �n=n0 (or_introl/r is the �rst/second constructor of \/), which are
trivially solved in a procedural way as in the basis case.

As said above, the last part of the script consists in solving the global lemma
using an instantiation (of ?1) and performing the induction on n with the induc-
tion scheme nat_ind. This scheme takes three arguments: the predicate to be
proved by induction, the proof of the basis case and the proof of the inductive
case. The two last proofs have been already introduced by two toplevel Let's
and they are directly used.

4.2 Stamp Problem

As another example, let us consider the stamp problem, coming from the PVS
tutorial [3] and asserting that every postage requirement of 8 cents or more can
be met solely with stamps of 3 and 5 cents. Formally, this means that every
natural number greater or equal to 8 is the sum of some positive multiple of 3
and some positive multiple of 5. This lemma can be expressed and proved (using
Lpdt) in the following way:

Lemma L3_plus_5:(n:nat)(EX t:Z|(EX f:Z|`(inject_nat n)+8=3*t+5*f`)).

Proof.

Let cb:(EX t:Z|(EX f:Z|`(inject_nat O)+8=3*t+5*f`)).

Proof.

?1 := (choose `1` (choose `1` <by Ring>)).
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Qed.

Let ci:(n:nat)(EX t:Z|(EX f:Z|`(inject_nat n)+8=3*t+5*f`))->

(EX t:Z|(EX f:Z|`(inject_nat (S n))+8=3*t+5*f`)).

Proof.

?1 := [n;Hrec](skolem ?2 Hrec).

?2 := [x;H:(EX f:Z|`(inject_nat n)+8=3*x+5*f`)](skolem ?3 H).

?3 := [x0;H0:`(inject_nat n)+8 = 3*x+5*x0`]?4.

Let cir:(EX t:Z|(EX f:Z|`3*x+5*x0+1=3*t+5*f`)).

Proof.

?1 := <[_:?](EX t:Z|(EX f:Z|`3*x+5*x0+1=3*t+5*f`))>

Cases (dec_eq `x0` `0`) of

| (or_introl H) => ?2

| (or_intror _) => ?3

end.

?2 := (choose `x-3` (choose `2` <by Rewrite H;Ring>)).

?3 := (choose `x+2` (choose `x0-1` <by Ring>)).

Qed.

?4 := <by Rewrite inj_S;Rewrite Zplus_S_n;Unfold Zs;Rewrite H0;

Exact cir>.

Qed.

?1 := (nat_ind ([n:nat]?) cb ci).

Save.

where Z is the type of integers, EX is the existential quanti�er, inject_nat
is the injection from nat to Z (this injection is needed because we have set this
equality over Z in order to be able to use the decision procedure for Abelian
rings, i.e. the tactic Ring), choose is syntactical sugar11 for (ex_intro ? ?)

(ex_intro is the single constructor of EX), skolem is syntactical sugar for
(ex_ind ? ? ?) (ex_ind is the induction scheme of EX) and (dec_eq x1 x2) is
equivalent to x1=x2\/�x1=x2.

This proof is done by induction (on n). The basis case is declared with the
name cb, as well as the inductive case with the name ci. For cb, this is triv-
ial, the instantiations are 1 and 1 (given by the term choose), since we have
0+8=3*1+5*1 (which is solved by the tactic Ring). For the inductive case, in
the �rst instantiation (of ?1), we introduce the induction hypothesis (Hrec),
which is skolemized (with skolem). Then, in the second instantiation (of ?2),
we give a name for the skolem symbol (x) and we introduce the corresponding
skolemized hypothesis (H), which is skolemized again. In the third instantiation
(of ?3), in the same way, we give another skolem name (x0) and we introduce
the skolemized hypothesis (H0). At that point, we can notice that the conclusion
can be transformed (in particular, moving the successor S outside inject_nat)
in order to obtain the left-hand side member of the skolemized hypothesis as a
subterm. So, we carry out a cut (cir) of the conclusion after this trivial step

(which require mainly rewritings). This auxiliary lemma is proved by case anal-
ysis (Cases term) according to the fact that x0=0 or not. If x0=0 (this is the �rst
case, bound to metavariable ?2), the instantiations are x-3 and 2, then Ring

11 This is done by means of toplevel syntactic de�nitions (see [9] for more details).
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solves the goal. Otherwise (this is the second case, bound to metavariable ?3),
the instantiations are x+2 and x0-1, then the equality is directly solved by Ring

again. Once cir proved, we can perform, in a procedural way, the rewriting steps
in the conclusion (we do not detail all the tactics and lemmas involved, which
may require an advanced knowledge of Coq, and the reader only has to know
what transformation is carried out by this procuderal part) to obtain the type
of cir and to be able to conclude with the direct use of cir (with the tactic
Exact). Finally, the induction over n is done using the term nat_ind directly
with the corresponding proofs cb and ci as arguments.

Regarding proof style, we can notice that rewriting is, a priori, compatible
with Lpdt. The user only has to make a cut of the expression where the rewritings
have been done and this cut is then directly used in the procedural part, which
carries out the rewritings. This method allows us to use rewriting in a procedural
way and in the middle of a proof. This seems to be a good method if rewriting is
not heavily used. Otherwise, for example, for proofs which are built exclusively
using rewritings (lemmas proved over axiomatizations), this could be a bit rigid
and an interesting extension of Lpdt could consist in providing an appropriate
syntax for equational reasoning.

5 Conclusion

5.1 Summary

In this paper, several points have been achieved:

� We have compared three proof styles, namely, the declarative, the procedu-
ral and the term style. This has been done by means of three well-known
theorem provers, which are respectively, Coq,Mizar and Alfa. It has appeared
that these three styles do not deserve to be opposed but were dedicated to
speci�c kinds of proofs. A merging could allow the user greater freedom in
the presentation of his/her proofs.

� In this view, a uniting language, called Lpdt, has been designed in the context
of the Coq proof system. In particular, the declarative features are available
by means of Let . . . In's and toplevel Let's. The procedural parts are directly
inherited from the tactic language of Coq. Finally, the term language uses the
intuitionistic Curry-Howard isomorphism in the context of Coq and is based
on a language of incomplete proof terms (i.e. with metavariables), which can
be re�ned by some instantiations.

� As a major originality of Lpdt, a formal semantics has been given. This
semantics consists essentially in building a proof term (always using Curry-
Howard's isomorphism) corresponding to a given script. Here, the novelty
has been to give also such a semantics for declarative and procedural parts.

� An implementation for versions V7 of Coq has been also realized. Some
examples have been described and can be already evaluated in this prototype.
In particular, those examples have shown that these three kinds of languages
could naturally coexist in the same proof.
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5.2 Extensions and Future Work

Some evolutions or improvements for Lpdt can be expected:

� As seen in the example of the stamp problem (subsection 4.2), Lpdt could
be more appropriate to build easily proofs by rewritings. Such proofs can be
made in Lpdt, but this must be rather sporadic and especially trivial enough
in such a way that the corresponding cut can be easily related to the initial
goal. Thus, another method remains to be found to deal with proofs which
use equational reasoning heavily. An idea could be to add a feature, which
allows us to iterate some equalities, as e.g., in the Mizar-mode for HOL.

� Lpdt provides various Let's, which add declarative features to the language
(especially the toplevel Let's). However, the way the lemmas introduced by
some Let's are combined to prove some other more complex lemmas can
be improved in order to get a more declarative behavior. Indeed, as can be
seen in the examples we have described (section 4), the auxiliary lemmas,
which are declared by some Let's, are simply and directly used. No speci�c
automation is used to combine them and to solve. It would be interesting
to add some automations here, because this is also a signi�cative feature
of declarative systems12. A �rst step, almost for free, could consist in using
naturally the tactic Auto and adding systematically the lemmas declared by
some Let's in the database of this tactic. A more ambitious step would be
to make Auto perform automatically some inductions.

5.3 Generalization and Discussion

To conclude, we can wonder how such a proof language could be generalized
to other logical frameworks and, in particular, how it could be applied to other
proof systems. As can be seen, in Lpdt, the term part has been clearly emphasized
and, in a way, Curry-Howard's isomorphism is brought to light. Indeed, here,
λ-terms are not only seen as a way of coding (or programming) proofs and giving
a computational behavior to proofs, but also as a way of expressing proofs. So,
Lpdt can be applied, almost for free, to other systems based on the (intuitionistic)
Curry-Howard isomorphism, such as Lego or Nuprl. We can also include Alfa,
although Alfa does not provide any tactic language yet (to add such a language
to Alfa would certainly be a signi�cative work, but more from a practical point of
view than for theoretical reasons). Next, if we want to deal with other systems,
the problem becomes a bit more di�cult due to the term part. First, a good idea
would be to consider only procedural systems (as said previously, to provide a
full tactic language is a quite signi�cative and tedious task), such as PVS or HOL.
As those systems are generally based on classical logic, this means we have to
consider a classical Curry-Howard isomorphism and we have to design another
term language using some λC-calculi or λµ-calculi. Such an extension could be

12 For instance, ACL2 (successor of Nqthm) provides a huge automation and evenMizar,
which is less automated, has a non trivial deduction system, which is hidden behind
the keyword by.
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very interesting because as far as the author knows, no classical proof system
based on such λ-calculi has been ever designed. Finally, if we deal with pure
declarative systems, like Mizar or ACL2, the task is quite harder because we have
to build the term part, as well as the procedural part (but again, this must be
considered as a problem in practice and not from a theoretical point of view).
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Abstract. Proof critics are a technology from the proof planning para-
digm. They examine failed proof attempts in order to extract information
which can be used to generate a patch which will allow the proof to go
through.
We consider the proof of the “whisky problem”, a challenge problem
from the domain of temporal logic. The proof requires a generalisation
of the original conjecture and we examine two proof critics which can be
used to create this generalisation. Using these critics we believe we have
produced the first automatic proofs of this challenge problem.
We use this example to motivate a comparison of the two critics and
propose that there is a place for specialist critics as well as powerful
general critics. In particular we advocate the development of critics that
do not use meta-variables.

1 Introduction

Proof planning is an AI-search based technique for automated proof. It has
been applied with particular success to proofs by mathematical induction. A
significant component of proof planning is the use of critics to patch failed proof
attempts based upon the way in which the proof is proceeding. Proof critics exist
which provide generalisations, speculate missing lemmas and revise induction
schemes.

The “whisky problem” is a challenge problem from the domain of first order
temporal logic. Its proof requires induction and a generalisation of the original
conjecture. Proof critics appeared to be an obvious technology to use in an
attempt to provide an automated proof of this theorem. We use the whisky
problem here as a basis for the examination of two generalisation critics. The
first of these uses meta-variables which are gradually instantiated as a proof
progresses. The second is a more specialised equivalent which did not use such
meta-variables. The second critic proved more robust to slight changes to the
context in which the proof attempt was performed and illustrated that it is
sometimes beneficial to favour a less general solution (if one is available).
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2 The Whisky Problem

Temporal logics are extensions of classical logic. They add a concept of time to
classical logic and include syntax for the way things may persist or change as
time progresses. They are closely related to modal logics. In general such logics
introduce additional quantifiers: in this case box, �, and circle,©. In the domain
of linear discrete temporal logic � is generally taken to mean “always” and ©
as “next”. Time is modeled as a sequence of discrete states so ©P means that
P will be true at the next point in time. There is not the space here to give a
full description of temporal logics. The interested reader is refered to [10].

Several effective automatic approaches have been developed for propositional
modal and temporal logic (e.g. [9]). There has been relatively little work in the
field of first-order temporal logics, many of which are undecidable. Contributions
in this area include [6,7].

The whisky problem1 is a challenge problem in the domain of linear, discrete
first-order temporal logic. Its statement is:

p(a)∧
∀x. (p(x)⇒ p(h(x)))∧

�∀x. (p(h(x))⇒©p(x))⇒
�p(a).

The challenge here is that, in order for the proof to go through, the conjecture
p(a) has to be generalised to p(hn(a)) where hn indicates n applications of the
function h. This solution is actually outside the first order domain but a similar
solution can be obtained by enriching the First-Order signature to contain a new
function2.

We have investigated two proof critics which interrupt the course of the proof
to suggest generalisations of the original conjecture based on information gained
by the failure of the naive proof attempts. Both the generalisation mechanisms
eventually proposed the generalisation used in the hand proof.

3 Proof Planning and The Lambda-Clam Proof Planner

Proof planning was first suggested by Bundy [2]. A proof plan is a proof of
a theorem at some level of abstraction presented as a tree. A proof plan is
generated using AI-style planning techniques. The planning operators used by a
proof planner are called proof methods.

The first and most famous proof plan is that for induction with the asso-
ciated rippling heuristic (a form of rewriting constrained to be terminating by
meta-logical annotations). This was implemented in the Clam [5] proof planner.
1 This problem is attributed to Regimantas Pliuskevicius. But the problem as stated
here is considerably more concrete than the general problem posed by Dr. Pliuske-
vicius (Private Communication). Reputedly Dr. Pliuskevicius has promised a bottle
of whisky for the first automatic proof of the problem – hence its name.

2 Anatoli Degtyarev, Private Communication.
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λClam [14], which we used for this work, is a higher-order descendant of Clam
which incorporates both a hierarchical method structure and proof critics (which
have not previously been available together in a proof planning system).

λClam is written in Teyjus λProlog. It works by using depth-first planning
with proof methods. Each node in the search tree is a subgoal under considera-
tion at that point. The planner checks the preconditions for the available proof
methods at each node and applies those whose preconditions succeed to create
the child nodes. The plan produced is then a record of the sequence of method
applications that lead to a trivial subgoal. λClam ’s proof methods are believed
to be sound although they are not currently reducible to sequences of inference
rule applications. We consider this to be comparable to Jones’ notion of rigorous
argument [12]3.

4 Proof Methods

Proof method application is governed by the preconditions (which may be either
legal or heuristic in nature) and by a proof strategy which restricts the methods
available depending on the progress through the proof. For instance we may
wish to simplify a goal as much as possible by applying a rewriting method
exhaustively before considering other procedures such as checking for tautologies.

A proof method can be atomic or compound. If it is compound then it is
a methodical expression [13] (or sub-strategy) which refers to other methods
(e.g. (repeat meth sym eval) – which can be interpreted as repeatedly ap-
ply symbolic evaluation). In this example sym eval is itself another compound
method while repeat meth is a methodical4. Other methodicals exist for se-
quencing methods, creating or choices etc. and so complex proof strategies for
controlling the search for a proof can be created.

The Proof Strategy for Induction. The proof strategy for induction can
be seen in figure 1. This is implemented as a selection of atomic and compound
methods. The diagram shows a top level repeat which attempts a disjunction
of methods. These include basic tautology checking, generalisation of common
subterms and also symbolic evaluation and the induction strategy (ind strat).
Within the induction strategy, the induction method performs ripple analysis [3]
to choose an induction scheme (from a selection specified in λClam ’s theories)
and produces subgoals for base and step cases. In brief, ripple analysis applies
the induction scheme and then looks to see how many of the instances of the new
structure associated with the induction variable can be rewritten – from this it
constructs a heuristic score which it uses to choose an appropriate scheme and
induction variable.

The top level strategy is then applied once more to the base cases. The step
cases are annotated with skeletons and embeddings and then the wave method
3 Jones describes a rigorous argument as one that while not fully formal appears in
sufficient detail that the writer knows how to formalise it.

4 Analogous to a tactical in an LCF style theorem prover.
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Symbolic Evaluation

Induction_meth

Other Methods...

wave_method

Fertilise

step_case

(Base Cases) (Step Cases)

Ind_strat

Induction_top_meth

Fig. 1. The Proof Strategy for Induction

is repeatedly applied to them followed by fertilisation (exploitation of the induc-
tion hypothesis). Annotations are then removed. The methods (set up ripple
and post ripple) which place and remove annotations are omitted from the
diagram. The results are then passed out to the top level strategy again. The
process terminates when all subgoals have been reduced to true (or false in the
case of failure).

We will discuss the wave method in more detail since it underpins the gen-
eralisation critics we used. The wave method embodies the rippling heuristic.
Rippling was first introduced in [4]. We use the theory as presented by Smaill
and Green [15] who proposed a version that naturally coped with higher-order
features. Rippling steps apply rewrite rules to a target term (called the erasure)
which is associated with a skeleton and an embedding that relates the skeleton
to the erasure (e.g. rippling rewrites an induction conclusion which has an induc-
tion hypothesis embedded in it so the induction hypothesis is the skeleton and
the conclusion is the erasure). After rewriting, a new embedding of the skeleton
into the rewritten term is calculated. There is a measure on embeddings and any
rewriting step must reduce this embedding measure (written as <µ).

Rippling is terminating [1]. Rippling either moves differences outwards in
the term structure so that they can be canceled away or inwards so that the
differences surround a universally quantified variable (or sink). If it is possible
to move differences inwards in this way the embedding is said to be sinkable.
The measure on embeddings allows differences that are being moved outwards
to be moved inwards but not vice versa.
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The wave method method has five preconditions. It finds a rewrite rule that
rewrites the goal. It then checks that there is still an embedding of the skeleton
into the rewritten goal and that this new embedding is less, according to the
embedding measure, than the original embedding. It checks that the embedding
is sinkable and that any conditions for the application of the rewrite rule are
trivial. This is shown in figure 25.

Input

ripple goal(H � G, S, E).

where ripple goal is a triple of a sequent, a skeleton, S and an embedding, E, of that
skeleton into the goal, G.

Preconditions

1. The conditional rewrite rule Rule, Cond ⇒ X ⇐:⇒ Y instantiated with some
substitution σ, applies to G and rewrites it to G′.

2. There is an embedding E′ that embeds S in G′.
3. E′ <µ E.
4. σ(Cond) = True or σ(Cond) ∈ H .
5. E′ is sinkable.

Output

ripple goal(H � G′, S, E′)

Fig. 2. The Wave Method

The method will backtrack in order to try to satisfy all requirements, and
if it is successful returns a new goal. The main advantages of rippling are that
it allows an equation to be treated as a rewrite in both directions without loss
of termination and provides useful information for automatically patching failed
proof attempts.

We will annotate the goals in our presentation of λClam ’s proof in order to
indicate to the reader how the current embedding relates the skeleton to the
erasure. If one expression can be embedded into another then this is indicated
in the notation by placing boxes (or wave fronts) round the additional parts
of the larger expression. The embedded expression can be identified as those

5 We use the notation ⇐:⇒ and :⇒ to indicate rewrite rules. ⇐:⇒ indicates that the
rule is derived from an equality and can be used in either direction while :⇒ implies
it is derived from an implication.
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parts of the expression that are outside the boxes or those parts within boxes
which are underlined (called wave holes). As an example the result of difference
matching s(x)6 and s(x+y) would be s( x+ y ). Here the first expression, s(x),
appears outside the wave fronts or in the wave holes of the annotated expression.
If the annotations of s( x+ y ) are stripped away then the second expression,
s(x+ y), is left. s(x) is the skeleton and s(x+ y) is the erasure. During rippling
the direction in which a difference is moving is indicated using an arrow on the
wave fronts. If a difference is moving outward in the term structure the arrow is
upwards and if the difference is moving inward then the arrow is downwards. We
indicate variables which are universally quantified in the skeleton (i.e. sinks) with
the symbol ��. So if for instance the induction hypothesis were ∀y.n+ y = y+n

then the conclusion might be annotated as s(n)
↑
+ �y� = �y�+ s(n)

↑
7.

4.1 Proof Critics

A proof strategy provides a guide to which proof methods should be chosen at
any given stage of the proof. Knowing which method is expected to apply gives
additional information should the system generating the plan fail to apply it.
Proof critics [11] can be employed to analyse the reasons for failure and propose
alternative choices. Critics are expressed in terms of preconditions and patches.
The preconditions examine the reasons why the method has failed to apply;
ideally they do this with reference to the preconditions of the proof method
although they may also include extra information. The proposed patch suggests
some change to the proof plan. It may choose to propagate this change back
through the plan and then continue from the current point, or it may choose to
jump back to a previous point in the proof plan.

As an example of a proof critic, consider the generalisation critic suggested
by Ireland [11]. The development of this critic is motivated by consideration of
the proof of the correctness of qrev.

The rewrite rules for qrev are as follows:

qrev(nil, L)⇐:⇒ L, (1)
qrev(H :: T, L)⇐:⇒ qrev(T,H :: L), (2)

The goal is
∀l. rev(l) = qrev(l, nil).

In order for a proof to go through this must be generalised to

∀l,m. rev(l) <> m = qrev(l,m).

6 The semantics of the symbols here is unimportant to the description but s can be
viewed as the successor function on natural numbers and + as addition on natural
numbers. This is consistent with the use of these symbols elsewhere in this paper.

7 Note that in the conclusion the universal quantifier has been removed by skolemisa-
tion.
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During the inductive proof of the original conjecture the rippling becomes
“blocked” at the goal

h : α, t : list(α), rev(t) = qrev(t, nil) �
rev(t) <> h :: nil

↑
= qrev( h :: t

↑
, nil),

while the rewrite rule (2) applies here, it cannot be used because the resulting

annotated term qrev(t, h :: nil
↓
) is unsinkable: nil is a constant not a variable.

The generalisation critic is motivated by the failure of the sinkability precondi-
tion to speculate a new goal:

∀x, y. F (rev(x), y) = qrev(x,G(y)).

Here capital letters indicate meta-variables which will be instantiated during
the course of the proof. This generalisation is created by placing a new variable
(called the generalised variable) in the place of the wave hole of the unsinkable
wave front, this is a subterm (called the blocking subterm), and creating a meta-
variable indicating that there may be some function (as yet unknown) applied
to the generalised variable. We call this new term the generalised subterm. Since
the skeleton appears in the wave holes of the erasure the blocking subterm will
also appear in the induction hypothesis and (in the same place) in the goal
to which induction was originally applied. It is possible from this to work out
a generalisation of this original goal where the generalised subterm appears in
place of the blocking subterm – so in the example G(y) (the generalised subterm)
replaces nil (the blocking subterm). In the case of a proof involving equality, the
generalised variable is also available on the other side of the equality and again
a meta-variable is introduced to indicate there may be some function involving
that variable. The critic is shown in figure 3.

5 Representing the Whisky Problem in λClam

λClam contains no theory of temporal logic. This means it has no induction
schemes, rewrite rules, inference rules etc. specialised to the syntax and semantics
of temporal logic. However it is fairly trivial to translate problems like the whisky
problem into problems in arithmetic (for which λClam has considerable support).
This is done primarily by including a new argument (usually t) in all predicates
indicating the point in time at which they are true. The whisky problem is
represented as three axioms and a goal to be proved. The axioms are:

p(a, 0),
∀x : nat. p(x, 0)⇒ p(h(x), 0),

∀x : nat, t : nat. p(h(x), t)⇒ p(x, s(t)).
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Fires if rippling has failed.

Preconditions

– The first four preconditions for rippling have successfully applied.
– Precondition 5 has failed (i.e. the embedding is unsinkable).

Patch

Let t be the blocking subterm (i.e. the subterm of the conclusion which lies in the
wave hole of the unsinkable wave front). The goal to which induction was originally
applied is P (t). t is of type α. Generalise this goal to ∀x : α. P (G(x)). If the goal is of
the form X = Y (t) then generalise it to ∀x : α. F (X,x) = Y (G(x)) and vice versa if t
appears in X. Restart the proof from that goal with a generalisation step to this new

goal.

Fig. 3. The Ireland Generalisation Critic

These are treated as the following rewrite rules in λClam :

p(a, 0) :⇒ T, (3)
p(h(X), 0) :⇒ p(X, 0), (4)
p(X, s(T )) :⇒ p(h(X), T ). (5)

λClam also expects all variables and constants to be typed. In what follows we
have chosen the a to be of type nat (natural numbers) and so h is of type nat ->
nat etc. Note that the implications in the rewrites are in the opposite direction
to those in the axioms because λClam uses backwards proof.

The goal to be proved is

∀t : nat. p(a, t).

The induction meth method is applied. This chooses to perform induction on
t using the standard induction scheme for natural numbers. This produces two
goals: a base case and a step case:

p(a, 0), (6)
n : nat, p(a, n) � p(a, s(n)). (7)

Base Case (6)

The base case rewrites easily to true using symbolic evaluation and the rule (3).
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Step Case (7)

The step case is annotated as:

n : nat, p(a, n) � p(a, s(n) ↑
).

The rewrite rule (5) matches but rippling fails because the resulting annotation,

p( h(a)
↓
, n) is unsinkable since a is a constant.

It is at this point that a critic can be applied.

6 The Ireland Generalisation Critic

The first proof critic we investigated was the Ireland critic (already described).
This speculated the following generalisation:

∀x : nat, t : nat. p(F (x), t),

which is introduced as a new subgoal where the induction meth method was
previously used and the proof is restarted from that point.

The induction meth method succeeds as before with the induction rule on
natural numbers to give the following base and step cases:

∀x : nat. p(F (x), 0), (8)
n : nat, ∀x : nat. p(F (x), n) � ∀x : nat. p(F (x), s(n)). (9)

6.1 Base Case (8)

Once again all the proof methods fail until the system attempts induction. This
time ripple analysis suggests the use of a rather unusual induction scheme:

P (B) n : nat, P (Gn(B)) � P (G(Gn(B)))
∀n : nat.P ((λx.Gx(B))(n))

, (10)

Fn represents n applications of F . Its use within λClam is governed by the
rewrite rules:

F 0(X)⇐:⇒ X (11)
F s(N)(X)⇐:⇒ F (FN (X)) (12)

The application of this new induction scheme (10) instantiates F to λx.Gx(B)
where G and B are new meta-variables yet to be instantiated. This creates the
following base and step case:

p(B, 0), (13)
n : nat, p(Gn(B), 0) � p(G(Gn(B)), 0). (14)
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Base Case (13). This is rewritten to true using (3) and instantiating B to a.

Step Case (14). The step case is now

n : nat, p(Gn(a), 0) � p(G(Gn(a)), 0),

since B has been instantiated as a. This is annotated as:

n : nat, p(Gn(a), 0) � p( G(Gn(a))
↑
, 0),

and then rippled using (4)

n : nat, p(hn(a), 0) � p(hn(a), 0).

This instantiates G to h. The hypothesis and conclusion are now identical and
the goal is proved using fertilisation.

Step Case (9)

This is the step case of the previous induction. Recall F has now been instanti-
ated (via instantiations of B and G) to λx.hx(a). So the goal is:

n : nat ∀x : nat. p((λn.hn(a))(x), n) � ∀x : nat. p((λn.hn(a))(x), s(n)).

We move the universally quantified variable in the conclusion to the meta-
level. At this point we β-reduce both the hypothesis and conclusion before we
continue. The set up ripple method which performs annotations was modified
to perform β-reduction at the same time (if appropriate)8 giving the annotated
goal:

x′ : nat, n : nat, ∀x : nat. p(hx(a), n) � p(h�x′�(a), s(n) ↑
).

Rippling proceeds with (5) and (12):

x′ : nat, n : nat, ∀x : nat. p(hx(a), n) � p( h(h�x′�(a))
↓
, n),

x′ : nat, n : nat, ∀x : nat. p(hx(a), n) � p(h
s(�x′�) ↓

(a), n).

This then succeeds by fertilisation matching s(x′) in the conclusion with the
universally quantified x in the hypothesis.

8 This did not adversely effect any of our existing benchmark theorems so can be
assumed to be harmless.
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6.2 Discussion

Using the Ireland critic, λClam can successfully prove the whisky problem in an
automated fashion. However it has to be “set up” carefully in order for this to
work. For instance the induction scheme (10) had to be added to the program’s
knowledge base. In principle this is not a problem since we can assume that an
automated theorem prover should operate with a large knowledge base.

The conclusion of this new rule, however, is suspect. The conclusion is ∀n :
nat. P ((λx.Gx(B))(n)) and is expressed in this way so it can match ∀t : nat.
p(F (n), t) with P instantiated to λx.p(x, y) and F instantiated to λx.Gx(B).
This only matches the goal because n in the goal is of type nat. This is the case
because we happened to have arbitrarily chosen a to be of type nat and so a
variable of this type was used in the generalisation. Had we chosen a to have
been of some other type then the rule could not have matched and no proof
would have been found.

There were also several less serious complications. The default context in
which λClam works had to be altered to remove (4) from the list of rules consid-
ered by symbolic evaluation. If (4) had been available to the symbolic evaluation
process then it would have rewritten p(F (x), 0) to p(x, 0) instantiating F to h
before induction was applied. This is an incorrect generalisation of the initial
conjecture9. The proof attempt then fails to show that the generalisation im-
plies the initial conjecture at the end of the planning process (a step that we’ve
omitted from the presentation of the proofs).

We had to alter the order in which the base and step cases were considered.
As a general heuristic we have found it better to consider step cases first in an
induction attempt since they tend to be more complex to prove and it is usually
more important that meta-variables are instantiated correctly during their proof.
In this example it was in the base case that the instantiation of the meta-variable
was critical. We also had to add the ability for the set up ripple method to
perform some β-reduction.

Of these problems we consider the first, the fact that the proof only succeeded
because we chose a to be a natural number, to be the most significant although
the rest indicate that the amount of customisation of the planner required to get
a proof to work means that a proof like this could only really be found when the
planner was used by an expert. This throws some doubt on the extent to which
the process can be considered automatic.

7 The Walsh Generalisation Critic

Given the technical problems involving the use of the Ireland critic it seemed
worth investigating alternative approaches to the problem.

A family of critics has been suggested for trapping divergence in proofs.
The first critic in this family was suggested by Walsh [16] and was used in

9 I.e. It is not a generalisation of the initial conjecture and so the initial conjecture
can not be proved from it.
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proof by implicit induction. A similar critic has also been used with proof by
coinduction [8]. This divergence occurs when the pursuit of the proof contains a
sequence of goals each involving some accumulating structure e.g.

p(a, 0),
p(h(a), 0),

p(h(h(a)), 0).

The divergence critic for proof by coinduction speculated a generalisation of the
form hn(a) which is the desired generalisation in this case. It therefore seemed
interesting to explore whether such a critic could be used with the inductive
proof strategy.

Divergence is spotted by embedding subsequent goals in each other (e.g.
p(a, 0) and p(h(a), 0)). The resulting embedding tells us that anything contained
in a wave front of the second term and not in a wave hole is some sort of
accumulating structure. The suggested patch is then to treat the contents of the
wave front as a function and apply it n times as the generalisation.

We have the added advantage when applying this critic during a ripple proof
that we have already calculated the embedding of the induction hypothesis into
the conclusion which performs the difference matching process for us. The critic
is shown in figure 4.

Fires if rippling has failed.

Preconditions

– The first four preconditions for rippling have successfully applied.
– Precondition 5 has failed (i.e. the embedding is unsinkable).

Patch

Let t be the blocking subterm. From the unsinkable embedding determine the
function represented by the unsinkable wave front λx.F (x). The goal to which

induction was originally applied is P (t). Generalise this goal to P (F n(t)). Restart the
proof from this goal with a generalisation step to this new goal.

Fig. 4. The Walsh Generalisation Critic

Notice that the preconditions for this critic are identical to those for the
Ireland critic. However it will not fire in all the same cases. For instance in the
original example of the correctness of qrev, F is instantiated to λx. h :: x –
this captures a variable h which was introduced by the induction meth itself.
λProlog’s internal unification algorithm will not allow this variable to get out



194 Louise A. Dennis and Alan Bundy

of scope and so will prevent the instantiation taking place. This is a good thing
since it is unlikely that (λx. h :: x)n will be an appropriate generalisation since
the h will change each time an element is removed from the list.

The proof proceeds as with the first proof until the introduction of the gen-
eralisation. Here the generalisation is:

∀x : nat, t : nat. p(hx(a), t).

The induction meth method then performs induction on t

n : nat, ∀x : nat. p(hx(a), n) � ∀x : nat. p(hx(a), s(n)), (15)
∀x : nat. p(hx(a), 0). (16)

Step Case (15)

The step case is annotated as

x′ : nat, n : nat, ∀x : nat. p(hx(a), n) � p(h�x′�(a), s(n) ↑
),

and its proof proceeds exactly as the last part of the proof using the Ireland
generalisation critic.

Base Case (16)

Again induction succeeds this time on x

n : nat, p(hn(a), 0) � p(hs(n)(a), 0), (17)
p(h0(a), 0). (18)

Step Case (17). The step case is annotated as

n : nat, p(hn(a), 0) � p(h s(n)
↑

(a), 0),

and then rippled as follows using (12) followed by (4):

n : nat, p(hn(a), 0) � p( h(hn(a))
↑
, 0),

n : nat, p(hn(a), 0) � p(hn(a), 0),

fertilisation then completes the case.

Base Case (18). Rewrites to true using symbolic evaluation and (11) followed
by (3).
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7.1 Discussion

This critic is considerably less general than the Ireland critic and will apply in
fewer situations because of the restrictions involving variable capture. However
it has the advantage of avoiding many of the problems caused by the use of
meta-variables and is therefore more robust. It achieves an automated proof of
the whisky problem in the standard set up and context of λClam .

The only alteration we had to make was the addition of the new critic which
means we have to ask whether it will apply in a range of situations or whether it is
tailored to this particular problem. Observing that the whisky problem depends
upon the use of freely generated terms it is possible to come up with similar
problems10. We developed a small corpus of about half-a-dozen such problems.
Our methods and critic are able to handle some of these. The proofs of the others
tended to depend on techniques not yet implemented in λClam such as lemma
speculation or mutual recursion and so were not attempted. The critic was also
unable to handle one problem where an alternating structure was required. This
problem was created by adding the rule

p(X, s(T )) :⇒ p(k(X), T ),

to the set of rewrites used in the whisky problem and altering rewrite rule (4)
to

p(h(k(X)), 0) :⇒ p(X, 0).

In this case the necessary generalisation is p((h ◦ k)n(0), t) while the critic spec-
ulates p(hn(0), t).

8 Using the Critics Together

Since both critics are triggered by the same failed precondition it would be ideal
if we could determine situations when one should be preferred over the other
and build that into the critic preconditions. We adapted our existing default set
up in λClam so that it would attempt both critics (first the Walsh critic and
then the Ireland critic). In this set up the existing (small) set of benchmarks for
testing the Ireland critic continued to plan, suggesting that the new critic did
not negatively affect the overall ability of the inductive proof strategy.

Brotherston11 has been investigating alternatives to the depth-first approach
currently adopted by λClam . In particular he has developed a best-first style
planner which could potentially be used to decide between critics and between
the use of symbolic evaluation or induction (and possibly between whether to
attempt the base or the step case first in an induction). This would require the
development of heuristic functions by which the goodness of a given method, goal
or critic could be assessed. We need to find a wider range of examples before
this could take place.
10 This observation was made by Alexei Lisitsa who also assisted with generating similar
problems.

11 Private Communication and MRG BBNotes 1405 and 1409.
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9 Related Work

Castellini and Smaill [6] have written a tactic-based theorem prover, FTL, for
first-order modal and temporal logics in Teyjus Prolog. This performs proof in
a family of sequent based calculi for quantified temporal logics.

They have created several high-level tactics for automating large parts of a
proof. FTL has proved a simplified version of the whisky problem:

p(a) ∧�∀x : nat. (p(a)→ p(h(x))) ∧�∀x : nat. (p(h(x))→©p(x))→ �p(a).
This presentation of the problem allows a proof where the accumulating h can
be simplified away at any point in time instead of working back to the original
starting time point. This proof is within the scope of the auto tac developed for
FTL which exhaustively applies the induction tactics. Castellini and Smaill are
investigating integrating their system with λClam and so hopefully the methods
and critics here could be adapted to provide a formal automatic proof of the full
whisky problem. Clearly their logic would also have to be extended to cope with
the higher-order features of the proof.

10 Conclusion

We have investigated the use of two generalisation critics to provide an auto-
mated proof of the whisky problem, a challenge problem for induction from the
domain of temporal logic.

The first of these critics is more general but its use of meta-variables made
it very sensitive to the context in which the proof was taking place and caused
the user to do a certain amount of “fiddling” in advance of the proof attempt in
order for it to go through. The second critic was more specialised and had not
been used in the context of explicit induction before. With this critic the λClam ’s
“default” context was able to produce a proof of the theorem automatically. The
new critic comes from a family of similar critics used in other domains and we
are convinced that it is sufficiently general that it could be used on a class of
problems and is not tailored specifically to this conjecture.

This research suggests that we should look to develop critics which do not
use meta-variables where this is possible. It seems plausible to assume that such
alternatives may well be less powerful than versions using meta-variables but
where they can be used they may prove to be more robust.

As far as we are aware these two proofs provide the first automated solutions
to the whisky problem and demonstrate the power and flexibility of the existing
proof planning methods and critics.
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Abstract. The use of higher-order abstract syntax is central to the di-
rect, concise, and modular specification of languages and deductive sys-
tems in a logical framework. Developing a framework in which it is also
possible to reason about such deductive systems is particularly challeng-
ing. One difficulty is that the use of higher-order abstract syntax com-
plicates reasoning by induction because it leads to definitions for which
there are no monotone inductive operators. In this paper, we present
a methodology which allows Coq to be used as a framework for such
meta-reasoning. This methodology is directly inspired by the two-level
approach to reasoning used in the FOλ∆N (pronounced fold-n) logic. In
our setting, the Calculus of Inductive Constructions (CIC) implemented
by Coq represents the highest level, or meta-logic, and a separate speci-
fication logic is encoded as an inductive definition in Coq. Then, in our
method as in FOλ∆N, the deductive systems that we want to reason
about are the object logics which are encoded in the specification logic.
We first give an approach to reasoning in Coq which very closely mimics
reasoning in FOλ∆N illustrating a close correspondence between the two
frameworks. We then generalize the approach to take advantage of other
constructs in Coq such as the use of direct structural induction provided
by inductive types.

1 Introduction

Higher-order abstract syntax encodings of object logics are usually expressed
within a typed meta-language. The terms of the untyped λ-calculus can be en-
coded using higher-order syntax, for instance, by introducing a type tm and two
constructors: abs of type (tm→ tm)→ tm and app of type tm→ tm→ tm. As
this example shows, it is often useful to use negative occurrences of the type in-
troduced for representing the terms of the object logic. (Here the single negative
occurrence is in boldface.) Predicates of the meta-logic are used to express judg-
ments in the object logic such as “term M has type t”. Embedded implication is
often used to represent hypothetical judgments, which can result in negative oc-
currences of such predicates. For example the following rule which defines typing
for λ-abstraction in the object logic

(x : τ1)
M : τ2

λx.M : τ1 → τ2

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 198–213, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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can be expressed using the typeof predicate in the following formula.

∀M : tm→ tm.∀τ1, τ2 : tm.
(∀x : tm.(typeof x τ1) ⊃ (typeof (M x) τ2))
⊃ (typeof (abs M) (τ1 → τ2))

The Coq system [21] implements the Calculus of Inductive Constructions (CIC)
and is one of many systems in which such negative occurrences cause difficulty.
In particular, the inductive types of the language cannot be used directly for
this kind of encoding of syntax or inference rules.

FOλ∆N is a logical framework capable of specifying a wide variety of deduc-
tive systems [13]. It is one of the first to overcome various challenges and allow
both specification of deductive systems and reasoning about them within a sin-
gle framework. It is a higher-order intuitionistic logic with support for natural
number induction and definitions. A rule of definitional reflection is included and
is central to reasoning in the logic [8]. This rule in particular represents a signif-
icant departure from the kinds of primitive inference rules found in Coq and a
variety of other systems that implement similar logics. Our methodology illus-
trates that, for a large class of theorems, reasoning via this rule can be replaced
by reasoning with inductive types together with a small number of assumptions
about the constants that are introduced to encode a particular deductive system.

We define both the specification logic and the object logic as inductive defi-
nitions in Coq. Although there are no inductive definitions in FOλ∆N, our Coq
definitions of specification and object logics closely resemble the corresponding
FOλ∆N definitions of the same logics. The use of a two-level logic in both FOλ∆N

and Coq solves the problem of inductive reasoning in the presence of negative
occurrences in hypothetical judgments. Hypothetical judgments are expressed at
the level of the object logic, while inductive reasoning about these object logics
takes place at the level of the specification logic and meta-logic. More specif-
ically, in FOλ∆N, a combination of natural number induction and definitional
reflection provides induction on the height of proofs in the specification logic. For
the class of theorems we consider, we can mimic the natural number induction
of FOλ∆N fairly directly in Coq. In addition, the Coq environment provides the
extra flexibility of allowing reasoning via direct induction using the theorems
generated by the inductive definitions. For example, we can use direct structural
induction on proof trees at both the specification level and the object-level.

One of our main goals in this work is to provide a system that allows pro-
gramming and reasoning about programs and programming languages within a
single framework. The Centaur System [3] is an early example of such a system.
We are interested in a proof and program development environment that sup-
ports higher-order syntax. In particular, we are interested in the application of
such a system to building proof-carrying code (PCC) systems. PCC [17] is an
approach to software safety where a producer of code delivers both a program
and a formal proof that verifies that the code meets desired safety policies. We
have built prototype PCC systems [1,2] in both λProlog [16] and Twelf [19] and
have found higher-order syntax to be useful in both programming and express-
ing safety properties. Definitional reflection as in FOλ∆N is difficult to program
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directly in λProlog and Twelf. On the other hand, support for inductive types
similar to that of Coq is straightforward to implement. We hope to carry over the
methodology we describe here to provide more flexibility in constructing proofs
in the PCC setting.

In this paper, after presenting the Calculus of Inductive Constructions in
Sect. 2, we begin with the example proof of subject reduction for the untyped
λ-calculus from McDowell and Miller [13] (also used in Despeyroux et al. [5]).
For this example, we use a sequent calculus for a second-order minimal logic
as our specification logic. We present a version of the proof that uses natural
number induction in Sect. 3. By using natural number induction, we are able
to mimic the corresponding FOλ∆N proof, and in Sect. 4 we discuss how the
FOλ∆N proof illustrates the correspondence in reasoning in the two systems.
In Sect. 5, we present an alternate proof which illustrates reasoning by direct
structural induction in Coq. In Sect. 6, we conclude as well as discuss related
and future work.

2 The Calculus of Inductive Constructions

We assume some familiarity with the Calculus of Inductive Constructions. We
note here the notation used in this paper, much of which is taken from the Coq
system. Let x represent variables and M , N represent terms of CIC. The syntax
of terms is as follows.

Prop | Set | Type | x | MN | λx : M.N |
∀x : M.N | M → N | M ∧N | M ∨N |

∃x : M.N | ¬M | M = N | True | Ind x : M {N1| · · · |Nn} |
Rec M N | Case x : M of M1 ⇒ N1, . . . ,Mn ⇒ Nn

Here ∀ is the dependent type constructor and the arrow (→) is the usual abbre-
viation when the bound variable does not occur in the body. Of the remaining
constants, Prop, Set, Type, λ, Ind, Rec, and Case are primitive, while the oth-
ers are defined. Prop is the type of logical propositions, whereas Set is the type
of data types. Type is the type of both Prop and Set. Ind is used to build in-
ductive definitions where M is the type of the class of terms being defined and
N1, . . . , Nn where n ≥ 0 are the types of the constructors. Rec and Case are
the operators for defining recursive and inductive functions, respectively, over
inductive types. Equality on Set (=) is Leibnitz equality.

A constant is introduced using the Parameter keyword and ordinary defini-
tions which introduce a new constant and the term it represents are defined us-
ing the Definition keyword. Inductive definitions are introduced with an Inductive
declaration where each constructor is given with its type separated by vertical
bars. When an inductive definition is made, Coq automatically generates opera-
tors for reasoning by structural induction and for defining recursive functions on
objects of the new type. We use the section mechanism of the system which pro-
vides support for developing theories modularly. The Variable keyword provides a
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way to introduce constants that will be discharged at the end of a section. Axiom
is used to introduce formulas that are assumed to hold and Theorem introduces
formulas which are immediately followed by a proof or a series of commands
(tactics) that indicate how to construct the proof.

3 An Example: Subject Reduction for the Untyped
λ-Calculus

A variety of specification logics can be defined. In this paper, we use a simple
minimal logic taken from McDowell and Miller [13]. In Coq, we introduce the
type prp to encode formulas of the specification logic, and the type atm (left as
a parameter at this stage) to encode the atomic formulas of the object logic.

Variable atm : Set.
Variable tau : Set.
Inductive prp : Set :=
〈〉 : atm→ prp | tt : prp | & : prp→ prp→ prp |
⇒: atm→ prp→ prp | ∧ : (tau→ prp)→ prp | ∨ : (tau→ prp)→ prp.

The operator 〈〉 is used to coerce objects of type atm to prp. The other con-
structors of the inductive definition of prp define the logical connectives of the
specification logic. We use a higher-order syntax encoding of the quantifiers

∧

(forall) and
∨

(exists), i.e., each quantifier takes one argument which is a λ-term
so that binding of quantifiers in the specification logic is encoded as λ-binding at
the meta-level. Note that we parameterize the quantification type; this version
of the specification logic limits quantification to a single type tau. This is not
a serious restriction here since we encode all syntactic objects in our examples
using the single type tm; also, it can be extended to include other types if nec-
essary. Here, we freely use infix and prefix/postfix operators, without discussing
the details of using them in Coq.

For illustration purposes, we show the induction principle generated by Coq
resulting from the above definition of prp.

∀P : prp→ Prop.
[(∀A : atm.P 〈A〉)→
P (tt)→
(∀B : prp.PB → ∀C : prp.PC → P (B&C))→
(∀A : atm.∀B : prp.PB → P (A⇒ B))→
(∀B : tau→ prp.(∀x : tau.P (Bx))→ P (

∧
B))→

(∀B : tau→ prp.(∀x : tau.P (Bx))→ P (
∨
B))]→ ∀B : prp.PB

After closing the section containing the above definitions, prp will have type
Set→ Set→ Set because atm and tau are discharged.

The Coq inductive definition in Fig. 1 is a direct encoding of the specification
logic. The predicate prog is used to declare the object-level deductive system. It
is a parameter at this stage. A formula of the form (prog A b) as part of the
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Variable prog : atm→ prp→ Prop.
Inductive seq : nat→ list atm→ prp→ Prop :=

sbc : ∀i : nat.∀A : atm.∀L : list atm.∀b : prp.
(prog A b)→ (seq i L b)→ (seq (S i) L 〈A〉)

| sinit : ∀i : nat.∀A,A′ : atm.∀L : list atm.
(element A (A′ :: L))→ (seq i (A′ :: L) 〈A〉)

| strue : ∀i : nat.∀L : list atm.(seq i L tt)
| sand : ∀i : nat.∀B,C : prp.∀L : list atm.

(seq i L B)→ (seq i L C)→ (seq (S i) L (B&C))
| simp : ∀i : nat.∀A : atm.∀B : prp.∀L : list atm.

(seq i (A :: L) B)→ (seq (S i) L (A⇒ B))
| sall : ∀i : nat.∀B : tau→ prp.∀L : list atm.

(∀x : tau.(seq i L (B x)))→ (seq (S i) L (
∧

B))
| ssome : ∀i : nat.∀B : tau→ prp.∀L : list atm.

∀x : tau.(seq i L (B x))→ (seq (S i) L (
∨

B)).
Definition ✄ : list atm→ prp→ Prop := λl : list atm.λB : prp.∃i : nat.(seq i l B).
Definition ✄0 : prp→ Prop := λB : prp.∃i : nat.(seq i nil B).

Fig. 1. Definition of the Specification Logic in Coq

object logic means roughly that b implies A where A is an atom. We will see
shortly how prog is used to define an object logic. Most of the clauses of this
definition encode rules of a sequent calculus which introduce connectives on the
right of a sequent. For example, the sand clause specifies the following ∧-R rule.

L −→ B L −→ C ∧-R
L −→ B ∧ C

In the Coq definition, the natural number i indicates that the proofs of the
premises have height at most i and the proof of the conclusion has height at
most i+1. (S is the successor function from the Coq libraries.) The sinit clause
specifies when a sequent is initial (i.e., the formula on the right appears in
the list of hypotheses on the left). We omit the definition of element, which is
straightforward. The sbc clause represents backchaining. A backward reading of
this rule states that A is provable from hypotheses L in at most i + 1 steps if
b is provable from hypotheses L in at most i steps, where “A implies B” is a
statement in the object logic. The definitions of ✄ and ✄0 at the end of the figure
are made for convenience in expressing properties later. The former is written
using infix notation.

Theorems which invert this definition can be directly proved using the in-
duction and recursion operators for the type seq. For example, it is clear that if
a proof ends in a sequent with an atomic formula on the right, then the sequent
was either derived using the rule for prog (sbc) or the atom is an element of the
list of formulas on the left (sinit). This theorem is expressed as follows.

Theorem seq atom inv : ∀i : nat.∀A : atm.∀l : list atm.(seq i l 〈A〉)→
[∃j : nat.∃b : prp.(i = (S j) ∧ (prog A b) ∧ (seq j l b)) ∨
∃A′ : atm.∃l′ : list atm.(l = (A′ :: l′) ∧ (element A l))].
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Induction principles generated by Coq are also useful for reasoning by case
analysis. For example, case analysis on seq can be used to prove the seq cut
property below, which is an essential part of our proof development.

Theorem seq cut : ∀a : atm.∀b : prp.∀l : list atm.(a :: l) ✄ b→ l✄ 〈a〉 → l ✄ b.

This theorem can also be proven by case analysis on prp using the induction
principle shown earlier. In fact, for this particular theorem, case analysis on prp
leads to a somewhat simpler proof than case analysis on seq.

Our object logic consists of untyped λ-terms, types, and rules for assigning
types to terms. Terms and types are encoded using the parameter declarations
below.

Parameter tm : Set.
Parameter gnd : tm. Parameter abs : (tm→ tm)→ tm.
Parameter arr : tm→ tm→ tm. Parameter app : tm→ tm→ tm.
Axiom gnd arr : ∀t, u : tm.¬(gnd = (arr t u)).
Axiom abs app : ∀R : tm→ tm.∀M,N : tm.¬((abs R) = (app M N)).
Axiom arr inj : ∀t, t′, u, u′ : tm.(arr t u) = (arr t′ u′)→ t = t′ ∧ u = u′.
Axiom abs inj : ∀R,R′ : tm→ tm.(abs R) = (abs R′)→ R = R′.
Axiom app inj : ∀M,M ′, N,N ′ : tm.

(app M N) = (app M ′ N ′)→M = M ′ ∧N = N ′.

The five axioms following them express properties about distinctness and injec-
tivity of constructors. For example, a term beginning with abs is always distinct
from one beginning with app. Also, if two terms (abs R) and (abs R′) are equal
then so are R and R′. For objects defined inductively in Coq, such properties
are derivable. Here, we cannot define tm inductively because of the negative
occurrence in the type of the abs constant, so we must include them explicitly.
They are the only axioms we require for proving properties about this object
logic. The type tm is the type which instantiates tau in the definitions of prp
and seq above.

Note that by introducing constants and axioms, we are restricting the con-
text in which reasoning in Coq is valid and actually corresponds to reasoning
about the deduction systems we encode. For example, we cannot discharge these
constants and instantiate them with arbitrary objects such as inductively de-
fined elements of Set. We do not want to be able to prove any properties about
these constants other than the ones we assume and properties that follow from
them.

The definitions for atomic formulas and for the prog predicate, which encode
typing and evaluation of our object logic are given in Fig. 2. An example of
an inversion theorem that follows from this definition is the following. Its proof
requires seq atom inv above.

Theorem eval nil inv : ∀j : nat.∀M,V : tm.(seq j nil 〈M ⇓ V 〉)→
[(∃R : tm→ tm.M = (abs R) ∧ V = (abs R))∨
(∃k : nat.∃R : tm→ tm.∃P,N : tm.j = (S (S k)) ∧M = (app P N) ∧

(seq k nil 〈P ⇓ (abs R)〉) ∧ (seq k nil 〈(R N) ⇓ V 〉))].
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Inductive atm : Set := typeof : tm→ tm→ atm | ⇓: tm→ tm→ atm.
Inductive prog : atm→ prp→ Prop :=

tabs : ∀t, u : tm.∀R : tm→ tm.
(prog (typeof (abs R) (arr t u))

(
∧

λn : tm.((typeof n t)⇒ 〈typeof (R n) u〉)))
| tapp : ∀M,N, t : tm.

(prog (typeof (app M N) t)
(
∨

λu : tm.(〈typeof M (arr u t)〉&〈typeof N u〉)))
| eabs : ∀R : tm→ tm.(prog ((abs R) ⇓ (abs R)) tt)
| eapp : ∀M,N, V : tm.∀R : tm→ tm.

(prog ((app M N) ⇓ V ) (〈M ⇓ (abs R)〉&〈(R N) ⇓ V 〉))

Fig. 2. Definition of the Object Logic in Coq

We are now ready to express and prove the subject reduction property.

Theorem sr : ∀p, v : tm.✄0 〈p ⇓ v〉 → ∀t : tm.✄0 〈typeof p t〉 → ✄0〈typeof v t〉.
Our proof of this theorem corresponds directly to the one given by Miller and
McDowell [13]. We show a few steps to illustrate. After one definition expansion
of ✄0, several introduction rules for universal quantification and implication, and
an elimination of the existential quantifier on one of the assumptions, we obtain
the sequent

(seq i nil 〈p ⇓ v〉),✄0〈typeof p t〉 −→ ✄0〈typeof v t〉. (1)

(We display meta-level sequents differently than the Coq system. We omit type
declarations and names of hypotheses, and we separate the hypotheses from
the conclusion with a sequent arrow.) We now apply complete induction, which
comes from the basic Coq libraries and is stated:

Theorem lt wf ind : ∀k : nat.∀P : nat→ Prop.
(∀n : nat.(∀m : nat.m < n→ Pm)→ Pn)→ Pk.

After solving the trivial subgoals, we are left to prove ∀k.(k < j ⊃ (IP k)) ⊃
(IP j), where IP denotes the formula

λi : nat.∀p, v : tm.(seq i nil 〈p ⇓ v〉)→ ∀t : tm.✄0 〈typeof p t〉 → ✄0〈typeof v t〉.
After clearing the old assumptions and applying a few more intro/elim rules we
get the following sequent.

∀k.k < j → (IP k), (seq j nil 〈p ⇓ v〉),✄0〈typeof p t〉 −→ ✄0〈typeof v t〉. (2)

Note that a proof of (seq j nil 〈p ⇓ v〉) must end with the first clause for seq
(containing prog). Here, we apply the eval nil inv inversion theorem to obtain

∀k.k < j → (IP k),
[(∃R : tm→ tm.p = (abs R) ∧ v = (abs R))∨
(∃k′ : nat.∃R : tm→ tm.∃P,N : tm.j = (S (S k′)) ∧ p = (app P N) ∧

(seq k′ nil 〈P ⇓ (abs R)〉) ∧ (seq k′ nil 〈(R N) ⇓ v〉))],
✄0〈typeof p t〉 −→ ✄0〈typeof v t〉.
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Then after eliminating the disjunction, existential quantifiers, and conjunction,
as well as performing the substitutions using the equalities we obtain the follow-
ing two sequents.

∀k.k < j → (IP k),✄0〈typeof (abs R) t〉 −→ ✄0〈typeof (abs R) t〉 (3)
∀k.k < (S (S k′))→ (IP k), (seq k′ nil 〈P ⇓ (abs R)〉),

(seq k′ nil 〈(R N) ⇓ v〉),✄0〈typeof (app P N) t〉 −→ ✄0〈typeof v t〉 (4)

Note that the first is directly provable.
We carry out one more step of the Coq proof of (4) to illustrate the use of

a distinctness axiom. In particular, we show the two sequents that result from
applying an inversion theorem to the formula just before the sequent arrow in (4)
and then applying all possible introductions, eliminations, and substitutions. (We
abbreviate (S (S (S k′′))) as (S3 k′′) and similarly for other such expressions.)

∀k.k < (S5 k′′)→ (IP k), (seq (S3 k′′) nil 〈P ⇓ (abs R)〉),
(seq (S3 k′′) nil 〈(R N) ⇓ v〉), (app P N) = (abs R), t = (arr T ′ U),
(seq k′′ ((typeof M T ′) :: nil) 〈(typeof (R M) U)〉)) −→ ✄0〈typeof v t〉

∀k.k < (S5 k′′)→ (IP k), (seq (S3 k′′) nil 〈P ⇓ (abs R)〉),
(seq (S3 k′′) nil 〈(R N) ⇓ v〉), (seq k′′ nil 〈typeof P (arr u t)〉)
(seq k′′ nil 〈typeof N u〉)) −→ ✄0〈typeof v t〉

Note the occurrence of (app P N) = (abs R) in the first sequent. This sequent
must be ruled out using the abs app axiom.

The remainder of the Coq proof continues using the same operations of ap-
plying inversion theorems, and using introduction and elimination rules. It also
includes applications of lemmas such as seq cut mentioned above.

4 A Comparison to FOλ∆N

The basic logic of FOλ∆N is an intuitionistic version of a subset of Church’s
Simple Theory of Types with logical connectives ⊥, �, ∧, ∨, ⊃, ∀τ , and ∃τ .
Quantification is over any type τ not containing o, which is the type of meta-level
formulas. The inference rules of the logic include the usual left and right sequent
rules for the connectives and rules that support natural number induction. Note
that these sequent rules are at the meta-level, and thus we have sequent calculi
both at the meta-level and specification level in our example proof. FOλ∆N also
has the following rules to support definitions.

Γ −→ BΘ defR,
Γ −→ A

where A = A′Θ for some clause ∀x̄[A′ =∆ B]

{BΘ,ΓΘ −→ CΘ|Θ ∈ CSU(A,A′) for some clause ∀x̄[A′ =∆ B]}
defL

A,Γ −→ C

A definition is denoted by ∀x̄[A′ =∆ B] where the symbol =∆ is used to sepa-
rate the object being defined from the body of the definition. Here, A′ has the
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form (p t̄) where p is a predicate constant, every free variable in B is also free
in (p t̄), and all variables free in t̄ are contained in the list x̄. The first rule
provides “backchaining” on a clause of a definition. The second rule is the rule
of definitional reflection and uses complete sets of unifiers (CSU). When this set
is infinite, there will be an infinite number of premises. In practice, such as in
the proofs in McDowell and Miller’s work [12,13], this rule is used only in finite
cases.

Fig. 3 illustrates how seq and prog are specified as FOλ∆N definitions. Each

seq (SI) L 〈A〉 =∆ ∃b.[prog A b ∧ seq I L b]
seq I (A′ :: L) 〈A〉 =∆ element A (A′ :: L)

seq I L tt =∆ 

seq (SI) L (B&C) =∆ seq I L B ∧ seq I L C

seq (SI) L (A⇒ B) =∆ seq I (A :: L) B
seq (SI) L (

∧
τ

B) =∆ ∀τx.[seq I L (Bx)]
seq (SI) L (

∨
τ

B) =∆ ∃τx.[seq I L (Bx)]

prog (typeof (abs R) (arr T U))
∧

tm
λN.((typeof N T )⇒ 〈typeof (R N) U〉)

prog (typeof (ap M N) T )
∨

tm
λU.(〈typeof M (arr U T )〉&〈typeof N U〉)

prog ((abs R) ⇓ (abs R)) tt
prog ((app M N) ⇓ V ) 〈M ⇓ (abs R)〉&〈(R N) ⇓ V 〉

Fig. 3. Definitions of Specification and Object Logics in FOλ∆N

of the clauses for prog ends in =∆ � which is omitted.
To a large extent, the inversion and case analysis theorems we proved in Coq

were introduced to provide the possibility to reason in Coq in a manner which
corresponds closely to reasoning directly in FOλ∆N. In particular, they allow us
to mimic steps that are directly provided by definitional reflection in FOλ∆N.
For types that cannot be defined inductively in Coq such as tm, the axioms
expressing distinctness and injectivity of constructors are needed for this kind
of reasoning.

To illustrate the correspondence between proofs in FOλ∆N and Coq, we dis-
cuss how several of the steps in the proof outlined in Sect. 3 correspond to
steps in a FOλ∆N proof of the same theorem. For instance, application of se-
quent rules in FOλ∆N correspond directly to introduction and elimination rules
in Coq. Thus, we can begin the FOλ∆N proof of the sr theorem similarly to the
Coq proof, in this case with applications of ∀-R, ⊃ -R, ∃-L at the meta-level,
from which we obtain sequent (1) in Sect. 3.

Complete induction is derivable in FOλ∆N, so using this theorem as well as
additional sequent rules allows us to obtain sequent (2) in the FOλ∆N proof
similarly to how it was obtained in the Coq proof.

It is at this point that the first use of definitional reflection occurs in the
FOλ∆N proof. Applying defL to the middle assumption on the left of the sequent
arrow in (2), we see that this formula only unifies with the left hand side of the
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first clause of the definition of sequents in Fig. 3. We obtain

∀k.k < (S j′)→ (IP k), ∃d.[(prog (p ⇓ v) d) ∧ (seq j′ nil d)],✄0〈typeof p t〉
−→ ✄0〈typeof v t〉.

Then applying left sequent rules, followed by defL on (prog (p ⇓ v) d), we get
two sequents.

∀k.k < (S j′)→ (IP k), (seq j′ nil tt),
✄0 〈typeof (abs R) t〉 −→ ✄0〈typeof (abs R) t〉

∀k.k < (S j′)→ (IP k), (seq j′ nil (〈P ⇓ (abs R)〉&〈(R N) ⇓ v〉)),
✄0 〈typeof (app P N) t〉 −→ ✄0〈typeof v t〉

Like sequent (3) in Sect. 3, the first is directly provable. The defL rule is applied
again, this time on the middle assumption of the second sequent. Only the fourth
clause of the definition of sequents in Fig. 3 can be used in unification. Following
this application by conjunction elimination yields a sequent very similar to (4).
The eval nil inv theorem used in the Coq proof and applied to (2) at this stage
encompasses all three defL applications. Its proof, in fact, uses three inversion
theorems. Note that because of the unification operation, there is no need for
existential quantifiers and equations as in the Coq version.

The use of inductive types in Coq together with distinctness and injectivity
axioms are sufficient to handle most of the examples in McDowell and Miller’s
paper [13]. One specification logic given there relies on extensionality of equality
which holds in FOλ∆N. In Coq, however, equality is not extensional, which causes
some difficulty in reasoning using this specification logic. Assuming extensional
equality at certain types in Coq will be necessary. Other axioms may be needed as
well. In the application of the definitional reflection rule, higher-order unification
is a central operation. Examples which we cannot handle also include those
in McDowell’s thesis [12] which require complex uses of such unification. For
instance, we cannot handle applications for which there are multiple solutions
to a single unification problem.

We have claimed that Coq provides extra flexibility by allowing reasoning
via direct induction using the induction principles generated by the system. A
simple example of this extra flexibility is in the proof of the seq cut theorem
mentioned in Sect. 3. The FOλ∆N proof is similar to the Coq proof that does
case analysis using the induction principle for seq. In Coq, we were also able
to do a simpler proof via case analysis provided by structural induction on prp,
which is not possible in FOλ∆N. The next section illustrates other examples of
this extra flexibility.

5 Structural Induction on Sequents

In this section, we discuss an alternate proof of theorem sr that uses Coq’s
induction principle for seq. Since we do not do induction on the height of the
proof for this example, the natural number argument is not needed, so we omit
it and use the definition given in Fig. 4 instead.
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Inductive seq : list atm→ prp→ Prop :=
sbc : ∀A : atm.∀L : list atm.∀b : prp.

(prog A b)→ (seq L b)→ (seq L 〈A〉)
| sinit : ∀A,A′ : atm.∀L : list atm.

(element A (A′ :: L))→ (seq (A′ :: L) 〈A〉)
| strue : ∀L : list atm.(seq L tt)
| sand : ∀B,C : prp.∀L : list atm.

(seq L B)→ (seq L C)→ (seq L (B&C))
| simp : ∀A : atm.∀B : prp.∀L : list atm.

(seq (A :: L) B)→ (seq L (A⇒ B))
| sall : ∀B : tau→ prp.∀L : list atm.

(∀x : tau.(seq L (B x)))→ (seq L (
∧

B))
| ssome : ∀B : tau→ prp.∀L : list atm.

∀x : tau.(seq L (B x))→ (seq L (
∨

B)).

Fig. 4. Definition of the Specification Logic without Natural Numbers

Note that in the statement of the sr theorem, all of the sequents have empty
assumption lists and atomic formulas on the right. Using the induction principle
for seq to prove such properties often requires generalizing the induction hy-
pothesis to handle sequents with a non-empty assumption list and a non-atomic
formula on the right. We provide an inductive definition to facilitate proofs that
require these extensions and we parameterize this definition with two properties,
one which represents the desired property restricted to atomic formulas (denoted
here as P ), and one which represents the property that must hold of formulas
in the assumption list (denoted here as Phyp). We require that the property on
atomic formulas follows from the property on assumptions, so that for the base
case when the sinit rule is applied to a sequent of the form (seq L A), it will
follow from the fact that A is in L that the desired property holds. (In many
proofs, the two properties are the same, which means that this requirement is
trivially satisfied.) The following are the two properties that we use in the proof
of sr.

Definition P := λl : list atm.λA : atm.Cases A of
(typeof m t)⇒ True
| (p ⇓ v)⇒ ∀t : tm.(seq l 〈typeof p t〉)→ (seq l 〈typeof v t〉) end.

Definition Phyp := λl : list atm.λA : atm.∃p, t : tm.A = (typeof p t) ∧
(seq nil 〈A〉) ∧ (∀v : tm.(seq l 〈p ⇓ v〉)→ (seq l 〈typeof v t〉)).

The proof of sr (in this and in the previous section) uses induction on the
height of the proof of the evaluation judgment ✄0〈p ⇓ v〉. Thus in defining P ,
we ignore typeof judgments. The clause for ⇓ simply states a version of the
subject reduction property but with assumption list l. The property that we
require of assumption lists is that they only contain atomic formulas of the form
(typeof p t) and that each such assumption can be proven from an empty set of
assumptions and itself satisfies the subject reduction property.

The inductive definition which handles generalized induction hypotheses (pa-
rameterized by P and Phyp) is given in Fig. 5. The definition of mapP mimics
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Variable P : list atm→ atm→ Prop.
Variable Phyp : list atm→ atm→ Prop.
Inductive mapP : list atm→ prp→ Prop :=

mbc : ∀A : atm.∀L : list atm.(P L A)→ (mapP L 〈A〉)
| minit : ∀A : atm.∀L : list atm.(element A L)→ (mapP L 〈A〉)
| mtrue : ∀L : list atm.(mapP L tt)
| mand : ∀B,C : prp.∀L : list atm.

(mapP L B)→ (mapP L C)→ (mapP L (B&C))
| mimp : ∀A : atm.∀B : prp.∀L : list atm.

((Phyp L A)→ (mapP (A :: L) B))→ (mapP L (A⇒ B))
| mall : ∀B : tau→ prp.∀L : list atm.

(∀x : tau.(mapP L (B x)))→ (mapP L (
∧

B))
| msome : ∀B : tau→ prp.∀L : list atm.

∀x : tau.(mapP L (B x))→ (mapP L (
∨

B)).

Fig. 5. A Definition for Extending Properties on Atoms to Properties on Propo-
sitions

the definition of seq except where atomic properties appear. For example, the
clause mand can be read as: if the generalized property holds for sequents with
arbitrary propositions B and C under assumptions L, then it holds for their con-
junction under the same set of assumptions. In mbc, the general property holds
of an atomic proposition under the condition that the property P holds of the
atom. In minit, the general property holds simply because the atom is in the list
of assumptions. The only other clause involving an atom is mimp. The general
property holds of an implication (A⇒ B) as long as whenever Phyp holds of A,
the general property holds of B under the list of assumptions extended with A.

Using the definition of mapP , we can structure proofs of many properties so
that they involve a direct induction on the definition of the specification logic,
and a subinduction on prog for the atomic formula case. The theorem below
takes care of the first induction.

Definition PhypL := λL : list atm.(∀a : atm.(element a L)→ (Phyp L a)).
Theorem seq mapP :

(∀L : list atm.∀A : atm.(PhypL L)→
(Phyp L A)→ ∀A′ : atm.(element A′ (A :: L))→ (Phyp (A :: L) A′))→

(∀L : list atm.∀A : atm.∀b : prp.(PhypL L)→
(prog A b)→ (seq L b)→ (mapP L b)→ (P L A))→

∀l : list atm.∀B : prp.(PhypL l)→ (seq l B)→ (mapP l B).

The first two lines of the seq mapP statement roughly state that Phyp must be
preserved as new atomic formulas are added to the list of assumptions. Here,
PhypL states that Phyp holds of all elements of a list. More specifically, these
lines state that whenever (Phyp L A′) holds for all A′ already in L, and it is
also the case that (Phyp L A) holds for some new A, then (Phyp (A :: L) A′)
also holds for every A′ in the list L extended with A. The next two lines of the
theorem state the base case, which is likely to be proved by a subinduction on
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prog. Under these two conditions, we can conclude that the generalized property
holds of l and B whenever Phyp holds of all assumptions in l.

For the new proof of sr, the definitions of prp and prog remain exactly
as in Sect. 3, as do the definitions of the parameters that represent syntax
along with their distinctness and injectivity axioms. Inversion theorems such
as seq atom inv and eval nil inv are stated and proved similarly as in the pre-
vious section, but without the additional natural number arguments.

Now we can state the generalized version of the sr property which is just:

Theorem sr mapP : ∀L : list atm.∀B : prp.
(seq L B)→ (PhypL L)→ (mapP L B).

To prove this theorem, we directly apply seq mapP . The proof that Phyp is
preserved under the addition of new assumptions is straightforward. The base
case for atomic formulas is proved by induction on prog. This induction gives us
four cases. The two cases which instantiate atom A from seq mapP to formulas
of the form (typeof m t) cause (P L A) to be reduced to True. The details of
the two cases for (prog (p ⇓ v) b) are similar to the corresponding cases in the
proof in Sect. 3.

Finally, we can show that the desired sr theorem is a fairly direct consequence
of sr mapP .

Theorem sr : ∀p, v : tm.(seq nil 〈p ⇓ v〉)→
∀t : tm.(seq nil 〈typeof p t〉)→ (seq nil 〈typeof v t〉).

The proof begins with an application of the sr mapP theorem to conclude that
(mapP nil 〈p ⇓ v〉) holds. Now note that the only way such a formula can
hold is by the first clause of the definition of mapP since the assumption list is
empty and the formula is atomic. This fact is captured by the following inversion
theorem.

Theorem mapP nil atom inv : ∀A : atm.(mapP nil 〈A〉)→ (P nil A).

Applying this theorem and expanding P , we can conclude that

∀t : tm.(seq nil 〈typeof p t〉)→ (seq nil 〈typeof p v〉)
which is exactly what is needed to complete the proof.

We have also used the mapP definition to prove the following theorem for a
functional language which includes app and abs as well as many other primitives
such as booleans, natural numbers, a conditional statement, and a recursion
operator:

Theorem type unicity : ∀M, t : tm(seq nil 〈typeof M t〉)→
∀t′ : tm(seq nil 〈typeof M t′〉)→ (equiv t t′).

where the equiv predicate is defined simply as

Inductive equiv : tm→ tm→ Prop := refl : ∀t : tm(equiv t t).

To do this proof, we of course had to first define P and Phyp specialized to this
theorem. We do not discuss the details here.
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6 Conclusion, Related Work, and Future Work

We have described a methodology for proving properties of objects expressed
using higher-order syntax in Coq. Because of the similarity of reasoning in Coq
and reasoning in the object logic we use in our PCC system, we hope to be able
to carry over this methodology to the PCC setting. In particular, in both our
λProlog and Twelf prototypes, we use an object logic that is currently specified
directly, but could be specified as prog clauses, allowing the kind of reasoning
described here.

In addition to our practical goal of building proofs in the PCC domain as
well as other domains which use meta-theoretical reasoning about logics and
programming languages, another goal of this paper was to provide insight into
how a class of proofs in the relatively new logic FOλ∆N correspond to proofs
in a class of logics that have been around somewhat longer, namely logics that
contain dependent types and inductive definitions.

Certainly, many more examples are needed to illustrate that our approach
scales to prove all properties that we are interested in. In addition to carrying
out more examples, our future work includes providing more flexible support
for reasoning in this setting. The mapP predicate in Sect. 5 was introduced to
provide one kind of support for induction on sequents. Other kinds of support are
worth exploring. For example, we have started to investigate the possibility of
generating induction principles for various object-level predicates such as typeof .
One goal is to find induction principles whose proofs would likely use mapP and
seq, but when they are used in proofs, all traces of the middle layer specification
logic would be absent.

As in any formal encoding of one system in another, we need to express
and prove adequacy theorems for both the specification and object-level logics.
Proofs of adequacy of these encodings should follow similarly to the one for
the π-calculus in Honsell et al. [11]. Such a proof would require that we do not
discharge the type tm in Coq, thus preventing it from being instantiated with
an inductively defined type, which could violate adequacy.

In related work, there are several other syntactic approaches to using higher-
order syntax and induction in proofs, which either do not scale well, or more
work is needed to show that they can. For example, Coq was used by Despey-
roux et al. [5] to do a proof of the subject reduction property for the untyped
λ-calculus. There, the problem of negative occurrences in definitions used for
syntax encodings was handled by replacing such occurrences by a new type. As
a result, some additional operations were needed to encode and reason about
these types, which at times was inconvenient. Miculan uses a similar approach
to handling negative occurrences in formalizing meta-theory of both modal µ-
calculus [15] and the lazy call-by-name λ-calculus [14] in Coq. These proofs re-
quire fairly extensive use of axioms, more complex than those used here, whose
soundness are justified intuitively.

Honsell et al. [11] and Despeyroux [4] define a higher-order encoding of the
syntax of the π-calculus in Coq and use it formalize various aspects of the
metatheory. Although they use higher-order syntax to encode processes, there is
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no negative occurrence of the type being defined, and so they are able to define
processes inductively.

Despeyroux and Hirschowitz [6] studied another approach using Coq. Again,
a different type replacing negative occurrences is used, but instead of directly
representing the syntax of (closed) terms of the encoded language by terms of
types such as tm, closed and open terms of the object language are implemented
together as functions from lists of arguments (of type tm) to terms of type tm.
Examples are described, but it is not clear how well the approach scales.

Hofmann [10] shows that a particular induction principle for tm, which is
derived from a straightforward extension of the inductive types in Coq to in-
clude negative occurrences, can be justified semantically under certain condi-
tions (though not within Coq). Although he cannot prove the subject reduction
property shown here, he shows that it is possible to express a straightforward
elegant proof of a different property: that every typed λ-term reduces to a term
in weak-head normal form.

In Pfenning and Rohwedder [18], the technique of schema checking is added to
the Elf system, a precursor to the Twelf system mentioned earlier. Both systems
implement the Logical Framework (LF) [9]. Induction cannot be expressed in
LF, so proofs like those shown here cannot be fully formalized inside the system.
However, each of the cases of a proof by induction can be represented. The
schema checking technique works outside the system and checks that all cases
are handled.

Despeyroux et al. [7] present a λ-calculus with a modal operator which allows
primitive recursive functionals over encodings with negative occurrences. This
work is a first step toward a new type theory that is powerful enough to express
and reason about deductive systems, but is not yet powerful enough to handle
the kinds of theorems presented here.

Schürmann [20] has developed a logic which extends LF with support for
meta-reasoning about object logics expressed in LF. It has been used to prove
the Church-Rosser theorem for the simply-typed λ-calculus and many other
examples. The design of the component for reasoning by induction does not
include induction principles for higher-order encodings. Instead, it is based on a
realizability interpretation of proof terms. This logic has been implemented in
Twelf, and includes powerful automated support for inductive proofs.
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Abstract. Systems that integrate user-programmable theorem proving
with efficient algorithms for boolean formula manipulation are promising
platforms for implementing special-purpose tools that combine computa-
tion and deduction. An example tool is presented in this paper in which
theorem proving is used to compile a class of problems stated in terms
of functions operating on sets of integers to boolean problems that can
be solved using a BDD oracle. The boolean solutions obtained via BDD
calculations are then converted by theorem proving to the high-level
representation. Although the example is rather specialised, our goal is to
illustrate methodological principles for programming tools whose opera-
tion requires embedded proof.

1 Background and Motivation

There are already commercial Electronic Design Automation (EDA) tools1 that
have embedded model checkers. It seems likely that future tools will also require
embedded theorem proving.

The PROSPER EU Esprit project2 investigated embedding theorem proving
inside both hardware and software applications. PROSPER focused on archi-
tectural issues in linking systems [4]. The work reported here is narrower and
concerns the programming of deduction and computation within a single system,
HOL, and describes:

– scripting combinations of theorem proving and symbolic computation;

– the ‘logical flow’ in compiling from an abstract representation to a boolean
representation and lifting the boolean results back to the abstract level;

– a case study of a particular tool implementation.

1 Examples are Avanti’s clock domain and one-hot checkers
(http://www.avanticorp.com) and 0-In search (http://www.0in.com).

2 See http://www.dcs.gla.ac.uk/prosper .
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In Sections 3 and 4 we describe the kind of problems our example tool is
intended to solve (analyse a class of solitaire-like puzzles). In the subsequent
sections the embedded theorem proving is explained and discussed.

The conventional way to implement special purpose symbolic model checking
point tools is either to program them directly using a BDD package such as
MuDDy [9] or CUDD [15], or to use an off-the-shelf model checker like SMV or
SPIN, to provide high level modelling and property languages. The advantage of
the approach described here is that the implementer can develop a model within
the expressive language of higher order logic and then implement customised
functions to efficiently perform exactly the desired computations. The theorem
proving infrastructure of tactics and simplifiers applied to a general logic becomes
available for compiling problems into the domain of specialised oracles like BDD
and SAT.

Our tool is not intended for deployment on critical systems, so the high
assurance provided by the LCF-style proof used to implement it is of little value.
It is possible that other tools implemented using a similar methodology might
gain value from this assurance3, but the point we want to make in this paper
is that even if assurance of soundness is not needed, the implementation style
described here is a powerful way of programming combinations of computation
and deduction.

2 Related Work

One of the earliest combinations of theorem proving and model checking is the
HOL-Voss system of Joyce and Seger [8]. Voss [14] consists of a lazy ML-like
functional language, called FL, with BDDs as a built-in data-type. Quantified
Boolean formulae can be input and are parsed to BDDs. Algorithms for model
checking are easily programmed. Joyce and Seger interfaced an early HOL sys-
tem (HOL88) to Voss and in a pioneering paper showed how to verify complex
systems by a combination of theorem proving deduction and symbolic trajec-
tory evaluation (STE). The HOL-Voss system integrates HOL deduction with
BDD computations. BDD tools are programmed in FL and can then be in-
voked by HOL-Voss tactics, which can make external calls into the Voss system,
passing subgoals via a translation between the HOL and Voss term representa-
tions. After Seger moved to Intel, the development of Voss evolved into a system
called Forte that “is an LCF-style implementation of a higher-order classical
logic” [1] and “seamlessly integrates several types of model-checking engines
with lightweight theorem proving and extensive debugging capabilities, creating
a productive high-capacity formal verification environment”. Only partial de-
tails of this are in the public domain [11,1], but a key idea is that FL is used
both as a specification language and as an LCF-style metalanguage – i.e. there is
no separation, as there is in LCF-like systems, between object language (higher
order logic) and metalanguage (Standard ML).

3 The tool creates a theory each time it is invoked which contain various intermediate
theorems. It is possible another application might find such theories a useful result.
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Another key paper on connecting theorem proving and model checking is
An Integration of Model-Checking with Automated Proof Checking by Rajan,
Shankar and Srivas [13] in which PVS [12] is extended to support symbolic
model checking of properties stated in the µ-calculus via a link to an external
ROBDD-based µ-calculus checker. Model checking is invoked from PVS via a
command that translates higher order logic goals into boolean formulae that can
be printed into a format suitable for input to the external tool. The translation
is not by programmed proof (which is the approach we describe below) but by
Lisp code that operates on the internal representation of PVS formulae. PVS is
a powerful shrink-wrapped checker, our approach is complementary: it provides
a scripting framework for the user to implement bespoke tools.

PVS adds model checking to a theorem proving platform. The dual is to
add theorem proving to a model checker. This has been done by McMillan in
Cadence SMV [3], which provides problem decomposition commands that split
verification goals into components small enough for model checking. The decom-
position is based on deductive rules, for example for compositional refinement
[10], and implemented by light-weight theorem proving. SMV doesn’t provide a
user-programmable scripting facility, rather each new deduction method is hard-
wired into the system. It may be possible to use the approach described in this
paper to program the kind of algorithms that SMV builds-in as derived rules,
but more work is needed to investigate this.

All the work described above uses external oracles (a BDD engine or model
checker). John Harrison implemented BDDs inside the HOL system as a derived
proof rule without making use of an external oracle [7] and then showed that the
BDD algorithms provide a way of implementing tautology-checking that is sig-
nificantly better than the methods previously used in HOL. He found, however,
that performance was about a thousand times slower than with a BDD engine
implemented in C.4 By reimplementing some of HOL’s primitive rules, perfor-
mance could be improved by around ten times. Harrison only provided data for
boolean equivalence checking. The approach in this paper aims to get near the
performance of C-based model checking (by using a BDD package implemented
in C), whilst remaining within the spirit of the fully-expansive LCF style. Harri-
son’s work is ‘logically purer’ than ours, but less efficient. The trade-off between
logical security and efficiency depends on the application, but Harrison’s exper-
iments on an internal implementation of BDDs provides a very interesting point
between pure fully-expansive theorem proving and the use of an external oracle.

3 A Class of Puzzles Generalising Peg Solitaire

Two example puzzles are first described, followed by a general setting in which
they can be formulated. A third very simple example is given in Section 5.3 to
illustrate the operation of our puzzle solving tool PuzzleTool.

4 Some examples were much worse than this and some better.
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3.1 Classical Peg Solitaire

The Peg Solitaire board is shown below. All the positions, except the one in the
middle, are occupied by pegs, denoted by XXXXX. A move consists of ‘jumping’ a
peg over an adjacent peg in the same row or column into a hole, and removing
the peg that was jumped over from the board (thereby reducing the number of
pegs on the board by one).

-------------------------
| XXXXX | XXXXX | XXXXX |
-------------------------
| XXXXX | XXXXX | XXXXX |

---------------------------------------------------------
| XXXXX | XXXXX | XXXXX | XXXXX | XXXXX | XXXXX | XXXXX |
---------------------------------------------------------
| XXXXX | XXXXX | XXXXX | | XXXXX | XXXXX | XXXXX |
---------------------------------------------------------
| XXXXX | XXXXX | XXXXX | XXXXX | XXXXX | XXXXX | XXXXX |
---------------------------------------------------------

| XXXXX | XXXXX | XXXXX |
-------------------------
| XXXXX | XXXXX | XXXXX |
-------------------------

The puzzle is to find a sequence of moves, starting from the above configu-
ration, to a configuration consisting of just one peg in the middle.

Peg Solitaire can be formulated as a state exploration problem by assigning
a boolean variable to each board position, for example:

-------------------------
| v00 | v02 | v03 |
-------------------------
| v04 | v05 | v06 |

---------------------------------------------------------
| v07 | v08 | v09 | v10 | v11 | v12 | v13 |
---------------------------------------------------------
| v14 | v15 | v16 | v17 | v18 | v19 | v20 |
---------------------------------------------------------
| v21 | v22 | v23 | v24 | v25 | v26 | v27 |
---------------------------------------------------------

| v28 | v29 | v30 |
-------------------------
| v31 | v32 | v33 |
-------------------------

The initial state is represented by
v01 ∧ v02 ∧ ... ∧ v16 ∧ ¬v17 ∧ v18 ∧ ... ∧ v33

and the final(goal) state by
¬v01 ∧ ¬v02 ∧ ... ∧ ¬v16 ∧ v17 ∧ ¬v18 ∧ ... ∧ ¬v33

The transition relation, say R, is then defined to be a disjunctions of terms,
with one disjunct per possible move, so that R((v01,...,v33),(v01’,...,v33’))
is true if and only if there exists a move in state (v01,...,v33) that results in
state (v01’,...,v33’).

Standard BDD methods can be used to compute a sequence of states starting
with the initial state, ending with the final state, and such that adjacent elements
in the sequence satisfy the transition relation R.

3.2 HexSolitaire

Consider now a variation of Peg Solitaire called HexSolitaire._____ _____
/ \ / \

_____/ XXXXX \_____ _____/ \_____
/ \ / \ / \ / \

_____/ XXXXX \_____/ XXXXX \_____ _____/ \_____/ \_____
/ \ / \ / \ / \ / \ / \
/ XXXXX \_____/ XXXXX \_____/ XXXXX \ / \_____/ \_____/ \

\ / \ / \ / \ / \ / \ /
\_____/ XXXXX \_____/ XXXXX \_____/ \_____/ \_____/ \_____/
/ \ / \ / \ / \ / \ / \
/ XXXXX \_____/ \_____/ XXXXX \ ====> / \_____/ XXXXX \_____/ \
\ / \ / \ / \ / \ / \ /
\_____/ XXXXX \_____/ XXXXX \_____/ \_____/ \_____/ \_____/
/ \ / \ / \ / \ / \ / \
/ XXXXX \_____/ XXXXX \_____/ XXXXX \ / \_____/ \_____/ \
\ / \ / \ / \ / \ / \ /
\_____/ XXXXX \_____/ XXXXX \_____/ \_____/ \_____/ \_____/

\ / \ / \ / \ /
\_____/ XXXXX \_____/ \_____/ \_____/

\ / \ /
\_____/ \_____/

In HexSolitaire the moves are vertical or diagonal jumps, i.e. over abutting
edges of hexagons. Our tool, described below, can prove that there are no solu-
tions to HexSolitaire.
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4 PuzzleTool: A Tool for Puzzle Designers

PuzzleTool is an aid for puzzle designers. Its input is a description of a board,
an initial state, a goal state and a set of moves. The output is a solution if one
exists. If there is no solution, then a set of alternative end states that do have
solutions can be computed. The puzzle designer can then choose one of these
computed reachable end states to create a solvable puzzle. In the rest of this
paper it is shown how to program PuzzleTool in HOL. Sections 2 and 7 contain
a brief description of related work and some conclusions, respectively.

A board is represented by a finite set of holes located at positions (x,y) in
a 2D grid (the co-ordinates x and y can be arbitrary integers). A state of the
board is the subset of holes that have pegs in them.

For example, classical Peg Solitaire is represented as follows.5

SolitaireBoard = { (2,6); (3,6); (4,6);
(2,5); (3,5); (4,5);

(0,4); (1,4); (2,4); (3,4); (4,4); (5,4); (6,4);
(0,3); (1,3); (2,3); (3,3); (4,3); (5,3); (6,3);
(0,2); (1,2); (2,2); (3,2); (4,2); (5,2); (6,2);

(2,1); (3,1); (4,1);
(2,0); (3,0); (4,0)}

SolitaireInitialState = SolitaireBoard DIFF {(3,3)}
SolitaireFinalState = {(3,3)}

To specify the moves, eight auxiliary functions are defined which map a hole
at (x,y) to the coordinates of the hole n units away in one of eight directions:
north, south, east, west, north-west, north-east, south-west, south-east.

The following diagram illustrates the moves and auxiliary functions N, S, E, W,
NW, NE, SW and SE. How these eight functions are used to define moves is explained
later when the general transition function Trans is defined.

N n (x,y) N n (x,y) = (x, y+n)
|

NW n (x,y) | NE n (x,y) NW n (x,y) = (x-n,y+n)
\ | / NE n (x,y) = (x+n,y+n)
\ | /
\ | /
\ | /
\ | /

W n (x,y) ---(x,y)--- E n (x,y) W n (x,y) = (x-n,y)
/ | \ E n (x,y) = (x+n,y)

/ | \
/ | \
/ | \
/ | \ SW n (x,y) = (x-n,y-n)

SW n (x,y) | SE n (x,y) SE n (x,y) = (x+n,y-n)
|

S n (x,y) S n (x,y) = (x, y-n)

A board and set of moves define a transition relation. For a particular puzzle
a transition relation is obtained by applying Trans, defined below, to appropriate
arguments.
5 In HOL notation, a finite set is written {e1;. . .;en}, with semi-colon separating the

elements. S1 DIFF S2 denotes the result of deleting all element in S2 from S1.
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` Trans board moves (state, state’) =
∃ p q r ∈ board. (∃ move ∈ moves. (q = move p) ∧ (r = move q)) ∧

(p IN state) ∧ (q IN state) ∧ ¬(r IN state) ∧
(state’ = (state DIFF {p;q}) UNION {r})

the arguments board and moves are, respectively, the set of holes and set of
moves of the puzzle. A peg at p can jump over a peg at q into a hole at r in
state state if they are in a line (i.e. (q = move p)∧(r = move q) for some move
move), and if p and q have pegs in state (i.e. (p IN state)∧(q IN state)) and
there is a hole at r in state (i.e. ¬(r IN state)). If p jumps over q into r then
the successor state (i.e. state’) is obtained by removing p and q and adding r

(i.e. (state’ = (state DIFF {p;q}) UNION {r}), where S1 UNION S2 denotes the
union of S1 and S2.

For classical Peg Solitaire the holes are adjacent, so n=1, and the set of moves
are defined by SolitaireMoves = {N 1; S 1; E 1; W 1}.

The term Trans SolitaireBoard SolitaireMoves denotes the transition rela-
tion for Peg Solitaire, where SolitaireBoard and SolitaireMove are as defined
above. The low-level representation consisting of the disjunction of 76 conjunc-
tions can be derived by deduction from the definitions of Trans, SolitaireBoard
and SolitaireMove. How this is done is explained in the next section.

HexSolitaire is most naturally specified with a board having holes in the same
row two horizontal units apart (n=2), but holes in the same column one vertical
unit apart (n=1).

HexSolitaireBoard =
{ (2,8);

(1,7); (3,7);
(0,6); (2,6); (4,6);

(1,5); (3,5);
(0,4); (2,4); (4,4);

(1,3); (3,3);
(0,2); (2,2); (4,2);

(1,1); (3,1);
(2,0)}

HexSolitaireInitialState = HexSolitaireBoard DIFF {(2,4)}
HexSolitaireFinalState = {(2,4)}
HexSolitaireMoves = {N 2; S 2; NE 1 ; SW 1 ; SE 1; NW 1}

In general, a puzzle is specified by four definitions: the board, the set of
moves, the initial state and the final (or goal) state.

For PuzzleTool these are represented as HOL definitions of constants. For
example, HexSolitaire is represented by the definitions of HexSolitaireBoard,
HexSolitaireInitialState, HexSolitaireFinalState and HexSolitaireMoves.

PuzzleTool takes three definitions as arguments and returns a pair of func-
tions. It has ML type :thm * thm * thm -> (thm -> thm) * (unit -> thm). Eval-
uating

PuzzleTool(Board_def,Moves_def,InitialState_def)

returns two functions. The first is applied to the definition of a desired goal state
to compute a solution. The second is applied to () to compute a theorem giving
the set of reachable end states (an end state is a state from which no moves are
possible). See Section 5.3 for an example.
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5 How PuzzleTool Works

First we describe abstractly how PuzzleTool works, then this account is spe-
cialised to the domain of puzzles and finally a very simple example is worked
through.

5.1 Abstract View

Let B and R be polymorphic predicates representing a set of initial states and
a transition relation, respectively.

B : α → bool, R : α × α → bool

Let Reachable R B a if and only if a is reachable from some value satisfying B

via a finite number of transitions of R. Reachable is a polymorphic function of
type (α × α → bool)→(α → bool) → α → bool. We will use Reachable at two
particular types: σ and τ .

Suppose we have a specific type σ, a specific predicate B, a specific transition
relation R and a specific set of goal states specified by a predicate Q:

B : σ → bool, R : σ × σ → bool, Q : σ → bool

Think of σ as the type of states of puzzles (i.e. sets of those coordinates containing
pegs). Suppose also that we have a way of encoding the subset of σ satisfying
a predicate D as values of another type τ . In our application, values of type τ

will be vectors of booleans and D characterises the states for a particular puzzle.
The encoding is defined by functions Abs from σ to τ and Rep from τ to σ which
satisfy the properties below.

D : σ → bool, Rep : σ → τ , Abs : τ → σ

` ∀ s:σ. D s = (Abs(Rep s) = s)
` ∀ t:τ. Rep(Abs t) = t
` ∀ s:σ. B s ⇒ D s
` ∀ s s’:σ. D s ∧ R(s,s’) ⇒ D s’

Our first goal is to calculate a sequence of values of type σ starting from a
value satisfying B, ending with a value satisfying Q and such that adjacent values
in the sequence are related by R. In our application, such a sequence will be a
puzzle solution.

We solve our first goal by calculating a sequence t1, . . . , tp of values of τ

such that

` B(Abs t1), ` R(Abs t1,Abs t2),. . ., ` R(Abs tp−1,Abs tp), ` Q(Abs tp)

In our application, t1, . . . , tp will be vectors of boolean constants computed using
BDDs. Then by evaluating the terms Abs t1, . . . , Abs tp one obtains the desired
sequence of values of type σ. This is how solutions to puzzles are computed.

Suppose now we want to compute all the reachable states starting from B via
transitions of R that satisfy some predicate P. In our example P characterises end
states. We proceed by computing a term W t such that

` Reachable (λ(t,t’). R(Abs t,Abs t’)) (λt. B(Abs t)) t ∧ P(Abs t) = W t
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In our example W t is obtained by using standard fixed-point methods to compute
the BDD of Reachable (λ(t,t’). R(Abs t,Abs t’)) (λt. B (Abs t)) t, then
conjoining this with the BDD of P(Abs t), and then converting the resulting
BDD to a term [5].

The following are routine theorems:

` ∀ D R B. (∀ s. B s ⇒ D s) ∧ (∀ s s’. D s ∧ R(s,s’) ⇒ D s’)
⇒
(∀ s. Reachable R B s ⇒ D s)

` ∀ D abs rep R B.
(∀ s. D s = (abs (rep s) = s)) ∧ (∀ s. Reachable R B s ⇒ D s)
⇒
∀ t. Reachable R B (abs t) =

Reachable (λ(t,t’). R(abs t,abs t’)) (λt. B (abs t)) t

Hence it follows by elementary reasoning from the properties on the previous
page that:

` ∀ s. Reachable R B s ⇒ D s

` ∀ t. Reachable R B (Abs t) =
Reachable (λ(t,t’).R(Abs t,Abs t’)) (λt.B (Abs t)) t

Simplifying the computed equation for W t with the second of these theorems
yields:

` ∀ t. Reachable R B (Abs t) ∧ P(Abs t) = W t

hence by specialising t to Rep s and then generalising s

` ∀ s. Reachable R B (Abs(Rep s)) ∧ P(Abs(Rep s)) = W(Rep s)

hence

` ∀ s. Reachable R B s ∧ P s = D s ∧ W(Rep s)

Finally, by suitable logical manipulation one can prove for specific states s1,· · ·,sq

that:

` W(Rep s) = s ∈ {s1,· · ·,sq}

See the following section for an example.

5.2 Concrete Instantiation for PuzzleTool

The user of PuzzleTool starts by defining three constants to represent the board,
the set of moves and the initial states. The names of these constants are chosen by
the user, but let us assume here that they are Board, Moves and Init , respectively.
Thus the inputs are something like:

val Board_def = Define ‘Board = ... ‘;
val Moves_def = Define ‘Moves = ... ‘;
val InitialState_def = Define ‘Init = ... ‘;

The operation of PuzzleTool is then fully automatic and is split into two phases.
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Phase 1 computes a bespoke theory of the puzzle to be analysed and theorems
that relate the high level specifications to a boolean encoding. These are then
packaged into two functions which, when invoked, perform BDD analysis.
Phase 1 is invoked by evaluating something like:

val (SolveFun, EndStatesFun) =
PuzzleTool(Board_def,Moves_def,InitialState_def)

Phase 2 uses the HOL library HolBddLib [6], to compute a solution (SolveFun)
and/or the set of reachable end states (EndStatesFun). If a solution is com-
puted then the user must first define the desired goal state by something
like:

val Final_def = Define ‘Final = ... ‘;

and then apply SolveFun to Final def.

The theorems proved in Phase 1 are used by the functions returned by
PuzzleTool both to encode the problem for the BDD-based calculation in
Phase 2 and also to lift the solutions found in Phase 2 to the original repre-
sentation in terms of sets of holes.

The ML program implementing PuzzleTool starts by making a number of
definitions derived from the arguments it is invoked with. First some predicates
are defined:

` BoardInit state = (state = Init)
` BoardDom state = (state SUBSET Board)

where S1 SUBSET S2 if and only if S1 is included in S2.
Next a transition relation for the specific puzzle is defined by applying Trans

to Board and Moves.

` BoardTrans = Trans Board Moves

and it is proved that

` ∀ state state’.
BoardDom state ∧ BoardTrans(state,state’) ⇒ BoardDom state’

abstraction and representation functions BoardAbs and BoardRep are then defined.
BoardAbs maps states to tuples of booleans (boolean vectors) and BoardRep is a
partial inverse. A boolean vector (b1,...,bn) represents a set of states via an enu-
meration of the holes in the board. Hole p is in the set represented by (b1,...,bn)

if and only if bi is true, where i is the position of p in the enumeration.
The enumeration of holes is specified by defining a non-repeating list of the

board positions:

` BoardList = [...]

where the elements of the list are computed from Board. The following general
functions are used to define the abstraction and representation:

` REP pl state = MAP (λp. p IN state) pl

` (ABS [] [] = {})
∧
(ABS (p::pl) (b::bl) =
if b then p INSERT ABS pl bl else ABS pl bl)
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where MAP maps a function over a list, :: (a infix) is the list ‘cons’ function and
INSERT (an infix) inserts an element into a set. To convert between tuples and
lists, functions dependent on the size of the puzzle are automatically defined:

` BoardL2T [b1;...;bn] = (b1,...,bn)
` BoardT2L (b1,...,bn) = [b1;...;bn]

Using these, PuzzleTool defines

` BoardAbs bv = ABS BoardList (BoardT2L bv)
` BoardRep state = BoardL2T(REP BoardList state)

The following theorems are then proved:

` ∀ state. BoardDom state = (BoardAbs(BoardRep state) = state)
` ∀ bv. BoardRep(BoardAbs bv) = bv
` ∀ state. BoardInit state ⇒ BoardDom state

The variable bv here and below is so named because it ranges over boolean
vectors. Next it is proved that:
` ∀ state. Reachable BoardTrans BoardInit state ⇒ BoardDom state

and hence

` Reachable BoardTrans BoardInit (BoardAbs(b1,...,bn)) =
Reachable
(λ((b1,...,bn),(b1’,...,bn’)).
BoardTrans(BoardAbs(b1,...,bn),BoardAbs(b1’,...,bn’)))

(λ(b1,...,bn). BoardInit(BoardAbs(b1,...,bn)))
(b1,...,bn)

In order to evaluate the right hand side of this equation using BDDs, the
terms BoardTrans(BoardAbs(b1,...,bn),BoardAbs(b1’,...,bn’)) and also the
term BoardInit(BoardAbs(b1,...,bn)) are rewritten using derived equations to
get theorems of the form:

` BoardTrans(BoardAbs(b1,...,bn),BoardAbs(b1’,...,bn’)) = ...
` BoardInit(BoardAbs(b1,...,bn)) = ...

where the occurrences of “...” on the right hand side are boolean formulae
suitable for direct representation as BDDs (see Section 5.3 for examples).

Suitable equations must be assumed or proved that enable the HOL rewriting
tools6 to automatically derive theorems of the form shown above. In the current
implementation some of these equations are proved as general theorems that can
be instantiated, some are proved on-the-fly each time the tool is invoked, and
some are even assumed as axioms (Section 7 discusses this).

Phase 2 now takes over. To search for a solution, a theorem:

` BoardFinal(BoardAbs(b1,...,bn)) = ...

is also derived. If a solution exists, then standard state enumeration methods in
HolBddLib can compute a sequence of theorems:

` BoardInit(BoardAbs(c11,...,c1n))
` BoardTrans(BoardAbs(c11,...,c1n),BoardAbs( ... ))

...
` BoardTrans(BoardAbs( ... ),BoardAbs(cm1,,...,cmn))
` BoardFinal(BoardAbs(cm1,...,cmn))

6 These tools are in the HOL libraries simpLib and computeLib.
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where (c11,...,c1n), . . . , (cm1,...,cmn) are vectors of the boolean constants T (true)
and F (false). Evaluating BoardAbs(c11,...,c1n), . . . , BoardAbs(cm1,...,cmn)

using computeLib [2] yields a sequence of states representing a possible solution.
To compute the reachable end states, standard HolBddLib methods can com-

pute the BDD representing the term

Reachable BoardTrans BoardInit (BoardAbs(b1,...,bn))

An end state is defined to be a state from which there are no transitions.
The general definition is:

` ∀ R state. End R state = ¬∃ state’. R(state,state’)

Instantiating R to (λ(bv,bv’). BoardTrans(BoardAbs bv,boardAbs bv’)), bv to
(b1,...,bn) and then simplifying yields a theorem of the form

` End (λ(bv,bv’). BoardTrans(BoardAbs bv,BoardAbs bv’)) (b1,...,bn) = ...

HolBddLib is then used to compute the BDD of the right hand side of this
equation, and hence the BDD representing the left hand side. This BDD can
then be combined with the BDD representing the end states and the result
converted to a theorem of the form:

` Reachable BoardTrans BoardInit (BoardAbs(b1,...,bn)) ∧
End BoardTrans (BoardAbs(b1,...,bn)) = ...

where the right hand side “...” is the term obtained from the BDD. Rewriting
this to DNF and also using the equations:

` b = (b = T)
` ¬b = (b = F)
` (b1 = c1) ∧ (b2 = c2) == ((b1,b2) = (c1,c2))

yields a theorem of the form

` ∀ b1 ... bn
Reachable BoardTrans BoardInit (BoardAbs(b1,...,bn)) ∧
End BoardTrans (BoardAbs(b1,...,bn)) =
((b1,...,bn) = (c11,...,c1n)) ∨ ... ∨ ((b1,...,bn) = (cp1,...,cpn))

where each constant cjk is T or F. This is equivalent to

` ∀ bv. Reachable BoardTrans BoardInit (BoardAbs bv) ∧
End BoardTrans (BoardAbs bv) =
(bv = (c11,...,c1n)) ∨ · · · ∨ (bv = (cp1,...,cpn))

i.e. quantification of n boolean variables is replaced by a single quantification
over a tuple. Instantiating bv to BoardRep state and then generalising yields:

` ∀ state. Reachable BoardTrans BoardInit (BoardAbs(BoardRep state)) ∧
End BoardTrans (BoardAbs(BoardRep state)) =
(BoardRep state = (c11,...,c1n))
∨
...
∨
(BoardRep state = (cp1,...,cpn))
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The following is a theorem
` ∀ abs rep.

(∀ bv. rep(abs bv) = bv)
⇒
∀ s bv. (rep s = bv) = (abs(rep s) = abs bv)

hence as ` ∀ bv. BoardRep(BoardAbs bv) = bv

` ∀ state bv.
(BoardRep state = bv) = (BoardAbs(BoardRep state) = BoardAbs bv)

hence
` ∀ state.

Reachable BoardTrans BoardInit (BoardAbs(BoardRep state)) ∧
End BoardTrans (BoardAbs(BoardRep state)) =
(BoardAbs(BoardRep state) = BoardAbs(c11,...,c1n))
∨
...
∨
(BoardAbs(BoardRep state) = BoardAbs(cp1,...,cpn))

using
` ∀ state. BoardDom state = (BoardAbs(BoardRep state) = state)
` ∀ state. Reachable BoardTrans BoardInit state ⇒ BoardDom state

the theorem above simplifies to
` ∀ state.

Reachable BoardTrans BoardInit state ∧ End BoardTrans state =
BoardDom state
∧
((state=BoardAbs(c11,...,c1n))∨. . .∨(state=BoardAbs(cp1,...,cpn)))

which can be rewritten to
` ∀ state.

Reachable BoardTrans BoardInit state ∧ End BoardTrans state =
state SUBSET Board
∧
state IN {BoardAbs(c11,...,c1n)); ... ; BoardAbs(cp1,...,cpn)}

which shows the set of reachable end states to be:
{BoardAbs(c11,...,c1n) ; ... ; BoardAbs(cp1,...,cpn)}

Each member of this set can be evaluated to state (i.e. a set of hole positions).

5.3 Example: Puzzle Triv

A very simple puzzle called Triv will be used to illustrate the operation of
PuzzleTool.

--------- ---------
TrivBoard = {(0,4); | | | XXXXX |

(0,3); --------- ---------
(0,2); | XXXXX | | |
(0,1); --------- ---------
(0,0)} | | ===> | |

--------- ---------
TrivMoves = {N 1; S 1} | XXXXX | | |
TrivInitialState = {(0,0);(0,1);(0,3)} --------- ---------
TrivFinalState = {(0,4)} | XXXXX | | |

--------- ---------
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The first step in solving Triv is to define constants representing the puzzle:

val TrivBoard_def = Define‘TrivBoard={(0,4);(0,3);(0,2);(0,1);(0,0)}‘
val TrivMoves_def = Define‘TrivMoves={N 1;S 1}‘
val TrivInitialState_def = Define‘TrivInitialState={(0,0);(0,1);(0,3)}‘
val TrivFinalState_def = Define‘TrivFinalState={(0,4)}‘

The function puzzleTool performs the Phase 1 analysis and returns a pair
of functions for doing the Phase 2 BDD analysis. The first function computes
solutions and the second one computes reachable end states. Here is a complete
session to solve and analyse Triv (some system output deleted).

- val (TrivSolveFn,TrivEndStatesFn) =
PuzzleTool(TrivBoard_def, TrivMoves_def, TrivInitialState_def);

> val TrivSolveFn = fn : thm -> thm
val TrivEndStatesFn = fn : unit -> thm

- TrivEndStatesFn();
> val it = |- Reachable TrivTrans TrivInit s /\ End TrivTrans s =

s SUBSET TrivBoard /\ s IN {{(0,4)}; {(0,1)}} : thm

- val TrivFinalState_def = Define ‘TrivFinalState = {(0,4)}‘;
> val TrivFinalState_def = |- TrivFinalState = {(0,4)} : thm

- TrivSolveFn TrivFinalState_def;
> val it =

|- TrivInit {(0,3); (0,1); (0,0)} /\
TrivTrans ({(0,3); (0,1); (0,0)},{(0,3); (0,2)}) /\
TrivTrans ({(0,3); (0,2)},{(0,4)}) /\ TrivFinal {(0,4)} : thm

Thus invoking PuzzleTool on Triv yields the following trace:

[{(0,0);(0,1);(0,3)}; {(0,2);(0,3)}; {(0,4)}]

and the set {{(0,4)}; {(0,1)}} of reachable end states.
The results of invoking PuzzleTool on the two solitaire games can be found

on the web at: http://www.cl.cam.ac.uk/~mjcg/puzzleTool.
Phase 1 begins with a number of definitions being made.

` TrivInit state = (state = {(0,0); (0,1); (0,3)})
` TrivAbs (b0,b1,b2,b3,b4)

= ABS[(0,4);(0,3);(0,2);(0,1);(0,0)][b0;b1;b2;b3;b4]
` TrivT2L [b0;b1;b2;b3;b4] = (b0,b1,b2,b3,b4)
` TrivRep s = TrivT2L (REP [(0,4);(0,3);(0,2);(0,1);(0,0)] s)
` TrivDom s = s SUBSET {(0,0);(0,1);(0,3)}
` TrivTrans (state,state’) = Trans TrivBoard TrivMoves (state,state’)

From these definitions, some axioms7 and pre-proved general theorems, the
boolean representation of the puzzle is computed:

` TrivInit(TrivAbs(b0,b1,b2,b3,b4)) = ¬b0 ∧ b1 ∧ ¬b2 ∧ b3 ∧ b4

` TrivTrans(TrivAbs(b0,b1,b2,b3,b4),TrivAbs(b0’,b1’,b2’,b3’,b4’)) =
(b2 ∧ b1 ∧ ¬b0 ∧ b0’ ∧ ¬b1’ ∧ ¬b2’ ∧ (b3’ = b3) ∧ (b4’ = b4) ∨
b3 ∧ b2 ∧ ¬b1 ∧ (b0’ = b0) ∧ b1’ ∧ ¬b2’ ∧ ¬b3’ ∧ (b4’ = b4) ∨
b4 ∧ b3 ∧ ¬b2 ∧ (b0’ = b0) ∧ (b1’ = b1) ∧ b2’ ∧ ¬b3’ ∧ ¬b4’) ∨
b0 ∧ b1 ∧ ¬b2 ∧ ¬b0’ ∧ ¬b1’ ∧ b2’ ∧ (b3’ = b3) ∧ (b4’ = b4) ∨
b1 ∧ b2 ∧ ¬b3 ∧ (b0’ = b0) ∧ ¬b1’ ∧ ¬b2’ ∧ b3’ ∧ (b4’ = b4) ∨
b2 ∧ b3 ∧ ¬b4 ∧ (b0’ = b0) ∧ (b1’ = b1) ∧ ¬b2’ ∧ ¬b3’ ∧ b4’

7 See Section 7 for a discussion of assuming axioms versus proving theorems.

http://www.cl.cam.ac.uk/~mjcg/puzzleTool
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These ‘scalarised’ equations are built into the functions returned by PuzzleTool.
Phase 2 can now start. The BDD state exploration tools in HOL’s HolBddLib

can automatically compute a solution, given a goal state:

val FinalState_def = Define ‘TrivFinalState = {(0,4)}‘;

from which the function TrivSolveFn returned by PuzzleTool deduces:

` TrivFinal (TrivAbs(b0,b1,b2,b3,b4)) = b0 ∧ ¬b1 ∧ ¬b2 ∧ ¬b3 ∧ ¬b4

and then uses HolBddLib to compute:

` TrivInit(TrivAbs(F,T,F,T,T))
` TrivBoardTrans(TrivAbs(F,T,F,T,T),TrivAbs(F,T,T,F,F))
` TrivBoardTrans(TrivAbs(F,T,T,F,F),TrivAbs(T,F,F,F,F))
` TrivFinal(TrivAbs(T,F,F,F,F))

which after evaluation and conjunction yield:

` TrivInit {(0,3);(0,1);(0,0)} ∧
TrivTrans ({(0,3);(0,1);(0,0)},{(0,3);(0,2)}) ∧
TrivTrans ({(0,3);(0,2)},{(0,4)}) ∧
TrivFinal {(0,4)}

To compute the reachable end states the following is derived.

` End (λ(bv,bv’). TrivTrans(TrivAbs bv,TrivAbs bv’))
(b0,b1,b2,b3,b4) = ((∀ b1’ b2’. ¬b2 ∨ ¬b1 ∨ b0 ∨ b1’ ∨ b2’) ∧

(∀ b2’ b3’. ¬b3 ∨ ¬b2 ∨ b1 ∨ b2’ ∨ b3’) ∧
∀ b3’ b4’. ¬b4 ∨ ¬b3 ∨ b2 ∨ b3’ ∨ b4’) ∧
(∀ b0’ b1’. ¬b0 ∨ ¬b1 ∨ b2 ∨ b0’ ∨ b1’) ∧
(∀ b1’ b2’. ¬b1 ∨ ¬b2 ∨ b3 ∨ b1’ ∨ b2’) ∧
∀ b2’ b3’. ¬b2 ∨ ¬b3 ∨ b4 ∨ b2’ ∨ b3’

The BDD of this is computed. HolBddLib is then invoked to compute the BDD of
the set of all reachable states and the two BDDs are combined and the resulting
BDD converted to a term to obtain:

` Reachable TrivTrans TrivInit (TrivAbs(b0,b1,b2,b3,b4)) ∧
End TrivTrans (TrivAbs(b0,b1,b2,b3,b4)) =
b0 ∧ ¬b1 ∧ ¬b2 ∧ ¬b3 ∧ ¬b4 ∨ ¬b0 ∧ ¬b1 ∧ ¬b2 ∧ b3 ∧ ¬b4

from this it follows by deduction:

` ∀ b0 b1 b2 b3 b4.
Reachable TrivTrans TrivInit (TrivAbs(b0,b1,b2,b3,b4)) ∧
End TrivTrans (TrivAbs(b0,b1,b2,b3,b4)) =
((b0,b1,b2,b3,b4) = (T,F,F,F,F)) ∨ ((b0,b1,b2,b3,b4) = (F,F,F,T,F))

hence:

` Reachable TrivTrans TrivInit (TrivAbs(TrivRep s)) ∧
End TrivTrans (TrivAbs(TrivRep s)) =
(TrivRep s = (T,F,F,F,F)) ∨ (TrivRep s = (F,F,F,T,F))

and then using theorems relating TrivDom, TrivRep and TrivAbs, and also the
easily proved theorem ` ∀s. Reachable TrivTrans TrivInit s ⇒ TrivDom s

` Reachable TrivTrans TrivInit s ∧ End TrivTrans s =
TrivDom s ∧ ((s = {(0,4)}) ∨ (s = {(0,1)}))

and hence

` Reachable TrivTrans TrivInit s ∧ End TrivTrans s =
s SUBSET TrivBoard ∧ s IN {{(0,4)};{(0,1)}}
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6 Computation and Deduction

The flow from input to output described in the previous section is programmed
in the HOL metalanguage, Standard ML. PuzzleTool can be viewed logically
as two derived inference rules in higher order logic. The rule corresponding to
computing solutions is:

` Board = ... ` Moves = ... ` Init = ... ` Final = ...

` state1 IN Init
∧
BoardTrans(state1, ...) ∧ . . . ∧ BoardTrans(..., staten)
∧
staten IN Final

the rule corresponding to computing all reachable end states is:
` Board = ... ` Moves = ... ` Init = ...

` ∀ state.
Reachable BoardTrans BoardInit state ∧ End BoardTrans state =
state SUBSET Board ∧ state IN { . . . }

7 Conclusions

The implementation of efficient special purpose tools in a general theorem prover
like HOL is practicable. The implementer can produce a quick prototype using
‘brute force’ methods and by assuming general results as axioms before going to
the effort of proving them. This can establish proof of concept.

The tool can then be tuned by optimising deductions using standard theorem
proving and verification methods. The assurance of soundness can be improved
by checking the assumed theorems for each problem ‘on-the-fly’ by symbolic
execution, or by proving general theorems that can be instantiated. How much
optimisation and assurance enhancement to do requires a cost/benefit analysis.

The needs of a tool implementation platform are wider than the needs of
a pure proof assistant. Scripting and encapsulation mechanisms are necessary,
and access to external oracles (like BDD and SAT engines) are essential for some
applications. There is potential for synergy between the automatic theorem prov-
ing, proof assistant and verification tool communities. This paper has explored
widening the applicability of a proof assistant, HOL, to be a tool implementa-
tion platform. In the long term it might be worthwhile designing such a platform
from scratch, but in the short to medium term there is plenty of potential left
in existing programmable proof assistants.
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Abstract. We present a probabilistic version of the while loop, in the
context of our mechanised framework for verifying probabilistic pro-
grams. The while loop preserves useful program properties of measurabil-
ity and independence, provided a certain condition is met. This condition
is naturally interpreted as “from every starting state, the while loop will
terminate with probability 1”, and we compare it to other probabilis-
tic termination conditions in the literature. For illustration, we verify
in HOL two example probabilistic algorithms that necessarily rely on
probabilistic termination: an algorithm to sample the Bernoulli(p) dis-
tribution using coin-flips; and the symmetric simple random walk.

1 Introduction

Probabilistic algorithms are used in many areas, from discrete mathematics to
physics. There are many examples of simple probabilistic algorithms that cannot
be matched in performance (or sometimes even complexity) by deterministic
alternatives [12]. It is our goal to specify and verify probabilistic algorithms in
a theorem-prover. Formal verification is particularly attractive for probabilistic
algorithms, because black-box testing is limited to statistical error reports of the
form: “With confidence 90%, the algorithm is broken.” Additionally, even small
probabilistic algorithms can be difficult to implement correctly. A whole new
class of errors becomes possible and one has to be mathematically sophisticated
to avoid them.

In Section 2 we show how probabilistic algorithms can be specified and ver-
ified in the HOL1 theorem prover2 [2], by thinking of them as deterministic
functions having access to an infinite sequence of coin-flips. This approach is
general enough to verify many probabilistic algorithms in HOL (including the
Miller-Rabin primality test [5]), but (in its raw form) it is limited to algorithms
that are guaranteed to terminate.

Example 1. A sampling algorithm simulates a probability distribution ρ by gen-
erating on demand a value x with probability ρ(x). In this spirit, an algorithm

� Supported by EPSRC project GR/R27105/01.
1 As will be seen, higher-order logic is essential for our approach, since many of our

results rely on quantification over predicates and functions.
2 hol98 is available from http://www.cl.cam.ac.uk/Research/HVG/FTP/ .
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to sample the Geometric(1
2 ) distribution will return the natural number n with

probability (1
2 )

n+1. A simple way to implement this is to return the index of the
first coin-flip in the sequence that is ‘heads’. However, this is not guaranteed to
terminate on every possible input sequences of coin-flips, the counter-example
being the ‘all-tails’ sequence.3 However, the algorithm does satisfies probabilis-
tic termination, meaning that the probability that it terminates is 1 (“in all
practical situations it must terminate”).

In fact, there is a large class of probabilistic algorithms that cannot be defined
without using probabilistic termination. In Section 3 we present our approach
to overcoming this limitation: a probabilistic version of the ‘while’ loop that
slots into our HOL framework and supports probabilistic termination. If a cer-
tain probabilistic termination condition is satisfied, then an algorithm defined
in terms of a probabilistic while loop automatically satisfies useful properties
of measurability and independence. In Section 4 we examine the relationship
between our probabilistic termination condition and others in the literature.

In Sections 5 and 6 we use probabilistic termination to define two algorithms
in HOL. The first uses coin-flips to sample from the Bernoulli(p) distribution,
where p can be any real number between 0 and 1. The second is the symmetric
simple random walk, a classic example from probability theory that requires a
subtle termination argument to even define.

The contributions of this paper are as follows:

– an overview of our formal framework for verifying probabilistic programs in
the HOL theorem prover;

– the formal definition of a probabilistic while loop, preserving compositional
properties of measurability and independence;

– a comparison of our naturally occurring probabilistic termination condition
with others in the literature;

– the verification in HOL of two probabilistic algorithms requiring probabilistic
termination: an algorithm to sample the Bernoulli(p) distribution using coin-
flips; and the symmetric simple random walk.

2 Verifying Probabilistic Algorithms in HOL

In this section we provide an overview of our framework for verifying probabilistic
algorithms in HOL. Although novel this is not the main focus of this paper, and
so the section is necessarily brief. For the complete explanation please refer to
my Ph.D. thesis [6].

2.1 Modelling Probabilistic Programs in HOL

Probabilistic algorithms can be modelled in HOL by thinking of them as deter-
ministic algorithms with access to an infinite sequence of coin-flips. The infinite
3 For a literary example of a coin that always lands on the same side, see the beginning

of the Tom Stoppard play: Rosencrantz & Guildenstern Are Dead.
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sequence of coin flips is modelled by an element of the type B
∞ of infinite boolean

sequences, and serves as an ‘oracle’. The oracle provides an inexhaustible source
of values ‘heads’ and ‘tails’, encoded by � and ⊥. Every time a coin is flipped,
the random result of the coin flip is popped and consumed from the oracle. A
probabilistic algorithm takes, besides the usual parameters, another oracle pa-
rameter from which it may pop the random values it needs. In addition to its
result, it returns the rest of the oracle for consumption by someone else.

A simple example of a probabilistic algorithm is a random variable. Consider
the random variable V ranging over values of type α, which we represent in HOL
by the function

v : B
∞ → α× B

∞

Since random variables do not take any parameters, the only parameter of v is
the oracle: an element of the type B

∞ of infinite boolean sequences. It returns
the value of the random variable (an element of type α) and the rest of the oracle
(another element of B

∞).

Example 2. If shd and stl are the sequence equivalents of the list operations
‘head’ and ‘tail’, then the function

� bit = λs. (if shd s then 1 else 0, stl s) (1)

models a Bernoulli(1
2 ) random variable that returns 1 with probability 1

2 , and 0
with probability 1

2 . For example,

bit (�,⊥,�,⊥, . . .) = (1, (⊥,�,⊥, . . .))
shows the result of applying bit to one particular infinite boolean sequence.

It is possible to combine random variables by ‘passing around’ the sequence
of coin-flips.

Example 3. We define a bin n function that combines several applications of bit
to calculate the number of ‘heads’ in the first n flips.

� bin 0 s = (0, s) ∧ (2)

∀n. bin (suc n) s = let (x, s′)← bin n s in
(
let (y, s′′)← bit s′ in (x + y, s′′)

)

The HOL function bin n models a Binomial(n, 1
2 ) random variable.

Concentrating on an infinite sequence of coin-flips as the only source of ran-
domness for our programs is a boon to formalisation in HOL, since only one
probability space needs to be formalised in the logic. It also has a practical
significance, since we can extract our HOL implementations of probabilistic pro-
grams to ML, and execute them on a sequence of high quality random bits from
the operating system. These random bits are derived from system noise, and are
so designed that a sequence of them should have the same probability distribu-
tion as a sequence of coin-flips. An example of this extraction process is given
in Section 6 for the random walk, and a more detailed examination of the issues
can be found in a previous case study of the Miller-Rabin primality test [5].
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2.2 Monadic Operator Notation

The above representation is also used in Haskell4 and other pure functional
languages to write probabilistic programs [13,9]. In fact, these programs live
in the more general state-transforming monad: in this case the state that is
transformed is the sequence of coin-flips. The following monadic operators can be
used to reduce notational clutter when combining state-transforming programs.

Definition 1. The state-transformer monadic operators unit and bind.

� ∀ a, s. unit a s = (a, s)
� ∀ f, g, s. bind f g s = let (x, s′)← f(s) in g x s′

The unit operator is used to lift values to the monad, and bind is the monadic
analogue of function application.

Example 4. Our bin n function can now be defined more concisely:

� bin 0 = unit 0 ∧ (3)
∀n. bin (suc n) = bind (bin n) (λx. bind bit (λ y. unit (x+ y)))

Observe that the sequence of coin-flips is never referred to directly, instead the
unit and bind operators pass it around behind the scenes.

2.3 Formalised Probability Theory

By formalising some mathematical measure theory in HOL, it is possible to
define a probability function

P : P(B∞)→ R

from sets of sequences to real numbers between 0 and 1.
Since the Banach-Tarski paradox prevents us from assigning a well-defined

probability to every set of sequences, it is helpful to think of P as a partial
function. The domain of P is the set

E : P(P(B∞))

of events of the probability.5 Our current version of formalised measure theory
is powerful enough that any practically occurring set of sequences is an event.
Specifically, we define P and E using Carathéodory’s Extension Theorem, which
ensures that E is a σ-algebra: closed under complements and countable unions.

Once we have formally defined P and E in HOL, we can derive the usual laws
of probability from their definitions. One such law is the following, which says
that the probability of two disjoint events is the sum of their probabilities:

� ∀A,B. A ∈ E ∧B ∈ E ∧A ∩B = ∅ ⇒ P(A ∪B) = P(A) + P(B)

4 http://www.haskell.org.
5 Of course, P must be a total function in HOL, but the values of P outside E are

never logically significant.

http://www.haskell.org
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Example 5. Our formalised probability theory allows us to prove results such as

� ∀n, r. P {s | fst (bin n s) = r} =
(
n

r

)
(

1
2

)n (4)

making explicit the Binomial(n, 1
2 ) probability distribution of the bin n function.

The fst function selects the first component of a pair, in this case the N from
N× B

∞. The proof proceeds by induction on n, followed by a case split on the
first coin-flip in the sequence (a probability weight of 1

2 is assigned to each case).
At this point the goal may be massaged (using real analysis and the laws of
probability) to match the inductive hypothesis.

2.4 Probabilistic Quantifiers

In probability textbooks, it is common to find many theorems with the qualifier
‘almost surely’, ‘with probability 1’ or just ‘w.p. 1’. Intuitively, this means that
the set of points for which the theorem is true has probability 1 (which proba-
bility space is usually clear from context). We can define probabilistic versions
of the ∀ and ∃ quantifiers that make this notation precise.6

Definition 2. Probabilistic Quantifiers

� ∀φ. (∀∗s. φ(s)) = {s | φ(s)} ∈ E ∧ P {s | φ(s)} = 1
� ∀φ. (∃∗s. φ(s)) = {s | φ(s)} ∈ E ∧ P {s | φ(s)} �= 0

Observe that these quantifiers come specialised to the probability space (E ,P)
of infinite sequences of coin-flips: this cuts down on notational clutter.

2.5 Measurability and Independence

Recall that we model probabilistic programs with HOL functions of type

B
∞ → α× B

∞

However, not all functions f of this HOL type correspond to reasonable proba-
bilistic programs. Some are not measurable, and hence a set of sequences

S = {s | P (fst (f(s)))}
that satisfy some property P of the result is not an event of the probability (i.e.,
S /∈ E). Alternatively, f might not be independent, and hence it may use some
coin-flips to compute a result and also return those ‘used’ coin-flips, like this:

broken bit = λ s. (fst (bit s), s)

We therefore introduce a property indep called strong function independence.
If f ∈ indep, then f will be both measurable and independent. All reasonable
probabilistic programs satisfy strong function independence, and the extra prop-
erties are a great aid to verification.
6 We pronounce ∀∗ as “probably” and ∃∗ as “possibly”.
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Definition 3. Strong Function Independence

� indep =
{f |
(fst ◦ f) ∈ measurable E U ∧ (snd ◦ f) ∈ measurable E E ∧
countable (range (fst ◦ f)) ∧ ∃C. is prefix cover f C}

In Definition 3 we give the HOL definition of indep. Strongly independent
functions must be measurable, and satisfy a compositional form of independence
that is enforced by their range being countable and having a ‘prefix cover’ of
probability 1.

Strong function independence fits in neatly with the monadic operator nota-
tion we introduced earlier, as the following theorem shows.

Theorem 1. Strong Function Independence is Compositional

� ∀ a. unit a ∈ indep

� ∀ f, g. f ∈ indep ∧ (∀ a. g(a) ∈ indep)⇒ bind f g ∈ indep

� ∀ f, g. f ∈ indep ∧ g ∈ indep⇒ coin flip f g ∈ indep

Proof (sketch). The proof of each statement begins by expanding the definition of
indep. The measurability conditions are proved by lifting results from the under-
lying algebra to E, and the countability condition is easily established. Finally,
in each case the required prefix cover is explicitly constructed.

The coin flip operator flips a coin to decide whether to execute f or g, and
is defined as

� coin flip f g = λ s. (if shd s then f else g) (stl s) (5)

The compositional nature of strong function independence means that it will
be satisfied by any probabilistic program that accesses the underlying sequence
of coin-flips using only the operators {unit, bind, coin flip}.

3 Probabilistic While Loop

In the previous section we laid out our verification framework for probabilistic
programs, emphasising the monadic operator style which ensures that strong
function independence holds. The programs have access to a source of random-
ness in the form of an infinite sequence of coin-flips, and this allows us to easily
extract programs and execute them. As we saw with the example program bin n
that sampled from the Binomial(n, 1

2 ) distribution, it is no problem to define
probabilistic programs using well-founded recursion.

However, well-founded recursion is limited to probabilistic programs that
compute a finite number of values, each having a probability of the form m/2n.7

7 This follows from the fact that any well-founded function of type B
∞ → α×B

∞ can
only read a finite number of booleans from the input sequence.
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Example 6. The limitations of well-founded recursion prevent the definition of
the following probabilistic programs:

– an algorithm to sample the Uniform(3) distribution (the probability of each
result is 1/3, which cannot be expressed in the form m/2n);

– and an algorithm to sample the Geometric(1
2 ) distribution (there are an

infinite number of possible results).

In this section we go further, and show how to define probabilistic programs
that are not strictly well-founded, but terminate with probability 1. Every prob-
abilistic program in the literature falls into this enlarged definition, and so (in
principle, at least) can be modelled in HOL.

3.1 Definition of the Probabilistic While Loop

We aim to define a probabilistic version of the while loop, where the body

b : α→ B
∞ → α× B

∞

of the while loop probabilistically advances a state of type α, and the condition

c : α→ B

is a deterministic state predicate.
We first define a bounded version of the probabilistic while loop with a cut-off

parameter n: if the condition is still true after n iterations, the loop terminates
anyway.

Definition 4. Bounded Probabilistic While Loop

� ∀ c, b, n, a.
while cut c b 0 a = unit a ∧
while cut c b (suc n) a = if c(a) then bind (b(a)) (while cut c b n) else unit a

The bounded version of probabilistic while does not employ probabilistic
recursion. Rather it uses standard recursion on the cut-off parameter n, and
consequently many useful properties follow by induction on n.

We now use while cut to make a ‘raw definition’ of an unbounded probabilistic
while loop.

Definition 5. Probabilistic While Loop

� ∀ c, b, a, s.
while c b a s =
if ∃n. ¬c(fst (while cut c b n a s)) then

while cut c b (minimal (λn. ¬c(fst (while cut c b n a s)))) a s

else arb

where arb is an arbitrary fixed value, and minimal φ is specified to be the smallest
natural number n satisfying φ(n).
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3.2 Characterisation of the Probabilistic While Loop

There are two characterising theorems that we would like to prove about proba-
bilistic while loops. The first demonstrates that it executes as we might expect:
check the condition, if true then perform an iteration and repeat, if false then
halt and return the current state. Note the bind and unit in the theorem: this is
a probabilistic while loop, not a standard one!

Theorem 2. Iterating the Probabilistic While Loop

� ∀ c, b, a. while c b a = if c(a) then bind (b(a)) (while c b) else unit a

Proof. For a given c, b, a, s, if there is some number of iterations of b (starting in
state a with sequence s) that would lead to the condition c becoming false, then
while performs the minimum number of iterations that are necessary for this to
occur, otherwise it returns arb. The proof now splits into the following cases:

– The condition eventually becomes false:
• The condition is false to start with: in this case the minimum number of

iterations for the condition to become false will be zero.
• The condition is not false to start with: in this case the minimum number

of iterations for the condition to become false will be greater than zero,
and so we can safely perform an iteration and then ask the question
again.

– The condition will always be true: therefore, after performing one iteration
the condition will still always be true. So both LHS and RHS are equal to
arb.

Note that up to this point, the definitions and theorems have not mentioned
the underlying state, and so generalise to any state-transforming while loop. The
second theorem that we would like to prove is specific to probabilistic while loops,
and states that while preserves strong function independence. This allows us to
add while to our set of monadic operators for safely constructing probabilistic
programs. However, for while c b to satisfy strong function independence, the
following ‘termination’ condition is placed on b and c.8

Definition 6. Probabilistic Termination Condition

� ∀ c, b. while terminates c b = ∀ a. ∀∗s. ∃n. ¬c(fst (while cut c b n a s))

This extra condition says that for every state a, there is an event of probabil-
ity 1 that leads to the termination of the probabilistic while loop. This additional
condition ensures that probabilistic while loops preserve strong function inde-
pendence.

Theorem 3. Probabilistic While Loops Preserve Strong Function Independence

� ∀ c, b. (∀ a. b(a) ∈ indep) ∧ while terminates c b⇒ ∀ a. while c b a ∈ indep

8 The ∀∗ in the definition is a probabilistic universal quantifier (see Section 2.4).
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Proof (sketch). Countability of range and measurability follow easily from the
strong function independence of b(a), for every a. The prefix cover is again ex-
plicitly constructed, by stitching together the prefix covers of b(a) for all reachable
states a that terminate the while loop (i.e., that satisfy ¬c(a)).

At this point the definition of a probabilistic while loop is finished. We export
Theorems 2 and 3 and Definition 6, and these totally characterise the while
operator: users never need to work with (or even see) the raw definition.

Finally, no formal definition of a new while loop would be complete without
a Hoare-style while rule, and the following can be proved from the characterising
theorems.

Theorem 4. Probabilistic While Rule

� ∀φ, c, b, a.
(∀ a. b(a) ∈ indep) ∧ while terminates c b ∧
φ(a) ∧ (∀ a. ∀∗ s. φ(a) ∧ c(a)⇒ φ(fst (b a s))) ⇒
∀∗s. φ(fst (while c b a s))

“For a well-behaved probabilistic while loop, if a property is true of the initial
state and with probability 1 is preserved by each iteration, then with probability 1
the property will be true of the final state.”

4 Probabilistic Termination Conditions

In the previous section we saw that a probabilistic termination condition was
needed to prove that a probabilistic while loop satisfied strong function inde-
pendence. In this section we take a closer look at this condition, in the context
of related work on termination.

Let us begin by observing that our termination condition while terminates c b
is both necessary and sufficient for each while c b a to terminate on a set of
probability 1. Therefore, the other termination conditions we survey are either
equivalent to ours or logically imply it.

In the context of probabilistic concurrent systems, the following 0-1 law was
proved by Hart, Sharir, and Pnueli [3]:9

Let process P be defined over a state space S, and suppose that from every
state in some subset S′ of S the probability of P ’s eventual escape from S′ is
at least p, for some fixed 0 < p.

Then P ’s escape from S′ is certain, occurring with probability 1.

Identifying P with while c b and S′ with the set of states a for which c(a)
holds, we can formulate the 0-1 law as an equivalent condition for probabilistic
termination:
9 This paraphrasing comes from Morgan [10].
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Theorem 5. The 0-1 Law of Probabilistic Termination

� ∀ c, b.
(∀ a. b(a) ∈ indep) ⇒
(while terminates c b ⇐⇒
∃ p. 0 < p ∧ ∀ a. p ≤ P {s | ∃n. ¬c(fst (while cut c b n a s))})

This interesting result implies that over the whole state space, the infimum
of all the termination probabilities is either 0 or 1, it cannot lie properly in
between. An example of its use for proving probabilistic termination will be seen
in our verification of a sampling algorithm for the Bernoulli(p) distribution.

Hart, Sharir, and Pnueli [3] also established a sufficient condition for proba-
bilistic termination called the probabilistic variant rule. We can formalise this as
a sufficient condition for termination of our probabilistic while loops; the proof
is relatively easy from the 0-1 law.

Theorem 6. The Probabilistic Variant Condition

� ∀ c, b.
(∀ a. b(a) ∈ indep) ∧
(∃ f,N, p.

0 < p ∧
∀ a. c(a) ⇒ f(a) < N ∧ p ≤ P {s | f(fst (b a s)) < f(a)}) ⇒

while terminates c b

As its name suggests, the probabilistic variant condition is a probabilistic
analogue of the variant method used to prove termination of deterministic while
loops. If we can assign to each state a a natural number measure from a finite
set, and if each iteration of the loop has probability at least p of decreasing the
measure, then probabilistic termination is assured. In addition, when {a | c(a)}
is finite, the probabilistic variant condition has been shown to be necessary as
well as sufficient.

5 Example: Sampling the Bernoulli(p) Distribution

The Bernoulli(p) distribution is over the boolean values {�,⊥}, and models a
test where � is picked with probability p and ⊥ with probability 1 − p. Our
sequence of coin-flips can be considered as sampling a Bernoulli(1

2 ) distribution,
and the present goal is to use these to produce samples from a Bernoulli(p)
distribution, where p is any real number between 0 and 1.

The sampling algorithm we use is based on the following simple idea. Suppose
the binary expansion of p is 0.p0p1p2 · · ·; consider the coin-flips of the sequence s
as forming a binary expansion 0.s0s1s2 · · ·.10 In this way s can also be regarded
10 We can conveniently ignore the fact that some numbers have two binary expansions

(e.g., 1
2

= 0.1000 · · · = 0.0111 · · ·), since the set of these ‘dyadic rationals’ is countable
and therefore has probability 0.
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as a real number between 0 and 1. Since the ‘number’ s is uniformly distributed
between 0 and 1, we (informally) have

Probability(s < p =
{�
⊥
}

) =
{
p
1− p

}

Therefore, an algorithm that evaluates the comparison s < p will be sampling
from the Bernoulli(p) distribution, and this comparison can easily be decided by
looking at the binary expansions. The matter is further simplified since we can
ignore awkward cases (such as s = p) that occur with probability 0.

Definition 7. A Sampling Algorithm for the Bernoulli(p) Distribution

� ∀ p.
bern iter p =
if p < 1

2 then coin flip (unit (inr ⊥)) (unit (inl (2p)))
else coin flip (unit (inl (2p− 1))) (unit (inr �))

� ∀ p. bernoulli p = bind (while is inl (bern iter ◦ outl) (inl p)) (unit ◦ outr)

To make the sampling algorithm fit into a probabilistic while loop, the def-
inition makes heavy use of the HOL sum type α + β, which has constructors
inl, inr, destructors outl, outr and predicates is inl, is inr. However, the intent of
the probabilistic while loop is simply to evaluate s < p by iteration on the bits
of s:

– if shd s = ⊥ and 1
2 ≤ p, then return �;

– if shd s = � and p < 1
2 , then return ⊥;

– if shd s = ⊥ and p < 1
2 , then repeat with s := stl s and p := 2p;

– if shd s = � and 1
2 ≤ p, then repeat with s := stl s and p := 2p− 1.

This method of evaluation has two important properties: firstly, it is obviously
correct since the scaling operations on p just have the effect of removing its
leading bit; secondly, probabilistic termination holds, since every iteration has
a probability 1

2 of terminating the loop. Indeed, Hart’s 0-1 law of termination
(Theorem 5) provides a convenient method of showing probabilistic termination:

� while terminates is inl (bern iter ◦ outl) (6)

From this follows strong function independence

� ∀ p. bernoulli p ∈ indep (7)

and we can then prove that bernoulli satisfies an alternative definition:

� ∀ p. (8)
bernoulli p =
if p < 1

2 then coin flip (unit ⊥) (bernoulli (2p))
else coin flip (bernoulli (2p− 1)) (unit �)
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This definition of bernoulli is more readable, closer to the intuitive version, and
easier to use in proofs. We use this to prove the correctness theorem:

� ∀ p. 0 ≤ p ∧ p ≤ 1⇒ P {s | bernoulli p s} = p (9)

The proof of this is quite simple, once the right idea is found. The idea is to
show that the probability gets within (1

2 )
n of p, for an arbitrary natural number

n. As can be shown by induction, this will occur after n iterations.
It is perhaps surprising that the uncountable set {bernoulli p | 0 ≤ p ≤ 1} of

programs are all distinct, even though each one examines only a finite number
of bits (with probability 1).

6 Example: The Symmetric Simple Random Walk

The (1-dimensional) symmetric simple random walk is a probabilistic process
with a compelling intuitive interpretation. A drunk starts at point n (the pub)
and is trying to get to point 0 (home). Unfortunately, every step he makes
from point i is equally likely to take him to point i + 1 as it is to take him
to point i− 1. The following program simulates the drunk’s passage home, and
upon arrival returns the total number of steps taken.

Definition 8. A Simulation of the Symmetric Simple Random Walk

� ∀n. lurch n = coin flip (unit (n+ 1)) (unit (n− 1))
� ∀ f, b, a, k. cost f b (a, k) = bind (b(a)) (λa′. unit (a′, f(k)))
� ∀n, k.

walk n k =
bind (while (λ (n, ). 0 < n) (cost suc lurch) (n, k)) (λ ( , k). unit k)

Theorem 7. The Random Walk Terminates with Probability 1

� ∀n, k. while terminates (λ (n, ). 0 < n) (cost suc lurch)

Proof. Let πi,j be the probability that starting at point i, the drunk will eventually
reach point j.

We first formalise the two lemmas πp+i,p = πi,0 and πi,0 = πi
1,0. Therefore,

if with probability 1 the drunk eventually gets home from a pub at point 1, with
probability 1 he will eventually get home from a pub at any point.

By examining a single iteration of the random walk we have

π1,0 = 1
2π2,0 + 1

2 = 1
2π

2
1,0 +

1
2

which rewrites to
(π1,0 − 1)2 = 0

and therefore
π1,0 = 1
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Once probabilistic termination is established, strong independence easily fol-
lows:

� ∀n, k. walk n k ∈ indep (10)

At this point, we may formulate the definition of walk in a more natural way:

� ∀n, k. (11)
walk n k =
if n = 0 then unit k else

coin flip (walk (n+1) (k+1)) (walk (n−1) (k+1))

We have now finished the hard work of defining the random walk as a prob-
abilistically terminating program. To demonstrate that once defined it is just as
easy to reason about as any of our probabilistic programs, we prove the following
basic property of the random walk:11

� ∀n, k. ∀∗s. even (fst (walk n k s)) = even (n+ k) (12)

For a pub at point 1001, the drunk must get home eventually, but he will take
an odd number of steps to do so!

It is possible to extract this probabilistic program to ML, and repeatedly
simulate it using high-quality random bits from the operating system. Here is a
typical sequence of results from random walks starting at level 1:

57, 1, 7, 173, 5, 49, 1, 3, 1, 11, 9, 9, 1, 1, 1547, 27, 3, 1, 1, 1, . . .

As can be seen, the number of steps that are required for the random walk to
hit zero is usually less than 100. But sometimes, the number can be much larger.
Continuing the above sequence of simulations, the 34th simulation sets a new
record of 2645 steps, and the next record-breakers are the 135th simulation with
603787 steps and the 664th simulation with 1605511 steps. Such large records
early on are understandable, since the theoretical expected number of steps for
the random walk is actually infinite!

In case it is difficult to see how an algorithm could have infinite expected
running time but terminate with probability 1, consider an algorithm where the
probability of termination after n steps is 6

π2n2 . The probability of termination
is then

∑

n

6
π2n2

=
6
π2

∑

n

1
n2

=
6
π2
· π

2

6
= 1

and the expected running time is

∑

n

n
6

π2n2
=

6
π2

∑

n

1
n
=∞

11 Note the use of the probabilistic universal quantifier ∀∗s. This allows us to ignore
the set of sequences that cause the drunk to walk forever, since it has probability 0.
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7 Conclusions

In this paper we have described how probabilistic programs can be verified in
the HOL theorem prover, and then shown how programs that terminate with
probability 1 can be defined in the model. Finally, we applied the technology to
verify two example programs that necessarily rely on probabilistic termination.
In principle, our HOL framework is powerful enough to verify any probabilis-
tic program that terminates with probability 1. However, the labour-intensive
nature of theorem proving means that it is only practical to verify particularly
important probabilistic algorithms.

Fixing a sequence of coin-flips as the primitive source of randomness creates
a distinction between probabilistic programs that are guaranteed to terminate
on every possible sequence of coin-flips, and programs that terminate on a set
of sequences having probability 1. Probabilistic programs that are guaranteed
to terminate can place an upper bound on the number of random bits they will
require for a computation, but programs defined using probabilistic termination
may consume an unbounded number of bits. In application areas where random
bits are expensive to generate, or where tight bounds are required on execu-
tion time, probabilistic termination must be viewed with a certain amount of
suspicion.

There is also a logical distinction between guaranteed termination and prob-
abilistic termination. Typically, a program p defined using probabilistic termi-
nation generally has properties that are quantified by ∀∗ instead of the stronger
∀. This is because ‘all bets are off’ on the set of sequences where p doesn’t ter-
minate, and so universal quantification over all sequences usually results in an
unprovable property. In our verification of the Miller-Rabin primality test [5],
we deliberately avoided using probabilistic termination to get stronger theorems,
and the added power meant that we were able to implement a ‘composite prover’
for natural numbers.

In our random walk example, the proof of probabilistic termination is quite
subtle. The random walk is therefore not likely to fit into a standard scheme
of programs satisfying probabilistic termination. For this reason it is important
that the definition of probabilistic programs in our formal framework is not tied
to any particular program scheme. Instead, we can define an arbitrary prob-
abilistic program, then prove it satisfies probabilistic termination, and finally
go on to verify it. In the future, it may be useful to define program schemes
that automatically satisfy probabilistic termination: these can be implemented
by reduction to our current method followed by an automatic termination proof.
However, it is important to retain the general method, or unusual programs such
as the random walk could not be modelled.

Finally, in both the Bernoulli(p) and random walk examples, we defined a
function in terms of probabilistic while loops and then went to great pains to
prove that it was equivalent to a simpler version using straightforward recursion.
It might reasonably be asked why we don’t directly support recursive definitions
of probabilistic programs, and the answer is that it’s harder to extract the prob-
abilistic termination condition. One possible approach to this, building on the
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present work, would be to reduce the definition to a probabilistic while loop and
then read off the termination condition from that.

8 Related Work

The semantics of probabilistic programs was first tackled by Kozen [8], and
developed by Jones [7], He et al. [4] and Morgan et al. [11]. This line of research
extends the predicate transformer idea of [1] in which programs are regarded
as functions: they take a set of desired end results to the set of initial states
from which the program is guaranteed to produce one of these final states. With
the addition of probabilistic choice, the ‘sets of states’ must be generalised to
functions from states to the real interval [0, 1].

Jones defines a Hoare-style logic for total correctness, in which termination
with probability 1 is covered by using upper continuous functions as pre- and
post-conditions. In this model there is no distinction between guaranteed termi-
nation and probabilistic termination. The verification of a sampling algorithm
for the Geometric(1

2 ) distribution provides an instructive proof of probabilistic
termination, but (from the perspective of mechanisation) the method appears
to be more complicated than the approach presented in this paper. Also in the
context of probabilistic predicate transformers, Morgan [10] explicitly looks at
“proof rules for probabilistic loops”, applying the probabilistic variant condi-
tion of Hart, Sharir, and Pnueli [3] to verify a probabilistic self-stabilisation
algorithm.

Our semantics of probabilistic programs is very different from the predicate
transformer framework. Being concerned with mechanisation, our aim was to
minimise the amount of necessary formalisation. This led to a simple view of
probabilistic programs in terms of a sequence of coin-flips, and this bears no
obvious correspondence to the predicate transformer view. Proofs in the two
settings plainly use the same high-level arguments, but soon diverge to match
the low-level details of the semantics. However, it may be that our ‘shallow
embedding’ of probabilistic programs as HOL functions is obscuring similarities.
An interesting direction for future work would be to formalise the syntax of a
simple while language including a probabilistic choice operator, and then derive
the rules of the predicate transformer semantics in terms of our own.
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Abstract. In this paper, we present a formal proof, developed in the
Coq system, of the correctness of an automatic di�erentiation algorithm.
This is an example of interaction between formal methods and numer-
ical analysis (involving, in particular, real numbers). We study the au-
tomatic di�erentiation tool, called O∂yssée, which deals with FORTRAN

programs, and using Coq we formalize the correctness proof of the al-
gorithm used by O∂yssée for a subset of programs. To do so, we brie�y
describe the library of real numbers in Coq including real analysis, which
was originally developed for this purpose, and we formalize a semantics
for a subset of FORTRAN programs. We also discuss the relevance of
such a proof.

1 Introduction

In this work1, we consider an example of applying formal methods to prove the
correctness of numerical analysis programs and more generally programs dealing
with real numbers. The correctness of such programs is often critical; for example
the code on-board planes and trains, real time programs used in medicine, etc.
Many of these numerical analysis programs use a notion of di�erentiation, for
example a gradient. All these algorithms are well known, but they are also very
tedious to implement because, in particular, mistakes may easily arise. Detec-
tion and identi�cation of these mistakes is di�cult, which means great additional
work of testing is needed. Thus, some automatic differentiation (AD) tools
(like2 are used by numericians for the programming of a gradients or another
similar di�erentiation. These tools o�er certain advantages: speed of develop-
ment, genericity of the code, and, in particular, the absence of bugs which might

1 This work has been realised within the LogiCal project (INRIA-Rocquencourt,
France. http://logical.inria.fr/)

2 A list of automatic di�erentiation systems has been presented in ICIAM 1995 in
Hamburg and is available at http://www-unix.mcs.anl.gov/autodiff/AD_Tools/

ADIFOR [3], PADRE2 [2], ADIC [1], O∂yssée [5].

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 246�262, 2002.
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http://www.cs.chalmers.se/~mayero
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http://www-unix.mcs.anl.gov/autodiff/AD_Tools/


Using Theorem Proving for Numerical Analysis 247

be introduced by the programmer. Regarding this last point, this does not mean
that the �nal program is totally safe because implementing the algorithms in
those tools may potentially contain some bugs.

There are two main ways of �nding bugs in programs: making tests (as usual
in the numerical analysis �eld) or proving programs (not really used in the
numerical domain yet). In our case, we prefer the second method which is ex-
haustive and thus completely secure. One possible solution, to formally prove
the correctness of a program, consists in writing the program and proving some
properties regarding this code. In the context of Coq [13], this could be done
in a functional way using the speci�cation language, but also in an imperative
way by means of the tactic Correctness [6]. Here, we will use the speci�ca-
tion language to implement a functional version of the algorithm, which deals
with imperative programs, but does not need to be coded in an imperative way
(moreover, this will be closer to the tool that we propose to study and which
provides a functional implementation).

Subsequently, we focus on the particular case of O∂yssée, which presents
the advantage of having, in addition to a usual di�erentiation algorithm (direct
mode), an inverse mode, which is, in fact, a gradient (even if this work consists
only here in studying the direct mode). With the goal of proving the correctness
of the algorithm, we propose using the Coq proof assistance system in order
to prove the commutation of the diagram in �gure 1. This diagram means the
derivative of the semantical interpretation of the input program (in FORTRAN)
is equal to the semantical interpretation of the output program (in FORTRAN)
given by O∂yssée.

✲

✲
❄ ❄

Ass, Seq

Ass, Seq

R→ R

R→ R

O∂yssée Coq Derivative

semantics

semantics

Fig. 1. Commutation diagram

First, we present O∂yssée and the development which has been carried out
in Coq regarding real numbers and, more particularly, regarding the derivative.
Then, we give a semantics for a subset of FORTRAN programs, a formalization
of the di�erentiation algorithm used by O∂yssée and a correctness proof for this
subset. We also discuss, in section 6, the possibility of dealing with a larger set
of programs.
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2 Presentation of O∂yssée

O∂yssée is a software package for automatic di�erentiation developed at INRIA
Sophia Antipolis in the former SAFIR project, now the TROPICS project. It im-
plements both derivations: direct mode and inverse mode. It takes as input a
program written in Fortran-77, computing a di�erentiable piecewise function,
and returns a new program, which computes a tangent or cotangent derivative.
The tangent derivative, called direct mode, corresponds to a usual di�erentia-
tion, and the cotangent derivative, called inverse mode, is a gradient. Here, we
will mainly deal with the direct mode, because it is easier to start.

A preliminary step to both modes is that which marks the active variables.
A variable v (or value) is called active:

� if v is an input value of REAL type and if the user speci�es it as being an
active one
or

� if v is computed from, at least, one active variable.

In general, the generation of derived code follows, for both modes, the fol-
lowing rule: the structure of the program remains unchanged. In other words,
the derived code of a subroutine will be a subroutine, that of an "if" will be an
"if", and so on for the loops and other (imperative) structures which form the
imperative programs.

The direct mode may be summarized as follows: let P be a program, and X
and Y the vectors which respectively represent the input and output variables.
Then we have:

P (X → Y ) direct mode−−−−−−−−→ P̄ ((X, X̄)→ (Y, Ȳ ))

with Ȳ = J · X̄ where J represents the Jacobian matrix.
In other words, if the active input variables are vi, the active output variables

are vo and if P computes vo = f(vi), then this mode will compute vo and v̄o in
vi in the v̄i direction. That is to say v̄o = f ′(vi) · v̄i.

Let us consider the following small example.

subroutine cube (x,z)

real y

y=x*x

z=y*x

end

We will di�erentiate this routine with respect to x. Therefore, y and z also
become active variables. The following command of O∂yssée di�erentiates cube
with respect to x in the direct mode (tl):

diff -head cube -vars x -tl -o std
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What was previously written v̄ is now written VTTL by O∂yssée. Then we
have:

COD Compilation unit : cubetl

COD Derivative of unit : cube

COD Dummys: x z

COD Active IN dummys: x

COD Active OUT dummys: z

COD Dependencies between IN and OUT:

COD z <-- x

SUBROUTINE CUBETL (X, Z, XTTL, ZTTL)

REAL Y

REAL YTTL

YTTL = XTTL*X+X*XTTL

Y = X*X

ZTTL = XTTL*Y+X*YTTL

Z = Y*X

END

For more details, we can refer to [5].

3 Presentation of Real Analysis in Coq

As the formalization of this kind of proof requires notions of real analysis, a �rst
step was to develop a real number library (including basic analysis properties)
in Coq. Seeing that our purpose is not a construction of real numbers3, the feasi-
bility to formalize and prove the standard analysis properties seems to us to be
su�cient in this case. Thus, our entire formalization is based on 17 axioms, which
can be proved if necessary by a similar construction to that made in HOL [10].
Our axioms express the fact that R is a commutative, ordered, Archimedian and
complete �eld. From these axioms and some other basic properties, we de�ned
the notions of limit and derivative. We present them brie�y here, seeing that the
rest of the proof depends on the choices taken during these formalizations. This
development is available in the V6.3 and V7 versions of Coq.

First, the limit is de�ned in a metric space which is de�ned in the following
way4:

Record Metric_Space:Type:= {

Base:Type;

dist:Base->Base->R;

dist_pos:(x,y:Base)``(dist x y) >= 0``;

3 There are some other formalisations of real numbers in Coq based on constructions
[4] or intuitionnistic logic [7]

4 The double quote (�) are used to build a real number expression with a concrete
syntax.
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dist_sym:(x,y:Base)``(dist x y) == (dist y x)``;

dist_refl:(x,y:Base)``(dist x y) == 0``<->x==y;

dist_tri:(x,y,z:Base)``(dist x y) <= (dist x z)+(dist z y)``}.

The limit de�nition we used is:

∀ε > 0 ∃α > 0 s.t. ∀x ∈ D, | x− x0 | < α → | f(x)− l | < ε

that is to say l is the limit of f(x) when x tends to x0 in the domain D.
Using the Coq syntax, the limit is expressed as follows:

Definition limit_in :=

[X,X':Metric_Space;f:(Base X)->(Base X');D:(Base X)->Prop;

x0:(Base X);l:(Base X')]

(eps:R)``eps > 0`` ->

(EXT alp:R |``alp > 0``/\(x:(Base X))(D x)/\

``(dist X x x0) < alp``->

``(dist X' (f x) l) < eps``).

Once we have shown that R is really a metric space, the limit for the functions
of type R→ R can be de�ned in the following way:

Definition limit1_in:(R->R)->(R->Prop)->R->R->Prop:=

[f:R->R; D:R->Prop; l,x0:R](limit_in R_met R_met f D x0 l).

Before formalizing the derivative, it is interesting to note that this de�nition
of the limit does not absolutely prescribe x �= x0. Hence, in order to get a correct
de�nition of the derivative, we must take this �rst choice5 into consideration. To
formalize the derivative, we chose the following de�nition:

f ′(x0) = lim
x→x0,x �=x0

f(x) − f(x0)
x− x0

Considering our de�nition of limit, we must express that x �= x0 using the
de�nition domain of the function. The limit which will allow us to build the
derivative uses the following notion of domain:

Definition D_x: (R->Prop)->R->R->Prop :=

[D:(R->Prop); y,x:R](D x)/\``y <> x``.

In particular, x∈ (D_x D x0) means x∈ D\x0.
Now, we can give the de�nition of derivative of a function of type R → R.

Here as for the limit, we do not compute the derivative d of f , but we show that
d is really the derivative of f in x0 in a domain D.

Definition D_in:(R->R)->(R->R)->(R->Prop)->R->Prop:=

[f,d:(R->R); D:(R->Prop); x0:R]

(limit1_in [x:R]``((f x)-(f x0))/(x-x0)`` (D_x D x0) (d x0) x0).

5 This choice allows us to prove some lemmas of standard analysis more easily.



Using Theorem Proving for Numerical Analysis 251

This de�nition allows us to show the basic properties which will be useful
to prove our correctness lemma, namely, properties about the derivative of sum,
product, composition of functions, etc. Some of these properties can be found in
appendix B.

For more details regarding the real library of Coq, we can refer to [11,13].

4 Formalization of the Algorithm in Direct Mode

In this part, we give a formalization of the algorithm in direct mode for a subset
of FORTRAN programs, and we prove the correctness of this algorithm. We
consider the issues raised, some of which will be answered during the discussion
in section 6.

4.1 A Semantics for FORTRAN

Our semantics kernel will have, among other aspects, an environment, an ab-
stract syntax of a subset of FORTRAN expressions, the interpretation of this
abstract syntax in Coq, and an interpretation of the di�erentiation algorithm.

Environment

In this example, our environment is an associated list between the real type
variables, indexed by natural numbers, and their associated values. Therefore
we have:

Inductive rvar:Type:=varreal:nat->rvar.

Definition Env:=(listT (prodT rvar R)).

where listT and prodT represent respectively the type of lists and the type
of couples.

Expressions

Now we de�ne the type of the arithmetic expressions, followed by the type of
some imperative structures. The arithmetic expressions will include constants,
real variables and the usual operators of addition, multiplication, minus and
power. In this example, we do not consider the transcendental functions because
their implementation is still incomplete in Coq. For our example, the minimal
type of the arithmetic expressions is simply expressed as follows:

Inductive expr:Type:=

numR:R->expr

|var:rvar->expr

|Fplus:expr->expr->expr
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|Fmult:expr->expr->expr

|Fminus:expr->expr->expr

|Fopp:expr->expr

|Fpow:expr->nat->expr.

With regard to the structures of the FORTRAN language, we only consider
here the assignment and the sequence. We will explain this choice during the
discussion.

Inductive For:Type:= Aff:rvar->expr->For

|Seq:For->For->For.

Remark 1. It is interesting to note that, even if our abstract syntax represents
that of FORTRAN (to deal with O∂yssée programs), it also represents every
subset of imperative programs and the correctness proof could be applied to other
automatic di�erentiation tools (which deal with programs of another imperative
language).

The Semantics Itself

We chose to give a natural semantics [9], that is to say big step semantics,
which interprets our language towards some functions of the R → R type. This
semantics is quite well adapted because there are no recursive functions involved.
This choice allows our de�nitions and derivative properties in Coq to be used
almost immediately. First, we give a semantics to the variables, the arithmetic
expressions, then to our mini language. The evaluation of a variable will be its
associated value in the environment. The function myassoc, a function written
in Coq using a Fixpoint, looks for the value associated to a given variable in
the environment.

Definition sem_var [v:rvar;l:Env]:R:=(myassoc v l).

The evaluation of the mathematical expressions is as usual:

Fixpoint sem_arith [l:Env;arith:expr]:R:=

Cases arith of

(numR x)=> x

|(var r) => (sem_var r l)

|(Fplus e1 e2)=>``(sem_arith l e1)+(sem_arith l e2)``

|(Fmult e1 e2)=>``(sem_arith l e1)*(sem_arith l e2)``

|(Fminus e1 e2)=>``(sem_arith l e1)-(sem_arith l e2)``

|(Fopp e)=>``-(sem_arith l e)``

|(Fpow e i)=>(pow (sem_arith l e) i)

end.

The interpretation of assignments and sequences modi�es the environment.
Regarding the assignment, we create a new assignment with the interpretation
of the right part and regarding the sequence f1;f2 we give an interpretation of
f2 in the environment which has been modi�ed by the interpretation of f1:
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Fixpoint sem_For [l:Env;for:For]:Env:=

Cases for of

(Aff v e)=>(replace v (sem_arith l e) l)

|(Seq f1 f2) => (sem_For (sem_For l f1) f2)

end.

where replace is a function which replaces or assigns a value associated
to a variable of the environment by another one, which makes the successive
assignments possible.

Now, we need an interpretation towards a real function. For this, we can, for
example, recover the value associated to an output variable after the evaluation
of the program:

Definition sem [for:For;l:Env;vi,vo:rvar]:R->R:=

[r:R](myassoc vo (sem_For (consT (pairT rvar R vi r) l) for)).

where vi and vo are respectively the signi�cant input variable (given active
by the user) and the output variable.

4.2 Derivation Algorithm

First of all, to help us understand the algorithm, we start giving a mathematical
transcription of the previous example (cube) of section 2.

The instruction y=x*x is mathematically de�ned by the function f :
f : R3 → R

3

f : (x, y, z) 
→ (f1(x, y, z), f2(x, y, z), f3(x, y, z)) = (x, x× x, z)

The instruction z=y*x is de�ned by the function g:
g : R3 → R

3

g : (x, y, z) 
→ (g1(x, y, z), g2(x, y, z), g3(x, y, z)) = (x, y, y × x)

The sequence is the composition of these two functions: g ◦f . The di�erentia-
tion of g ◦f in x0 is Dx0(g ◦f) = Df(x0)g ◦Dx0f . We have the tangent derivative
applying this linear function from R

3 to R3 with the vector (x̄, ȳ, z̄) given by the
user. To do so, we begin computing the Jacobi matrices of f in (x, y, z) and g in
f(x, y, z):

Jf (x, y, z) =






∂f1
∂x

∂f1
∂y

∂f1
∂z

∂f2
∂x

∂f2
∂y

∂f2
∂z

∂f3
∂x

∂f3
∂y

∂f3
∂z




 =




1 0 0
2x 0 0
0 0 1



 and Jg(x, y, z) =




1 0 0
0 1 0
y x 0





Thus,

Jg(x, x2, z)




1 0 0
0 1 0
x2 x 0




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The Jacobi matrice g ◦ f is the following:

Jg◦f (x, y, z) =




1 0 0
0 1 0
x2 x 0








1 0 0
2x 0 0
0 0 1



 =




1 0 0
2x 0 0

x2 + 2x2 0 0





Making the projection on (x̄, 0, 0), which is the active vector at the beginning
(noted IN by O∂yssée):




1 0 0
2x 0 0
3x2 0 0








x̄
0
0



 =




x̄

2xx̄
3x2x̄





We can now check that this corresponds to the O∂yssée program (CUBETL):
YTTL is exactly the result given by our mathematical formalization.
Regarding ZTTL we have:
ZTTL=XTTL*Y+X*YTTL=XTTL*X*X+X*(XTTL*X+X*XTTL)=3*X*X*XTTL

which is also the expected result.

We have seen that the direct mode is close to a symbolic derivative. In par-
ticular, in O∂yssée, to derive a real mathematical expression consists in calling a
function, written in Ocaml, which makes this "symbolic" derivative. Therefore,
we have a similar function in Coq, but which only contains what corresponds to
our language. In order to add the transcendental functions, for example, adding
the corresponding derivation rules is su�cient. Moreover, although the notion
of derivative is enough to deal with our subset of programs, sometimes we will
use the notion of di�erentiation. In particular, it is the case for the variables. If
we only derive variables, the sequence of instructions are independent and this
solution does not give the expected result. To formalize the O∂yssée algorithm,
we must de�ne an association list (var, dvar) of type lvar (which will be built
later):

Definition lvar:=(listT (prodT rvar rvar)).

The derivative of an expression is another expression which has been symbol-
ically derived. The derivative of a variable is its corresponding derived variable
in the list l of type lvar, given by the myassocV function. The following Coq

function gives the derivative of our expressions:

Fixpoint deriv_expr [l:lvar;term:expr]:expr:=

Cases term of

(numR r)=>(numR R0)

|(var x) => (var (myassocV x l))

|(Fplus a1 a2)=>

(Fplus (deriv_expr l a1) (deriv_expr l a2))

|(Fmult a1 a2)=>

(Fplus (Fmult (deriv_expr l a1) a2)

(Fmult a1 (deriv_expr l a2)))
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|(Fminus a1 a2)=>

(Fminus (deriv_expr l a1) (deriv_expr l a2))

|(Fopp a)=>(Fopp (deriv_expr l a))

|(Fpow a i)=>

(Fmult (Fmult (numR (INR i)) (Fpow a (minus i (S O))))

(deriv_expr l a))

end.

As can be seen previously in the example, the derivative algorithm of our
FORTRAN subset can be summarized as follow:

� the derivative of an assignment is a sequence between the assignment to
a new variable of the right-hand side expression derivative and the initial
assignment

� the derivative of a sequence is the sequence of the expression derivatives of
the initial sequence

In Coq, the O∂yssée di�erentiation algorithm can be formalized as follows:

Fixpoint deriv_for_aux [l:lvar; termfor:For]:For:=

Cases termfor of

(Aff v e) =>

(Seq (Aff (myassocV v l) (deriv_expr l e)) (Aff v e))

|(Seq f1 f2) => (Seq (deriv_for_aux l f1)

(deriv_for_aux l f2))

end.

Definition deriv_for [termfor:For]:For:=

(deriv_for_aux (make_list termfor) termfor).

where make_list builds the association list (var, dvar).

An example of application of this function can be found in [11] (chapter 5).

5 Proof of Correctness

Now, we can give and prove the correctness lemma regarding the algorithm used
by O∂yssée to di�erentiate FORTRAN programs involving sequences and assign-
ments. As said previously, this is equivalent to show that the interpretation in
Coq of such a program is derived (in Coq) into the interpretation (in Coq) of
the program di�erentiated by O∂yssée (which is expressed by the diagram of
�gure 1).

Before giving the mathematical statement and the formal version (Coq), let
us remember that the semantical interpretation depends on the variable which
is chosen as active, as well as the variable which is chosen as output value. Those
two variables must be in the environment (which is a list of variables with their
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associated values). This method allows us to deal only with functions of type
R → R, which can be derived in Coq. Thus, the theorem can be expressed as
follows:

Theorem 1 (Correctness). Given a function sem, the semantics of a FOR-

TRAN program involving sequences and a�ectations. Given vi, the input active

variable, and vo, the output variable. Given env, the environment.
For every program p, if vi ∈ env and vo ∈ env then

sem′(p env vi vo) = (sem p̄ env vi vo) where p̄ is the di�erentiated program re-

turned by O∂yssée.

In Coq, this theorem is expressed in the following way:

Theorem corr_deriv:(l:Env)(p:For)(vi,vo:rvar)(D:R->Prop)(x0:R)

(memenv vi l)->(memenv vo l)->

(D_in (sem p l vi vo) (sem (deriv_for p) l vi vo) D x0).

To prove this theorem, we start proving two similar (to theorem 1) auxiliary
lemmas regarding the a�ectation and the assignment:

Lemma corr_deriv_Aff:(l:Env)(e:expr)(r,vi,vo:rvar)(D:R->Prop)(x0:R)

(memenv vi l)->(memenv vo l)->

(D_in (sem (Aff r e) l vi vo)

(sem (deriv_for (Aff r e)) l vi vo) D x0).

lemma corr_deriv_Seq:(l:Env)(f,f0:For)(vi,vo:rvar)(D:R->Prop)(x0:R)

(memenv vi l)->(memenv vo l)->

(D_in (sem (Seq f f0) l vi vo)

(sem (deriv_for (Seq f f0)) l vi vo) D x0).

In this section, we give only the intuition of the proof. The formal proof can
be found in appendix A.

Proof. of corr_deriv_Aff
By induction on the expression e.
Proving this property regarding the assignment consists in proving the correct-
ness of the right-and-side expression derivative.
For each case, we have 2 subcases: either vi = r and vo = dr (i.e. vi and vo are
respectively the input and the output variables) or vi �= r or vo �= dr. The second
case is always proved by contradiction using the hypotheses that vi and vo are
in the environment. Thus, we give the intuition for the relevant case (vi = r and
vo = dr).

� Constant case: e = c. We have to prove that the semantics of the derivative
of e is the derivative of the semantics of e, i.e. c′ = 0. We only have to apply
the appropriate lemma proved in the real number library.

� The other cases: variable, addition, multiplication,... have a similar proof, us-
ing the composition property (for power case) and the induction hypotheses
(for addition,...)
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Proof. of corr_deriv_Seq
Double induction on the programs f and f0.

1. Assignment-assignment: we must deal with di�erent possible cases for the
input and the output variables. In the cases not proved by contradiction,
after having performed some substitutions in the assignment which contains
the output variable, we can apply the previous lemma (we have only one
assignment).

2. Assignment-sequence and sequence-assignment: using the induction hypothe-
ses on sequence, we are in the previous case.

3. Sequence-sequence: the idea is similar to the previous case, but here we have
4 induction hypotheses.

Now, the main theorem can be directly proved:

Proof. of theorem 1
By case analysis on the program p.

1. Assignment case: we apply directly the lemma corr_deriv_Aff.
2. Sequence case: we apply directly the lemma corr_deriv_Seq.

6 Discussion

In the previous section, we have shown the correctness of programs composed
of variables, real arithmetic expressions, assignments and sequences. In other
words, straight line real programs. Now, we can wonder whether we can prove
the correctness of the whole algorithm, that is to say for every program. There
are several di�culties:

What Happens with Control Structures? Let us study the conditional case. This
is an interesting case, as it introduces a notion of discontinuity. The correctness
of the algorithm is not ensured near the discontinuity points. In particular, the
correctness cannot be proved for programs which compute functions by gaps, or
functions of Dirac6. On the other hand, it is possible, if we are able to choose
our branch (either the then or the else), to show the correctness. This remark
essentially expresses the fact that the correctness cannot be proved for all imper-
ative programs, which is represented by the diagram7in �gure 2. We will denote
Si the sequence number i, p a program and Ā the result given by O∂yssée.

The conditional is not the only cause of discontinuity in the programs. The
goto, dowhile are also potential causes. This problem could be solved either
by giving a straight line programs from the original program [14] or de�ning a
valid space for the program.

6 Let us note that the di�erentiated programs expressed by O∂yssée are not absurd in
these cases, since they return zero values almost everywhere

7 provided by Laurent Hascoët INRIA-SOPHIA-antipolis, TROPICS project
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Fig. 2. Correctness �eld of the algorithm

What Happens with Several Active Variables? We have only dealt with pro-
grams having a functional interpretation which corresponds to the diagram in
the �gure1.

Actually, the semantics we gave is a functional interpretation (R→ R). From
the de�nition of our current derivative, we cannot give an interpretation towards
multidimensional spaces like Rn. In order to deal with these cases, it would be
necessary to begin by extending our development of the real analysis by notions
of di�erentiation and Jacobian matrix. This will have to be done if we want to
extend this experiment to the computation of the gradient.

What Happens with Other Data Types? Currently, we do not know whether it
is possible to �nd a general way of proceeding8. For example, another problem,
which we do not deal with here, (nor is it considered in O∂yssée), is a code in
which there is an array of variable size. A notion of derivative must be found for
that kind of object.
Moreover, the other basic data types (integer or boolean) of FORTRAN can also
be considered by the program semantics. To do so, we have to de�ne speci�c
types of variables for each data type. This more complete semantics has also
been formalized in Coq.

8 By the way, automatic di�erentiation tools consider only certain data types.
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7 Conclusion

The application of formal methods to numerical analysis problems is quite new.
The formalization and the correctness proof for our subset of programs derived
by the O∂yssée system has shown that formal proof systems can be appropriate
to deal with that kind of problem. This proof could also have been built in some
other proof assistants (like HOL[8] or PVS[12]), as well as for some other auto-
matic di�erentiation tools for imperative programs. The use of a proof assistance
tool allows us to isolate the di�erent cases which must be considered in order
to prove the correctness of such algorithms. This makes it possible to emphasize
the particular case of programs which compute discontinuous functions.
However, although we are convinced that formal methods are suitable for such
a critical domain, we have noticed that we are still rather far from dealing with
signi�cant problems and there are two main explanations for this. The �rst one
is that the real analysis formalization is not immediate and that such a library
is not developed in every system. The second one is due to numerical analysis
itself. Most of the programs written for numerical analysis use approximation
principles, which are either controlled or not. There is a kind of conventional
probabilist tolerance, in the sense that, as can be seen in �gure 2 for instance,
problems arise rarely, if ever. This view is obviously opposed to our aims, which
are to prove formally that no problem can arise. In the particular case we have
studied, we can see that the problem of discontinuity points is precisely one ex-
ample of what we would like to avoid.

Regarding the application of formal proofs to the numerical analysis domain,
the research activity is still quite open. However, this formalization, on a sub-
set of imperative straight line programs, is a good start for a more advanced
formalization, which would the di�erentiation more into consideration than the
derivative. A next step could be to study algorithms for gradient computation,
which are considered as critical in their implementation but which might be dealt
with using our methods.
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A Complete Formal Correctness Proofs

In the following proofs, the assignment will be noted ":=" and the sequence ";". These
proofs are described in such a way that they are rather close to the formal proofs built
in Coq. The speci�c lemmas regarding derivative in Coq used in these proofs, can be
found in appendix B.

Proof. of corr_deriv_Aff
By induction on the expression e.
Let H0 and H1 be the hypotheses vi ∈ l and vo ∈ l.

1. Constant case: we must prove, using the previous hypotheses, that:
∀c : R, sem′((r := c) l vi vo) = (sem (r := c) l vi vo) i.e. that
∀c : R, sem′((r := c) l vi vo) = (sem (dr := 0; r := c) l vi vo) where c is a real
constant.
In the case of vi = r and vo = dr, it is equivalent to prove, after simpli�cations
and using H0, H1, that c′ = 0. We only have to apply the lemma Dconst of Coq.
In the case of vi �= r or vo �= dr, we have a contradiction with H0 or H1, because
in these cases vi /∈ l or vo /∈ l.

2. Variable case: we must prove, using the previous hypotheses, that:
∀c : R, sem′((r := x) l vi vo) = (sem (r := x) l vi vo) i.e. that
∀c : R, sem′((r := x) l vi vo) = (sem (dr := 1; r := x) l vi vo) where x is a real
variable.
In the case of vi = r and vo = dr, it is equivalent to prove, after simpli�cations
and using H0, H1, that x′ = 1. We only have to apply the lemma Dx of Coq.
In the case of vi �= r or vo �= dr, we have a contradiction with H0 or H1, because
in these cases vi /∈ l or vo /∈ l. vo /∈ l.

3. Addition case: we have also two induction hypotheses:
- H2: ∀vi, vo, r, sem

′((r := e0) l vi vo) = (sem (r := e0) l vi vo) where e0 is an
expression
- H3: ∀vi, vo, r, sem

′((r := e1) l vi vo) = (sem (r := e1) l vi vo) where e1 is an
expression

http://logical.inria.fr/~mayero/
http://coq.inria.fr/doc-eng.html
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We must prove that
sem′((r := e0 + e1) l vi vo) = (sem (r := e0 + e1) l vi vo) i.e. that
sem′((r := e0 + e1) l vi vo) = (sem (dr := e′0 + e′1; r := e0 + e1) l vi vo).
After simpli�cations of H2 and H3 we have:
- H2': ∀vi, vo, r, sem

′((r := e0) l vi vo) = (sem (dr := e′0; r := e0) l vi vo)
- H3': ∀vi, vo, r, sem

′((r := e1) l vi vo) = (sem (dr := e′1; r := e1) l vi vo)
In the case of vi = r and vo = dr, it is equivalent to prove, after simpli�cations
and using H0, H1, H2', H3', that (e0 + e1)

′ = e′0 + e′1. We only have to apply the
lemma Dadd of Coq.
In the case of vi �= r or vo �= dr, we have a contradiction with H0 or H1, because
in these cases vi /∈ l or vo /∈ l.

4. Multiplication case: similar to the addition case.

5. Minus case: similar to the addition case.

6. Opposite case: we have also an induction hypothesis:
- H2: ∀vi, vo, r, sem

′((r := e0) l vi vo) = (sem (r := e0) l vi vo) where e0 is an
expression
We must prove that sem′((r := −e0) l vi vo) = (sem (r := −e0) l vi vo) i.e. that
sem′((r := −e0) l vi vo) = (sem (dr := −e′0; r := −e0) l vi vo).
After simpli�cations of H2 we have:
- H2': ∀vi, vo, r, sem

′((r := e0) l vi vo) = (sem (dr := e′0; r := e0) l vi vo)
In the case of vi = r and vo = dr, it is equivalent to prove, after simpli�cations
and using H0, H1, H2', that (−e0)

′ = −e′0. We only have to apply the lemma Dopp

of Coq.
In the case of vi �= r or vo �= dr, we have a contradiction with H0 or H1, because
in these cases vi /∈ l or vo /∈ l.

7. Power case: similar to the opposite case, using the composition and power lemmas.

Proof. of corr_deriv_Seq
Double induction on the programs f and f0.
Let H0 and H1 be the hypotheses vi ∈ l and vo ∈ l.

1. Assignment-assignment case: we must prove, using the previous hypotheses, that
sem′((r0 := e0; r := e) l vi vo) = (sem (r0 := e0; r := e) l vi vo) i.e. that
sem′((r0 := e0; r := e) l vi vo) = (sem ((dr0 := e′0; r0 := e0); (dr := e′; r :=
e)) l vi vo) where e0 and e are expressions.
In the case of vi = r and vo = dr or vi = r0 and vo = dr0 or vi = r and vo = dr0

or vi = r0 and vo = dr, after some substitutions from the environment and some
simpli�cations, we can apply the previous lemma.
In the other cases, we have either vi /∈ l or vo /∈ l, which is a contradiction with
respect to the hypotheses.

2. Assignment-sequence case: we have also two induction hypotheses:
- H2: ∀e, vi, vo, r, sem

′((r := e; f1) l vi vo) = (sem (r := e; f1) l vi vo) where f1 is
a program
- H3: ∀e, vi, vo, r, sem

′((r := e; f2) l vi vo) = (sem (r := e; f2) l vi vo) where f2 is
a program
we must prove, using the previous hypotheses, that
sem′((r := e; (f1; f2)) l vi vo) = (sem (r := e; (f1; f2)) l vi vo) i.e. that
sem′((r := e; (f1; f2)) l vi vo) = (sem ((dr := e′; r := e); (f1; f2)) l vi vo) where f1

and f2 are programs.
After simpli�cations of H2 and H3 we have:
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- H2': ∀e, vi, vo, r, sem
′((r := e; f1) l vi vo) = (sem (dr := e′; r := e; f1) l vi vo)

- H3': ∀e, vi, vo, r, sem
′((r := e; f2) l vi vo) = (sem (dr := e′; r := e; f2) l vi vo)

Using H2' and H3', we are in the previous case.
3. Sequence-assignment case: symmetric w.r.t. the previous case.
4. Sequence-sequence case: we have 4 induction hypotheses:

- H2: ∀vi, vo, sem
′(((f4; f3); f0) l vi vo) = (sem ((f4; f3); f0) l vi vo) where f4, f3

and f0 are programs
- H3: ∀vi, vo, sem

′(((f4; f3); f1) l vi mbvo) = (sem ((f4; f3); f1) l vi vo) where f4,
f3 and f1 are programs
- H4: si ∀f1, sem

′((f1; f0)) l vi vo) = (sem (f1; f0) l vi vo) and if
∀f2, sem

′((f2; f0)) l vi vo) = (sem (f2; f0) l vi vo) alors
∀vi, vo, sem

′(((f2; f1); f0)) l vi vo) = (sem ((f2; f1); f0) l vi vo)
- H5: si ∀f2, sem

′((f2; f0)) l vi vo) = (sem (f2; f0) l vi vo) and if
∀f0, sem

′((f0; f1)) l vi vo) = (sem (f0; f1) l vi vo) alors
∀vi, vo, sem

′(((f0; f2); f1)) l vi vo) = (sem ((f0; f2); f1) l vi vo)
Applying H4 and H5 with f3 H2 f4 H3, we have these two following hypotheses:
- H4': ∀vi, vo, sem

′(((f4; f3); f0)) l vi vo) = (sem ((f4; f3); f0) l vi vo)
- H5': ∀vi, vo, sem

′(((f4; f3); f1)) l vi vo) = (sem ((f4; f3); f1) l vi vo)
Thus, we must prove that
∀vi, vo, sem

′(((f4; f3); (f0; f1)) l vi vo) = (sem ((f4; f3); (f0; f1)) l vi vo) i.e. that
∀vi, vo, sem

′(((f4; f3); (f0; f1)) l vi vo) = (sem ((f4; f3); (f0; f1) l vi vo), and using
H4' and H5' we obtain the previous cases.

B Main Derivative Properties (in Coq) Used in the Proofs

Lemma Dconst:(D:R->Prop)(y:R)(x0:R)(D_in [x:R]y [x:R]``0`` D x0).

Lemma Dx:(D:R->Prop)(x0:R)(D_in [x:R]x [x:R]``1`` D x0).

Lemma Dadd:(D:R->Prop)(df,dg:R->R)(f,g:R->R)(x0:R)

(D_in f df D x0)->(D_in g dg D x0)->

(D_in [x:R]``(f x)+(g x)`` [x:R]``(df x)+(dg x)`` D x0).

Lemma Dmult:(D:R->Prop)(df,dg:R->R)(f,g:R->R)(x0:R)

(D_in f df D x0)->(D_in g dg D x0)->

(D_in [x:R]``(f x)*(g x)``

[x:R]``(df x)*(g x)+(f x)*(dg x)`` D x0).

Lemma Dopp:(D:R->Prop)(f,df:R->R)(x0:R)(D_in f df D x0)->

(D_in [x:R](Ropp (f x)) [x:R]``-(df x)`` D x0).

Lemma Dminus:(D:R->Prop)(df,dg:R->R)(f,g:R->R)(x0:R)

(D_in f df D x0)->(D_in g dg D x0)->

(D_in [x:R](Rminus (f x) (g x)) [x:R]``(df x)-(dg x)`` D x0).

Lemma Dcomp:(Df,Dg:R->Prop)(df,dg:R->R)(f,g:R->R)(x0:R)

(D_in f df Df x0)->(D_in g dg Dg (f x0))->

(D_in [x:R](g (f x)) [x:R]``(df x)*(dg (f x))`` (Dgf Df Dg f) x0).

Lemma D_pow_n:(n:nat)(D:R->Prop)(x0:R)(expr,dexpr:R->R)

(D_in expr dexpr D x0)-> (D_in [x:R](pow (expr x) n)

[x:R]``(INR n)*(pow (expr x) (minus n (S O)))*(dexpr x)``

(Dgf D D expr) x0).
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Abstract. In this paper we introduce a new approach to axiomatizing
quotient types in type theory. We suggest replacing the existing mono-
lithic rule set by a modular set of rules for a specially chosen set of
primitive operations. This modular formalization of quotient types turns
out to be much easier to use and free of many limitations of the tradi-
tional monolithic formalization. To illustrate the advantages of the new
approach, we show how the type of collections (that is known to be very
hard to formalize using traditional quotient types) can be naturally for-
malized using the new primitives. We also show how modularity allows
us to reuse one of the new primitives to simplify and enhance the rules
for the set types.

1 Introduction

NuPRL type theory differs from most other type theories used in theorem provers
in its treatment of equality. In Coq’s Calculus of Constructions, for example,
there is a single global equality relation which is not the desired one for many
types (e.g. function types). The desired equalities have to be handled explicitly,
which is quite burdensome. As in Martin-Löf type theory [20] (of which NuPRL
type theory is an extension), in NuPRL each type comes with its own equality
relation (the extensional one in the case of functions), and the typing rules guar-
antee that well–typed terms respect these equalities. Semantically, a quotient in
NuPRL is trivial to define: it is simply a type with a new equality.

Such quotient types have proved to be an extremely useful mechanism for
natural formalization of various notions in type theory. For example, rational
numbers can be naturally formalized as a quotient type of the type of pairs of
integer numbers (which would represent the numerator and the denominator of
a fraction) with the appropriate equality predicate.

Somewhat surprisingly, it turns out that formulating rules for these quotient
types is far from being trivial and numerous applications of NuPRL [6,19] have
run into difficulties. Often a definition involving a quotient will look plausible,
but after some (sometimes substantial) work it turns out that a key property is
unprovable, or false.

� This work was partially supported by AFRL grant F49620-00-1-0209 and ONR grant
N00014-01-1-0765.

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 263–280, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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A common source of problems is that in NuPRL type theory all true equality
predicates are uniformly witnessed by a single canonical constant. This means
that even when we know that two elements are equal in a quotient type, we
can not in general recover the witness of the equality predicate. In other words,
a = b ∈ (A//E) (where “A//E” is a quotient of type A with equivalence relation
E) does not always imply E[a; b] (however it does imply ¬¬E[a; b]).

Another common class of problems occurs when we consider some predicate
P on type A such that we can show that P [a]⇔ P [b] for any a, b ∈ A such that
E[a; b]. Since P [a] ⇔ P [b] does not necessary imply that P [a] = P [b], P may
still turn out not to be a well–formed predicate on the quotient type A//E 1.

These problems suggest that there is more to concept of quotient types, than
just the idea of changing the equality relation of a type. In this paper we show
how we can decompose the concept of quotient type into several simpler concepts
and to formalize quotient types based on formalization of those simpler concepts.

We claim that such a “decomposed” theory makes operating with quotient
types significantly easier. In particular we show how the new type constructors
can be used to formalize the notion of indexed collections of objects. We also
claim that the “decomposition” process makes the theory more modular. In
particular, we show how to reuse one of the new type constructors to improve
and simplify the rules for the set type.

For each of the new (or modified) type constructors, we present a set of
derivation rules for this type — both the axioms to be added to the type theory
and the rules that can be derived from these axioms. As we will explain in
Section 3, the particular axioms we use were carefully chosen to make the theory
as modular as possible and to make them as usable as possible in a tactic–based
interactive prover. All the new rules were checked and found valid in S. Allen’s
semantics of type theory [1,2]; these proofs are rather straightforward, so we
omit them here. Proofs of all the derived rules were developed and checked in
the MetaPRL system [12,14,13].

Although this paper focuses on NuPRL type theory, the author believes that
many ideas presented here are relevant to managing witnessing and functionality
information in a constructive setting in general.

The paper is organized as follows. First, in Sections 1.1 through 1.3 we will de-
scribe some features of NuPRL type theory that are necessary for understanding
this work. Sections 2, 4, 5, 6 and 7 present a few new primitive type construc-
tors and show how they help to formulate the rules for quotient and set types;
Section 3 explains our approach to choosing particular axioms; Section 8 shows
how to use the new type constructors to formalize the notion of collections.

1.1 Propositions-as-Types

NuPRL type theory adheres to the propositions–as–types principle. This princi-
ple means that a proposition is identified with the type of all its witnesses. A

1 It will be a function from A//E to Prop// ⇔, rather than a predicate (a function
from A//E to Prop), where Prop is a type (universe) of propositions.
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proposition is considered true if the corresponding type is inhabited and is con-
sidered false otherwise. In this paper we will use words “type” and “proposition”
interchangeably; same with “witness” and “member”.

1.2 Partial Equivalence Relations Semantics

The key to understanding the idea of quotient types is understanding the most
commonly used semantics of the NuPRL type theory (and some other type the-
ories as well) — the PER (partial equivalence relations) semantics [28,1,2]. In
PER semantics each type is identified with a set of objects and an equivalence
relation on that set that serves as an equality relation for objects of that type.
This causes the equality predicate to be three–place: “a = b ∈ C” stands for “a
and b are equal elements of type C”, or, semantically, “a and b are related by
the equality relation of type C”.

Remark 1.1. Note that in this approach an object is an element of a type iff it
is equal to itself in that type. This allows us to identify a ∈ A with a = a ∈ A.

According to PER approach, whenever something ranges over a certain type,
it not only has to span the whole type, it also has to respect the equality of that
type.

Example 1.2. In order for a function f to be considered a function from type
A to type B, not only for every a ∈ A, f(a) has to be B, but also whenever a
and a′ are equal in the type A, f(a) should be equal to f(a′) in the type B. Note
that in this example the second condition is sufficient since it actually implies
the first one. However it is often useful to consider the first condition separately.

Example 1.3. Now consider a set type T := {x : A | B[x]} (cf. Section 4). Sim-
ilarly to Example 1.2 above, in order for T to be a well–formed type, not only
B[a] has to be a well–formed type for any a ∈ A, but also for any a = a′ ∈ A it
should be the case that B[a] and B[a′] are equal types.

1.3 Extensional and Intensional Approaches

In this paper we devote significant amount of attention to discussion of choices
between what we call intensional and extensional approaches to certain type
operators. The difference between these approaches is in deciding when two
objects should be considered equal. In general, in the intensional approach two
objects would be considered equal if their internal structure is the same, while in
the extensional approach two objects would be considered equal if they exhibit
the same external behavior.

Example 1.4. In NuPRL type theory the function equality is extensional. Namely,
we say that f = f ′ ∈ (A → B) iff they both are in A → B and for all a ∈ A
f(a) = f ′(a) ∈ B.
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Example 1.5. It is easy to define an extensional equality on types: A =e B iff
A and B have the same membership and equality relations. However, in NuPRL
type theory the main equality relation on types is intensional. For example, if A
and B are two non-empty types, then (A → ⊥) = (B → ⊥) only when A = B,
even though we have (A→ ⊥) =e (B → ⊥) since they are both empty types.2

Example 1.6. When introducing certain type constructors, such as a set (cf.
Section 4) or a quotient (cf. Section 7) one, into NuPRL type theory, there are
often two choices for an equality definition:
Completely Intensional. The predicates have to be equal, for example
{x : A | B[x]} = {x : A′ | B′[x]} iff A = A′ and for all a = a′ ∈ A, B[a]=B′[a′].
Somewhat Extensional. The predicates have to imply one another, for example
{x : A | B[x]} = {x : A′ | B′[x]} iff A = A′ and for all a = a′ ∈ A, B[a]⇔B′[a′].

Essentially, in the intensional case the map x� B[x] has to respectA’s equal-
ity relation in order for {x : A | B[x]} to be well–formed and in the extensional
case B[x] only needs to respect it up to ⇔ (logical iff ).

We will continue the discussion of the differences between these two choices
in Sections 2.3 and 7.1.

2 Squash Operator

2.1 Squash Operator: Introduction

The first concept that is needed for our formalization of quotient types is that
of hiding the witnessing information of a certain true proposition thus only
retaining the information that the proposition is known to be true while hiding
the information on why it is true.

To formalize such notion, for each type A we define a type [A] (“squashed
A”) which is empty if and only if A is empty and contains a single canonical
element • 3 when A is inhabited. Informally one can think of [A] as a proposition
that says that A is a non-empty type, but “squashes down to a point” all the
information on why A is non-empty. The squash operator is intensional, e.g.
[A] = [B] iff A = B (see also Remark 2.2).

Remark 2.1. We could define squash operator as [A] := {x : Unit | A}. Note
that it does not make sense for us to actually add such a definition to the system
since we want to formalize the set type using the squash operator and not the
other way around.

2 Strictly speaking, NuPRL type theory does not contain Martin-Löf’s “A = B” judg-
ment form. Instead, NuPRL uses proposition of the form A = B ∈ Ui where Ui is the
i-th universe of types. However in this paper we will often omit “∈ Ui” for simplicity.

3 MetaPRL system uses the unit element () or “it” as a •, NuPRL uses Ax and [27] uses
Triv.
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The squash operator (sometimes also called hide) was introduced in [9]. It
is also used in MetaPRL [11,12,14] 4.

In the next section we will present the axiomatization we chose for the squash
operator and we will explain our choices in Section 3.

2.2 Squash Operator: Axioms

First, whenever A is non-empty, [A] must be non-empty as well:

Γ 
 A
Γ 
 [A]

(SquashIntro)

Second, if we know [A] and we are trying to prove an equality (or a mem-
bership) statement, we can allow “unhiding” contents of A and continue with
the proof:

Γ ; x : A; ∆ 
 t1 = t2 ∈ C
Γ ; x : [A]; ∆ 
 t1 = t2 ∈ C

(SquashElim)

(assuming x does not occur free in ∆, ti and C 5). This rule is valid because
in Martin-Löf type theory equality has no computational context and is always
witnessed by •, so knowing the witness ofA does not add any “additional power”.

Finally, the only possible element of a squash type is •:

Γ ; x : [A]; ∆[•] 
 C[•]
Γ ; x : [A]; ∆[x] 
 C[x] (SquashMemElim)

As mentioned in the introduction, all these new axioms can be proved sound
in Allen’s semantics of type theory [1,2]. All soundness proofs are very straight-
forward, and we omit them in this paper. We also omit some purely technical
axioms (such as well–formedness ones) that are unnecessary for understanding
this work.

2.3 Squash Operator: Derived Rules

Here are the rules that can be derived from the axioms we have introduced
above. First, whenever [A] is non-empty, • must be in it:

Γ 
 [A]
Γ 
 • ∈ [A]

(SquashMemIntro)

4 In MetaPRL squash was first introduced by J.Hickey as a replacement for NuPRL’s
hidden hypotheses mechanism, but eventually it became clear that it gives a mech-
anism substantially widely useful than NuPRL’s hidden hypotheses.

5 We use the sequent schema syntax of [23] for specifying rules. Essentially, variables
that are explicitly mentioned may occur free only where they are explicitly men-
tioned.
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Second, using (SquashMemElim) we can prove a stronger version of
(SquashElim):

Γ ; x : A; ∆[•] 
 t1[•] = t2[•] ∈ B[•]
Γ ; x : [A]; ∆[x] 
 t1[x] = t2[x] ∈ B[x]

(SquashElim2)

Third, we can prove that squashed equality implies equality:

Γ 
 [t1 = t2 ∈ A]
Γ 
 t1 = t2 ∈ A (SquashEqual)

Remark 2.2. Note that if we would have tried to make the squash operator
extensional, we would have needed an extra well–typedness assumption in the
(SquashElim) rule (as we had to do in (EsquashElim) rule in Section 7.2) which
would have made it useless for proving well–typedness and membership state-
ments. In particular, the (SquashEqual) rule (as well as any reasonable modifi-
cation of it) would not have been valid.

Next, we can prove that if we can deduce a witness of a type A just by
knowing that some unknown x is in A (we call such A a squash–stable type),
then [A] implies A:

Γ 
 [A] Γ ; x : A 
 t ∈ A
Γ 
 A (SquashStable)

Remark 2.3. The notion of squash stability is also discussed in [18] and is very
similar to the notion of computational redundancy [5, Section 3.4].

Finally, we can prove that we can always eliminate the squashes in hy-
potheses not only when the conclusion is an equality (as in (SquashElim) and
(SquashElim2)), but also when it is a squash 6:

Γ ; x : A; ∆[•] 
 [C[•]]
Γ ; x : [A]; ∆[x] 
 [C[x]]

(Unsquash)

3 Choosing the Rules

For each of the concepts and type operators we discuss in this paper there might
be numerous different ways of axiomatizing it. When choosing a particular set
of axioms we were using several general guidelines.

First, in a context of an interactive tactic-based theorem prover it is very
important to ensure that each rule is formulated in a reversible way whenever
possible. By reversible rule we mean a rule where conclusion is valid if and only
if the premises are valid. This means that it is always “safe” to apply such
6 In general, it is true whenever the conclusion is squash–stable.
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a rule when (backward) searching for a proof of some sequent — there is no
“danger” that back–chaining through the rule would turn a provable statement
into a statement that is no longer true. This property allows us to add such
rules to proof tactics more freely without having to worry about a possibility
that applying such tactic can bring the proof into a “dead end” 7. For example,
among the squash axioms of Section 2.2 only (SquashIntro) is irreversible and
the other axioms are reversible.

Second, we wanted to make sure that each rule makes the smallest “step”
possible. For example, the (SquashElim) rule only eliminates the squash oper-
ator, but does not attempt to eliminate the witness of the squash type while
the (SquashMemElim) only eliminates the witness of the squash type and does
not attempt to eliminates the squash operator. This gives users a flexibility to
“steer” proofs exactly where they want them to go. Of course, we often do want to
make several connected steps at once, but that can be accomplished by providing
derived rules 8 while still retaining the flexibility of the basic axioms. For exam-
ple, the (SquashElim2) allows one to both eliminate the squash operator and
its witness in a single step, while still using (SquashElim) or (SquashMemElim)
when only one and not the other is needed. As we will see in Section 4 this “small
step” requirement is especially important for the irreversible rules.

Finally, it is important for elimination rules to match corresponding intro-
duction rules in their “power”9. Such balance helps insure that most rules are
reversible not only with respect to validity, but also with respect to provability
(which is obviously needed to make applying such rules truly “safe” in a theorem
prover).

4 Intensional Set Type

4.1 Set Type: Introduction

The decomposition of the axiomatization of quotient types into smaller pieces
has an additional advantage (besides making quotient types easier to reason
about) of making the theory more modular. The type operators that we use for
formalizing quotient types can be now reused when formalizing other types as
well. To illustrate this, we will show how the traditional formalization of the set
types can be greatly improved and simplifies using the squash operator.
7 Of course if a tactic is designed to fall back when it fails to find a complete derivation
for the statement being proved, it would not become dangerous when we allow it to
use an irreversible rule (although it might become more likely to fail). But if a tactic
is only meant to propel the proof further without necessarily completing it (such as
for example NuPRL’s Auto and MetaPRL’s autoT), then allowing such tactic to use
irreversible rules can make things substantially less pleasant to the user.

8 See [23] for a description of MetaPRL’s derived rules mechanism.
9 More specifically, elimination rules should be locally complete and locally sound with
respect to the introduction rules, as described in [26]. But since we believe that this
third guideline is not as crucial as the first two, we chose not provide a detailed
discussion of it.
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Informally, {x : A | B[x]} is a type containing all elements x ∈ A such that
B[x] is a true proposition. The key property of set type is that when we have
a witness w ∈ {x : A | B[x]}, we know that w ∈ A and we know that B[w] is
non-empty; but in general we have no way of reconstructing a witness for B[w].

4.2 Set Type: Traditional Approach

Set types were first introduced in [7] and were also formalized in [3,9,12,24].
In those traditional implementations of type theory the rules for set types are
somewhat asymmetric. When proving something like

Γ ; y : A 
 y ∈ A′ Γ ; y : A; z : B[y] 
 B′[y]
Γ ; y : {x : A | B[x]} 
 y ∈ {x : A′ | B′[x]}

one was forced to apply the set elimination rule before the set introduction rule.
As we will see in a moment, the problem was that the traditional set introduction
rule is irreversible and would go “too far” if one applies it right away. It would
yield a subgoal Γ ; y : {x : A | B[x]} 
 B′[y] that would only be valid if one
could reconstruct a proof witness of B′[y] without having access to the witness
of B[y].

4.3 Set Type: A New Approach

Using the squash operator we only need10 the following two simple axioms to
formalize the set type:

Γ ; y : A; z : [B[y]]; ∆[y] 
 C[y]
Γ ; y : {x : A | B[x]}; ∆[y] 
 C[y] (SetElim)

Γ 
 t ∈ A Γ 
 [B[t]] Γ 
 {x : A | B[x]}Type
Γ 
 t ∈ {x : A | B[x]} (SetIntro)

Now we can explain the problem with the traditional approach [8,9,24,27] —
there the set introduction rule is somewhat analogous to applying (SetIntro) and
then as much (Unsquash) as possible and then (SquashIntro). Such rule does too
many things at once and one of those things (SquashIntro) is irreversible. With
such rule we can only deconstruct the set operator in the conclusion when the
irreversible part of this rule would not render the resulting subgoals unprovable.

The reason this traditional formalization required a rule that does so much
at once was the lack of a way to express the intermediate results. In a sense, in
that implementation, set (and quotient) types had at least two separate “jobs”
— one was to change the type membership (equality) and another — to hide
the proof of the membership (equality) predicate. And there was only a single
collection of rules for both of the “jobs”, which made the rules hard to use.

10 As in Section 2.2 we omit some unessential axioms.
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The squash operator now takes over the second “job” which allows us to
express the properties of each of the two jobs in a separate set of rules. Our rules
(SetElim) and (SetIntro) are now both reversible, both perform only a singly
small step of the set type and they exactly match each other. The set introduction
rule now does only that — introduces the set type into the conclusion of the
sequent and leaves it to the squash rules (such as (Unsquash) and (SquashIntro))
to manage the “hiding/unhiding the proof predicate” aspect. We believe this
makes the theory more modular and easier to use.

5 Extensional Squash Operator (Esquash)

5.1 Esquash Operator: Introduction

The second concept that is needed for our formalization of quotient types is
that of “hiding” the intensional structure of a certain proposition; essentially
we need the concept of “being extensional” — as we will see in Section 7, even
the intensional quotient type has some extensionality in it. In order to make
the theory modular, we want to express the concept of the extensionality di-
rectly, not through some complex operator for which the extensionality is just a
“side-effect”. As we mentioned in Remark 2.2, the squash operator needs to be
intensional, so we will need to define a new operation.

The operation we will use, called esquash, acts very similar to squash except
that two “esquashed” types are equal whenever they are simultaneously non-
empty or simultaneously empty. This way esquash completely “hides” both the
witnesses of a type and its intensional structure, leaving only the information on
whether a type is non-empty or not.

5.2 Esquash Operator: Axioms

First, equality — two esquash types are equal iff they are simultaneously true
or simultaneously false:

Γ 
 [[A]]⇔ [[B]]
Γ 
 [[A]] = [[B]]

(EsquashEquality)

Second, esquash of an intensional type is equivalent to squash 11:

Γ 
 [[A]] Γ 
 AType
Γ 
 [A]

(EsquashElim)

Γ 
 [A]
Γ 
 [[A]]

(EsquashIntro)

11 x : T � [[A[x]]] only requires A[x] to be non-empty when x ∈ T . However since

squash is intensional, x : T � [A[x]] also requires A[x] = A[x′] when x = x′ ∈ T .
Because of this we need the well–typedness condition in (EsquashElim).
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Finally, the only member of a non-empty esquash type is •:

Γ ; x : [[A]]; ∆[•] 
 C[•]
Γ ; x : [[A]]; ∆[x] 
 C[x] (EsquashMemElim)

Remark 5.1. We could define the esquash operator as

[[A]]i := A = True ∈ (x, y : Ui//(x⇔ y)
)
.

Unfortunately, this definition increases the universe level. With this definition if
A ∈ Ui, then [[A]]i is in Ui+1. This can create many difficulties, especially when
we want to be able to iterate the esquash operator. And in any case we want to
formalize quotient types using the esquash operator, not the other way around.

Remark 5.2. In MetaPRL J. Hickey had initially defined an esquash operator
using the extensional quotient 12: [[A]] := tt = ff ∈ (x, y : B

e
//(x = y ∈ B∨A)) 13.

This definition does not increase the universe level like the previous one, but on
the other hand it requires an extensional quotient type while the previous one
works with both intensional and extensional quotients. Another problem with
this definition is that almost all NuPRL-4 rules on quotient types require one to
prove that the equality predicate is actually intensional, so it would be impossible
to prove the properties of esquash from this definition using NuPRL-4 rules.

5.3 Esquash Operator: Derived Rules

First, using (EsquashMemElim) we can prove that any non-empty esquash type
has an • in it:

Γ 
 [[A]]
Γ 
 • ∈ [[A]]

(EsquashMemIntro)

Second, we can derive a more general and complex version of (EsquashElim):

Γ ; x : [A]; ∆[x] 
 B[x] Γ ; x : [[A]]; ∆[x] 
 AType
Γ ; x : [[A]]; ∆[x] 
 B[x] (EsquashElim2)

6 Explicit Nondeterminicity

6.1 Explicit Nondeterminicity: Introduction

The idea of introducing explicit nondeterminicity first came up as a way to be
able to express the elimination rules for quotient types in a more natural way,
but it seems that it is also a useful tool to have on its own.
12 See Section 7.1 for more on extensional and intensional quotient types.
13 Where B is the type of booleans and tt (“true”) and ff (“false”) are its two members.
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At first, we considered adding the nd operation similar to amb in [21] and to
the approach used in [17]. The idea was to have nd{t1; t2} which can be either t1
or t2 nondeterministically. Then we were going to say that the expression that
contains nd operators is well–formed iff its meaning does not depend on choosing
which of nd’s arguments to use. The problem with such an approach is that we
need some way of specifying that several occurrences of the same nd{t1; t2} have
to be considered together — either all of them would go to t1 or all of them would
go to t2. For example, we can say that nd{1;−1}2 = 1 ∈ Z (which is true), but
if we expand the 2 operator, we will get nd{1;−1} ∗ nd{1;−1} = 1 ∈ Z which is
only true if we require both nd’s in it to expand to the same thing.

The example above suggests using some index on nd operator, which would
keep track of what occurrences of nd should go together. In such a case it is
natural for that index to be of the type (B//True) and as it turns out, this type
represents a key idea that is worth formalizing on its own. As “usual”, since we
want to express the properties of the quotient types using the ND == (B//True)
type, it can not be defined using the quotient operator and needs to be introduced
as a primitive.

The basic idea behind this ND type is that it contains two elements, say tt
and ff and tt = ff ∈ ND. In addition to these two constants we also need the
if . . . then . . . else . . . fi operator such that if tt then t1 else t2 fi
is computationally equivalent to t1 and if ff then t1 else t2 fi is compu-
tationally equivalent to t2. A natural approach would be to “borrow” these
constants and this operator from B (the type of booleans) 14, but we can create
new ones, it does not matter. We will write “ndx{t1; t2}” as an abbreviation for
“if x then t1 else t2 fi”.

6.2 Explicit Nondeterminicity: Axioms

Γ ; u : A[tt] = A[ff]; y : A[tt]; x : ND; ∆[x; y] 
 C[x; y]
Γ ; x : ND; y : A[x]; ∆[x; y] 
 C[x; y]

(ND-elim)
Γ 
 C[tt] = C[ff] Γ 
 C[tt]

Γ ; x : ND 
 C[x] (ND-elim2)

Notice that (ND-elim) does not completely eliminate the ND hypothesis, but
only “moves” it one hypothesis to the right, so to completely eliminate the
ND hypothesis, we will need to apply (ND-elim) repeatedly and then apply
(ND-elim2) in the end.

For the purpose of formalizing the quotient operators we only need the two
rules above. A complete formalization of ND would also include the axiom


 tt = ff ∈ ND
(ND-intro)

14 This would mean that ND is just B//True.
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6.3 Explicit Nondeterminicity: Derived Rule

Γ 
 t[tt] = t[ff] ∈ A
Γ ; x : ND 
 t[x] ∈ A (ND-memb)

7 Intensional Quotient Type

7.1 Quotient Type: Introduction

The quotient types were originally introduced in [9]. They are also presented
in [27].

While extensional quotient type can be useful sometimes, usually the inten-
sional quotient type is sufficient and the extensionality just unnecessary compli-
cates proofs by requiring us to prove extra well–typedness statements. In addition
to that NuPRL formalization of quotient types (see [9] and [22, Appendix A])
does not allow one to take full advantage of extensionality since most of the rules
for the quotient type have an assumption that the equality predicate is in fact in-
tensional. While early versions of NuPRL type theory considered extensional set
and quotient types, these problems forced the change of set constructor (which
is used substantially more often than the quotient) into an intensional one.

In order to avoid the problems outlined above, in this paper we introduce
the intensional quotient type as primitive, and we concentrate our discussion
of quotient types on intensional quotient types. But since we have the esquash
operator in our theory, an extensional quotient type can be naturally defined if
needed, using A

e
//E := A

i
//[[E]] and an extensional set type can be defined the

same way: {x : A |e P [x]} := {x : A |i [[P [x]]]}.

7.2 Intensional Quotient Type: Axioms

Two intensional quotient types are equal when both the quotiented types are
equal, and the equality relations are equal:

Γ 
 A = A′ Γ ; x : A; y : A 
 E[x; y] = E′[x; y] “E is an ER over A”
Γ 
 (A//E) = (A′//E′)

(IquotEqualIntro)
where “E is an ER over A” is just an abbreviation for conditions that force E
to be an equivalence relation over A.

Next, when two elements are equal in a quotient type, the equality predicate
must be true on those elements. However, we know neither the witnesses of this
predicate nor its intensional structure, therefore the equality in a quotient type
only implies the esquash of the equality predicate:

Γ ; u : x = y ∈ (A//E); v : [[E[x; y]]]; ∆[u] 
 C[u]
Γ ; u : x = y ∈ (A//E); ∆[u] 
 C[u] (IquotEqualElim)
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The opposite is also true — we only need to prove the esquash of the equality
predicate to be able to conclude that corresponding elements are equal in the
quotient type:

Γ 
 [[E[x; y]]] Γ 
 x ∈ (A//E) Γ 
 y ∈ (A//E)
Γ 
 x = y ∈ (A//E) (IquotMemEqual)

Note that this rule has equality15 in the quotient type in both the conclusion
and the assumptions, so we still need a “base case” — an element of a type base
type will also be an element of any well–typed quotient of that type:

Γ 
 x ∈ A Γ 
 (A//E)Type
Γ 
 x ∈ (A//E) (IquotMemIntro)

Finally, we need to provide an elimination rule for quotient types. It turns
out that being functional over some equivalence class of a quotient type is the
same as being functional over an ND of any two elements of such class, so we
can formulate the elimination rule as follows:

Γ ; u1 : A; u2 : A; v : E[u1;u2]; x : ND; ∆[ndx{u1;u2}] 
 [C[ndx{u1;u2}]]
Γ ; u : A//E; ∆[u] 
 [C[u]]

(IquotElim)

7.3 Intensional Quotient Type: Derived Rules

From (IquotElim) and (SquashEqual) we can derive

Γ ; u1 : A; u2 : A; v : E[u1;u2]; x : ND; ∆[ndx{u1;u2}] 
 t[u1] = t[u2] ∈ C
Γ ; u : A//E; ∆[u] 
 t[u] ∈ C

(IquotElim2)
From (IquotEqualElim) and (EsquashElim2), we can derive

Γ ; u : x = y ∈ (A//E); v : [E[x; y]]; ∆[u] 
 C[u]
Γ ; u : x = y ∈ (A//E); ∆[u] 
 E[x; y] Type

Γ ; u : x = y ∈ (A//E); ∆[u] 
 C[u] (IquotEqualElim2)

which is equivalent to NuPRL’s (quotient equalityElimination). However,
(IquotEqualElim) is more general than (quotient equalityElimination).

Example 7.1. We now can prove things like x : ND; y : ND 
 ndx{2; 4} =
ndy{4; 6} ∈ Z2 where Z2 is Z quotiented over a “mod 2” equivalence relation.

15 As we explained in Remark 1.1, in Martin-Löf type theory membership is just a
particular case of the equality.
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8 Indexed Collections

8.1 Indexed and Predicated Collections

Consider an arbitrary type T in universe U. We want to define the type of
collections of elements of T . Such a type turned out to be very useful for various
verification tasks as a natural way of representing sets of objects of a certain
type (states, transitions, etc). We also want to formalize collections in the most
general way possible, without assuming anything about T . In particular, we do
not want to assume that T is enumerable or that equality on T is decidable. And
in fact, the constant problems we were facing when trying to formalize collections
properly were the main reason for the research that lead to this paper.

There are at least two different approaches we can take to start formalizing
such collections.

1. We can start formalizing collections as pairs consisting of an index set I : U
and an index function f : (I → T ). In other words, we can start with the
type I : U× (I → T ).

2. We can start formalizing collections by concentrating on membership pred-
icates of collections. In other words, we can start with the type T → Prop.

It is easy to see that these two approaches are equivalent. Indeed, if we
have a pair 〈I, f〉, we can get a predicate λt. ∃i ∈ I. f(i) = t ∈ T and if we
have a predicate P , we can take a pair 〈{t : T | P (t)}, λt. t〉. Because of this
isomorphism, everywhere below we will allow ourselves to use T → Prop as a
base for the collection type even though I : U× (I → T ) is a little closer to our
intuition about collections.

Clearly, the type T → Prop is not quite what we want yet since two different
predicates from that type can represent the same collection. An obvious way of
addressing this problem is to use a quotient type. In other words, we want to
define the type of collections as

Col(T ) := c1, c2 : (T → U)//(∀t ∈ T. c1(t)⇔ c2(t)). (1)

8.2 Collections: The Problem

Once we have defined the type of collections, the next natural step is to start
defining various basic operations on that type. In particular, we want to have
the following operations:

– A predicate telling us whether some element is a member of some collection:
∀c ∈ Col(T ). ∀t ∈ T. mem(c; t) ∈ Prop

– An operator that would produce a union of a family of collections:
∀I ∈ U. ∀C ∈ (I → Col(T )).

⋃

i∈I

C(i) ∈ Col(T )
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And we want our operators to have the following natural properties:

– ∀c ∈ T → U. ∀t ∈ T. c(t)⇒ mem(c; t)
– ∀c ∈ T → U. ∀t ∈ T.¬c(t)⇒ ¬mem(c; t)
– ∀c1, c2 ∈ Col(T ).

((
∀t : T. (mem(c1; t) ⇔ mem(c2; t)

)) ⇔ c1 = c2 ∈ Col(T )
)

(note that the ⇐ direction follows from the typing requirement for mem).
– ∀I ∈ U. ∀C : I → Col(T ). ∀t ∈ T. (∃i : I. mem(C(i); t)⇒ mem(

⋃

i∈I

C(i); t)
)

Note that we do not require an implication in the opposite direction since
that would mean that we will have to be able to reconstruct i constructively
just from some indirect knowledge that it exists. Instead we only require

– ∀I ∈ U, C ∈ I → Col(T ), t ∈ T.
(

¬
(
∃i : I. mem(C(i); t)

)
⇒¬

(
mem
(⋃

i∈I

C(i); t
))
)

It turned out that formulating these operations with these properties is very
difficult 16 in NuPRL-4 type theory with its monolithic approach to quotient
types. The problems we were constantly experiencing when trying to come up
with a solution included mem erroneously returning an element of Prop// ⇔
instead of Prop, union being able to accept only arguments of type

C1, C2 :
(
I → (T → Prop)

)
//
(∀i ∈ I. ∀t ∈ T C1(i; t)⇔ C2(i; t)

)

(which is a subtype of the I → Col(T ) type that we are interested in), etc.

8.3 Collections: A Possible Solution

Now that we have [ ] and [[ ]] operators, it is relatively easy to give the proper
definitions. If we take mem(c; t) := [[c(t)]] and

⋃

i∈I

C(i) := λt.∃i ∈ I.mem(C(i); t),
we can prove all the properties listed in Section 8.2. These proofs were success-
fully carried out in the MetaPRL proof development system [12,14,13].

9 Related Work

Semantically speaking, in this paper we formalize exactly the same quotient types
as NuPRL does. However the formalization presented here strictly subsumes the
NuPRL’s one. All the NuPRL rules can be derived from the rules presented in
this paper. Consequently, in a system that supports a derived rules mechanism,
any proof that uses the original NuPRL axiomatization for quotient types would
still be valid under our modular axiomatization. For a more detailed comparison
of the two axiomatizations see [22, Section 7.4].

In [10] Pierre Courtieu attempts to add to Coq’s Calculus of Constructions
a notion very similar to quotient type. Instead of aiming at “general” quotient
16 Several members of NuPRL community made numerous attempts to come up with

a satisfactory formalization. The formalization presented in this paper was the only
one that worked.
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type, [10] considers types that have a “normalization” function that, essentially,
maps all the members of each equivalence class to a canonical member of the
class. Courtieu shows how by equipping a quotient type with such normalization
function, one can substantially simplify handling of such a quotient type. In a
sense, esquash works the same way — it acts as a normalization function for the
Prop//⇔. The main difference here is that instead of considering a normalization
function that returns an existing element of each equivalence class, with esquash
we utilize the open–ended nature of the type theory to equip each equivalence
class with a new normal element.

In [15,16] Martin Hofmann have studied the intensional models for quotient
types in great detail. This paper is in a way complimentary to such studies —
here we assume that we already have some appropriate semantical foundation
that allows quotient types and try to come up with an axiomatization that would
be most useful in an automated proof assistant.
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Abstract. This paper presents a general sequent schema language that
can be used for specifying sequent–style rules for a logical theory. We
show how by adding the sequent schema language to a theory we gain
an ability to prove new inference rules within the theory itself. We show
that the extension of any such theory with our sequent schema language
and with any new rules found using this mechanism is conservative.
By using the sequent schema language in a theorem prover, one gets an
ability to allow users to derive new rules and then use such derived rules
as if they were primitive axioms. The conservativity result guarantees the
validity of this approach. This property makes it a convenient tool for
implementing a derived rules mechanism in theorem provers, especially
considering that the application of the rules expressed in the sequent
schema language can be efficiently implemented using MetaPRL’s fast
rewriting engine.

1 Introduction

In an interactive theorem prover it is very useful to have a mechanism to allow
users to prove some statement in advance and then reuse the derivation in further
proofs. Often it is especially useful to be able to abstract away the particular
derivation. For example, suppose we wish to formalize a data structure for labeled
binary trees. If binary trees are not primitive to the system, we might implement
them in several ways, but the details are irrelevant. The more important feature
is the inference rule for induction. In a sequent logic, the induction principle
would be similar to the following.

Γ � P (leaf ) Γ, a : btree, P (a), b : btree, P (b) � P (node(a, b))
Γ, x : btree � P (x)

� This work was partially supported by ONR grant N00014-01-1-0765 and AFRL
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If this rule can be established, further proofs may use it to reason about
binary trees abstractly without having to unfold the btree definition. This leaves
the user free to replace or augment the implementation of binary trees as long
as she can still prove the same induction principle for the new implementation.
Furthermore, in predicative logics, or in cases where well-formedness is defined
logically, the inference rule is strictly more powerful than its propositional form.

If a mechanism for establishing a derived rule is not available, one alterna-
tive is to construct a proof “script” or tactic that can be reapplied whenever a
derivation is needed. There are several problems with this. First, it is inefficient
— instead of applying the derived rule in a single step, the system has to run
through the whole proof each time. Second, the proof script would have to unfold
the btree definition, exposing implementation detail. Third, proof scripts tend
to be fragile, and must be reconstructed frequently as a system evolves. Finally,
by looking at a proof script or a tactic code, it may be hard to see what exactly
it does, while a derived rule is essentially self-documenting.

This suggests a need for a derived rules mechanism that would allow users to
derive new inference rules in a system and then use them as if they were primitive
rules (i.e. axioms) of the system. Ideally, such mechanism would be general
enough not to depend on a particular logical theory being used. Besides being a
great abstraction mechanism, derived rules facilitate the proof development by
making proofs and partial proofs easily reusable. Also, a derived rule contains
some information on how it is supposed to be used 1 and such information can
be made available to the system itself. This can be used to substantially reduce
the amount of information a user has to provide in order for the system to know
how to use such a new rule in the proof automation procedures.

In this paper we propose a purely syntactical way of dealing with derived
rules. The key idea of our approach is in using a special higher–order language
for specifying rules; we call it a sequent schema language. From a theoretical
point of view, we take some logical theory and express its rules using sequent
schema. Next we add the same language of sequent schema to the theory itself.
After that we allow extending our theory with a new rule S1 · · · Sn

S whenever
we can prove S from Si in the expanded theory (we will call such a rule a
derived rule). We show that no matter what theory we started with, such a
double–extended theory is always a conservative extension of the original one,
so our maneuver is always valid.

In case of a theorem prover (such as MetaPRL [4,6], which implements this
approach), the user only has to provide the axioms of the base theory in a sequent
schema language and the rest happens automatically. The system immediately
allows the user to mix the object language of a theory with the sequent schema
meta-language. Whenever a derived rule is proven in a system, it allows using
that rule in further proofs as if it were a basic axiom of the theory2. This paper

1 For example, an implication A ⇒ B can be stated and proved as an A elimination
rule or as a B introduction rule, depending on how we expect it to be used.

2 A system might also allow use in the reverse order — first state a derived rule, use
it, and later “come back” and prove the derived rule. Of course in such system a
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shows that such theorem prover would not allow one to derive anything that is
not derivable in a conservative extension of the original theory.

For the sake of brevity and clarity this paper focuses on a simple version of
sequent schema (which is still sufficient for formalizing Martin–Löf style type
theories, including the NuPRL one [1]). In Section 7 we present several ways of
extending the sequent schema language; in particular we explain how to represent
constants in the sequent schema framework.

This paper is arranged as follows — first we will describe the syntax of sequent
schema (Section 3). Then in Section 4 we explain what a sequent scheme stands
for, that is when a plain sequent matches some sequent scheme. In Section 5
we show how rules are specified using sequent schema and what it means for
the rule to be admissible for sequent schema rather than just being admissible
for plain sequents. In Section 6 we argue what properties of the sequent schema
can guarantee admissibility of the rules derived using sequent schema. Finally,
in Section 8 we discuss related work and compare our derived rules approach to
approaches taken by several other theorem provers.

A variant of the sequent schema language is implemented in MetaPRL proof
assistant [4,6] using its fast rewriting engine [5]. In Appendices A through C we
discuss some aspects of that implementation. In Appendix A we show how we
can simplify the syntax by omitting some redundant information. In Appendix B
we describe the way MetaPRL sequent schema are used to specify not only the
set of valid instances of a rule, but also a way to point at a particular instance
of that rule. Finally, in Appendix C we present the MetaPRL concrete syntax for
the sequent schema language.

Throughout the paper (except for Appendix C) we will ignore the issues of
concrete syntax and will assume we are only dealing with abstract syntax.

2 Introduction to Sequent Schema

The sequent schema language resembles higher–order abstract syntax presented
in Pfenning and Elliott [12]. The idea of sequent schema is to use higher–order
context variables to describe sequent and other contexts as well as to use second–
order variables in the style of Huet and Lang [7] to describe sequent and rule
schema. In all rule specifications, these meta-variables will be implicitly univer-
sally quantified.

As we mention in the introduction, in this paper we present a simple version
of our sequent schema language. It assumes that all syntactically well–formed
sentences of the theory we are extending have the form

x1 : A1; x2 : A2; · · · ; xn : An � C (2.I)

where

proof would not be considered complete until all the derived rules used in it are also
proven. Such an approach allows one to “test–drive” a derived rule before investing
time into establishing its admissibility.
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(A) Each Ai and C is a term. A term is constructed from variables and a set
of operators (including 0-arity operators — constants). Each operator may
potentially introduce binding occurrences (for example λ would be a unary
operator that introduces one binding occurrence).

(B) Each hypothesis Ai introduces a binding occurrence for variable xi. In other
words, xi is bound in hypotheses Aj (j > i) and the conclusion C.

(C) All sequents are closed. In other words, each free variable of C must be one
of xi (i = 1, . . . , n) and each free variable of Aj must be one of xi (i < j).

Example 2.1. x : Z � x ≥ 0 and x : Z; y : Z � x > y and � 5 > 4 are
syntactically well-formed (but not necessarily true) sequents in a theory that
includes 0-ary operator (constant) Z and binary operators > and ≥.

Example 2.2. x : Z; y : Z � x = y ∈ Z and x : Z � ∃y : Z . (x = y ∈ Z) are
well-formed (but not necessarily true) sequents that include a 0-ary operator Z,
a ternary operator · = · ∈ · and a binary operator ∃v ∈ · . · that introduces a
binding occurrence in its second argument.

Remark 2.3. We assume that the language of the theory under consideration
contains at least one closed term 3; we will use • when we need to refer to an
arbitrary closed term.

As in LF [3] we assume that object level variables are mapped to meta–theory
variables (denoted by x, y, z). We will call these meta–theory variables first–
order, but of course they may have a higher–order meaning in the object theory.
Similarly we assume that the object–level binding structure is mapped to the
meta–level binding structure and we will introduce a separate context binding
structure in the sequent schema language. We also consider alpha–equal terms
(including sequents and sequent schema) to be identical and we assume that
substitution avoids capture by renaming.

3 Language of Sequent Schema

We assume there exist countable sets of context variables C and second order
variables V , disjoint from each other and from ordinary object–level variables.
We will assume an arity function α : (C ∪ V)→ N and a function β : (C ∪ V)→
{finite subsets of C} that determines the contexts that a variable may depend
on. We will assume that for each value of α and β there are infinitely many
variables in each of the two classes.

Remark 3.1. The language of sequent schema is essentially untyped, although
we could describe all the terms free of higher–order variables as having the type
term, the second–order variables as having the type termn → term and the
context variables as having the type (termm → term)→ termn → term.
3 This is not normally a limitation because the λ operator or an arbitrary constant
can normally be used to construct a closed term.
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In this paper we will use abstract syntax to present the language of sequent
schema4. We will denote context variables by C, H, J and second–order variables
by A, B, C and V . For clarity we will write the value of β as a subscript for
all the variables (although it can usually be deduced from context and in the
MetaPRL system we rarely need to specify it explicitly — see Appendix A).

The language of sequent schema is outlined in the following table:

Syntax Intended Meaning

S ::= � T | Hs; S.
In other words S ::=
Hs1; · · · ; Hsn � T (n ≥ 0)

Sequent Scheme. Hs’s specify the hypotheses of
a sequent and T specifies its conclusion.

Hs ::=
C{C1;··· ;Ck}[T1; · · · ;Tn] |
x : T
where C,Ci ∈ C, α(C) = n,
T and Ti are terms and x is
an object–level variable.

Hypotheses Specification. The first variant is
used to specify a sequent context — a sequence
(possibly empty) of hypotheses. In general, a con-
text may depend on some arguments and Ti specify
the values of those arguments. Ci are the contexts
that introduce the variables that are allowed to
occur free in C itself (not in its arguments).
The second variant specifies a single hypothesis
that introduces a variable x. As in (2.I) this is a
binding occurrence and x becomes bound in all the
hypotheses specifications following this one, as well
as in the conclusion.

SOV ::=
V{C1;··· ;Ck}[T1; · · · ;Tn]
where V ∈ V , α(V ) = n,
Ci ∈ C, T and Ti are terms.

Second-Order Variable Occurrences. Second–
order variables in sequent schema language are the
ordinary second–order variables as in [7] except
that we need β(V ) to be able to specify the names
of contexts which introduced the variables that can
occur free in V .

T — a term built using op-
erators from variables and
second–order variables.

Term Specification. Term specifications are or-
dinary terms except that they may contain second–
order variables.

Remark 3.2. It is worth mentioning that a plain sequent (as described in (2.I))
is just a particular case of a sequent scheme. Namely, a plain sequent is a sequent
scheme that contains neither sequent contexts, nor second–order variables.

Example 3.3.
H{}[]; x : A{H}[]; J[x]{H} � C{H;J}[x2]

is a sequent scheme in a language that contains the ·2 unary operator. In this
scheme H and J are context variable, x is an ordinary (first–order) variable, A
4 For concrete syntax used in MetaPRL system, see Appendix C.
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and C are second–order variables. This scheme matches many plain sequents,
including the following ones:

x : Z� (x2) ∈ Z

y : Z; x : Z; z : Z� (z + y) ∈ Z

Here is how the same scheme would look in a simplified syntax of Appendix A:

H; x : A; J[x] � C[x2]

4 Semantics — Sequent Schema

Informally speaking, the main idea of sequent schema is that whenever a binding
occurrence of some variable is explicitly mentioned (either per se or as a context),
it can only occur freely in places where it is explicitly mentioned, but can not
occur freely where it is omitted. Second–order variable are meant to stand for
contexts that can not introduce new bindings and context variable are meant
to stand for contexts that may introduce an arbitrary number of new bindings
(with β being used to restrict in which subterms those new bound variables may
potentially occur freely).

To make the above more formal, we first need to define what we mean by
free and bound variables in sequent schema.

Definition 4.1 (Free Variables). The notions of free variables (or, more
specifically, free first–order variables) FOV and free context variables CV are
defined as follows:

– Free variables of plain terms (free of higher–order variables) are defined as
usual. Plain terms do not have free context variables.

– For Υ ∈ (C ∪ V), FOV(Υ{··· }[T1; · · · ;Tn]) =
⋃

1≤i≤n

FOV(Ti).

– CV(Υ{C1;··· ;Ck}[T1; · · · ;Tn]) = {C1; · · · ; Cn} ∪
⋃

1≤i≤n

CV(Ti).

– FOV(� T ) = FOV(T ) and CV(� T ) = CV(T )
– In a sequent scheme x : T ; S, the hypothesis specification x : T binds all free

occurrences of x in S. Hence,

FOV(x : T ; S) = (FOV(S)− {x}) ∪ FOV(T )
CV(x : T ; S) = CV(S) ∪CV(T ).

– In a sequent scheme C{C1;··· ;Ck}[T1; · · · ;Tn]; S the hypothesis specification
C{··· }[· · · ] binds the free occurrences of C in S. Hence,

CV(C{C1;··· ;Ck}[T1; · · · ;Tn]; S) = {C1; · · · ; Ck} ∪ (CV(S)− {C})∪
⋃

1≤i≤n

CV(T )

FOV(C{C1;··· ;Ck}[T1; · · · ;Tn]; S) = FOV(C) ∪ FOV(S) ∪
⋃

1≤i≤n

CV(T ).
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– For all objects � such that FOV(�) and CV(�) are defined (see also Defini-
tions 4.3 and 4.4 below) we will denote FOV(�) ∪CV(�) as Vars(�).

Definition 4.2. We will call a sequent scheme S closed when Vars(S) = ∅.

Definition 4.3. A substitution function is a pair of a term and a list of first–
order variables. For a substitution function σ = 〈T ;x1, · · · , xn〉 (n ≥ 0) we will
say that the arity of σ is n; the free occurrences of xi in T are bound in σ, so
FOV(σ) = FOV(T )−{x1; · · · ;xn} and CV(σ) = CV(T ). By σ(T1, · · · , Tn)
we will denote [T1/x1, · · · , Tn/xn]T — the result of simultaneous substitution
of Ti for xi (1 ≤ i ≤ n) in T . As usual, we will consider two alpha–equal
substitutions to be identical.

We will say that the substitution function is trivial, when T is a closed term.

Definition 4.4. Similarly, a context substitution function is a pair of a list of
hypothesis specification and a list of first–order variables. For a context sub-
stitution function Σ = 〈Hs1, · · · ,Hsk;x1, · · · , xn〉 (k, n ≥ 0) we will say that
the arity of Σ is n, FOV(Σ) = FOV(Hs1; · · · ; Hsk � •) − {x1; · · · ;xn} and
CV(Σ) = CV(Hs1; · · · ; Hsk � •), where • is an arbitrary closed term (see
Remark 2.3). We will say that Σ introduces a set of bindings

BV(Σ) =
⋃

1≤i≤k

{{x}, when Hsi is x : T
{C}, when Hs i is C{··· }[· · · ]

We will say that a context substitution function is trivial when k = 0.

Definition 4.5. A function R on C ∪ V is a scheme refinement function if it
“respects” α and β. Namely, the following conditions must hold:

(A) For all V ∈ V, R(V ) is a substitution function of arity α(V ).
(B) For all C ∈ C, R(C) is context substitution function of arity α(C).
(C) For all Υ ∈ (C ∪ V), Vars(R(Υ )) ⊆ BV(R(β(Υ ))) where BV(R(β(Υ ))) is a

notation for
⋃

C∈β(Υ )

BV(R(C)).

Definition 4.6. If R is a refinement function, we will define R on terms, hy-
pothesis specifications, sequent schema and substitution functions as follows:

(A) R(T ) = T , when T is a plain term.
(B) R(V{··· }[T1; · · · ;Tn]) = R(V )(R(T1), · · · , R(Tn)). From Definition 4.5 we

know that R(V ) is a substitution function of an appropriate arity and from
Definition 4.3 we know how to apply it to a list of terms, so this definition
is valid.

(C) R(x : T ) = x : R(T ) and
R(C{··· }[T1; · · · ;Tn]) = R(C)(R(T1), · · · , R(Tn)).
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(D) R(� T ) = � R(T ) and R(Hs; S) = R(Hs); R(S).
(E) R(〈T ;x1, · · · , xn〉) = 〈R(T );x1, · · · , xn〉 and

R(〈Hs1, · · · ,Hsk;x1, · · · , xn〉) = 〈R(Hs1), · · · , R(Hsk);x1, · · · , xn〉
(as usual, we assume that xi are automatically alpha–renamed to avoid cap-
ture).

Lemma 4.7. If S is a closed sequent scheme and R is a refinement function,
then R(S) is also a closed sequent scheme.

Proof. This property follows immediately from condition (C) in Definition 4.5
of refinement functions.

Definition 4.8. We say that a sequent scheme (possibly a plain sequent) S
matches a sequent scheme S′ iff S is R(S′) for some refinement function R.

Example 4.9.

(A) Scheme � λx.A{}[x] is matched by every well–formed � λx.(· · · ) no matter
what · · · is.

(B) Scheme � λx.A{} is matched by every well–formed � λx.(· · · ) as long as
· · · has no free occurrences of x. But in case · · · does have free occurrences
of x, we would not be able to come up with a refinement function without
violating Lemma 4.7.

(C) Scheme H; x : A{H} � C{H} essentially specifies that any matching sequent
must have at least one hypothesis and that the variable introduced by the
last hypothesis can not occur freely in the conclusion of the sequent. In
particular, it is matched by x : Z � 5 ∈ Z using refinement function

H� 〈; 〉 A� Z C � 5 ∈ Z

It is also matched by H; x : Z; J{H}[x]; y : Z � x ∈ Z using refinement
function

H�
〈
H , x : Z , J{H}[x] ;

〉
A� Z C � x ∈ Z

However it is not matched by neither x : Z � x ∈ Z nor � 5 ∈ Z.
(D) Every sequent scheme (including every plain sequent) matches the scheme

H � A{H}.
(E) See Example 3.3.

5 Rule Specifications

Definition 5.1. If Si (0 ≤ i ≤ n, n ≥ 0) are closed sequent schema, then
S1 · · · Sn

S0
is a rule scheme (or just a rule).
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Definition 5.2. We will say that

a rule S1 · · · Sn
S0

is an instance of S′
1 · · · S′

n

S′
0

when for some refinement function R we have Si = R(S′
i) (0 ≤ i ≤ n). We will

call such an instance plain if all Si are plain sequents.

Example 5.3. The following is the rule specification for the weakening (thinning)
rule:

H{}[]; J{H}[] � B{H;J}[]
H{}[]; x : A{H}[]; J{H}[] � B{H;J}[]

Note that condition (C) of Definition 4.5 guarantees that x will not occur free
in whatever would correspond to J and B in instances of this rule.

Here is how this rule would look if we take all the syntax shortcuts described
in the Appendix A:

H; J � B
H; x : A; J � B

This is exactly how this rule is written in the MetaPRL system.

Example 5.4. A Cut rule might be specified as

H{}[]; J{H}[] � C{H}[] H{}[]; x : C{H}[]; J{H}[] � B{H;J}[]
H{}[]; J{H}[] � B{H;J}[]

Note that in the first assumption of this rule C is inside the context J, however
β(C) can not contain J since otherwise the second assumption would not be
closed. In fact, this particular example shows why we need to keep track of β
and can not just always deduce it from context — see also Remark 6.7.

With Appendix A syntax shortcuts Cut would look as

H; J � C{H} H; x : C; J � B
H; J � B

We assume that the object theory has some notion of derivability of closed
plain sequents. We do not assume anything special about that notion, so every-
thing we say here should be applicable to arbitrary derivability notions.

Definition 5.5. We say that a rule S1 · · · Sn
S0

(n ≥ 0) is admissible when for

every plain instance S′
1 · · · S′

n

S′
0

, whenever S′
i (1 ≤ i ≤ n) are all derivable, S′

0

is also derivable.

Remark 5.6. Informally speaking, Definitions 5.2 and 5.5 say that in rule schema
all second–order and context variables are implicitly universally quantified.
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Now we can give a complete description of the mental procedure (in case of an
automated system, the system will do most of the work) for adding derived rules
support to a logical theory. First, we formalize the theory using admissible rule
schema. Second, we expand the language of the theory from plain sequents to
plain schema and we allow the use of arbitrary instances of the rules in the proofs,
not just the plain instances. And whenever we can prove S0 from Si (1 ≤ i ≤ n),
we allow adding the rule S1 · · · Sn

S0
to the list of rules and allow using such

derived rules in addition to the rules present in the initial formalization of the
theory.

More formally, whenever a rule S1 · · · Sn
S0

is present in a theory, and R is a

refinement function, we allow a new derived rule R(S1) · · · R(Sn)
R(S0) to be added

to that theory. Additionally, when two rules S1 · · · Sm
S and S S′

1 · · · S′
n

S′ are

present in a theory, we allow a new derived rule S1 · · · Sm S′
1 · · · S′

n

S′ to be
added to the theory. Note that in a practical system only “interesting” rules
have to be explicitly added to the system while the intermediate rules that are
needed to derive such “interesting” ones may be added implicitly.

In the next section we prove that this approach leads to a conservative ex-
tension of the original theory.

From the point of view of a user of an automated system that implements
this approach, in order to start formal reasoning in some logical theory the user
only needs to describe the syntax of the theory (for example, give a list of the
operators and their corresponding arities) and then to provide the system with
the list of the primitive rules (e.g. axioms) of the theory in the sequent schema
syntax5. After that the system would immediately allow the user to start using
the combined language of sequent schema and of base theory in derivations and
whenever user would prove schema S from assumptions Si (1 ≤ i ≤ n), the
system would allow using the rule S1 · · · Sn

S0
in further derivations on an equal

footing with the primitive rules of the base theory 6. The main theorem of the
next sections guarantees that the derived rules would not allow proving anything
that is not derivable directly from the primitive rules.

6 Conservativity

Theorem 6.1. The matching relation is transitive. That is, if R1 and R2 are
refinement functions, then R = R2 ◦R1 is also a refinement function.

5 This does not imply that the set of rules have to be finite. MetaPRL, for example,
provides the facility to specify an infinite family of rules by providing the code
capable of recognizing valid instances.

6 As we mentioned earlier, some systems might chose to allow user to “test–drive” a
derived rule before forcing the user to prove the rule.
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Proof. This property follows from the definitions of Section 4. We will show how
to establish that.

Since application of a refinement function does not change the arity of a
substitution function (see Definitions 4.3, 4.4 and 4.6 (E)) and since R1 is a
refinement function, the arity conditions of Definition 4.5 will hold for R. The
remaining part is to prove that the free variables condition (C) of Definition 4.5
holds for R.

Consider Υ ∈ (C ∪ V). The proofs of condition (C) for the cases Υ ∈ C
and Υ ∈ V are very similar, so we will only present the latter. We know that
R1(Υ ) is some substitution function 〈T ;x1, · · · , xn〉. We also know that R(Υ ) =
R2(R1(Υ )) = 〈R2(T );x1, · · · , xn〉.

From Definitions 4.3 and 4.4 we know that Vars(R(Υ )) = Vars(R2(T ))−
{x1; · · · ;xn}. From Definitions 4.1 and 4.6(A,B) we can deduce that

Vars(R2(T )) = FOV(T ) ∪



⋃

{V ∈V|V occurs in T}
Vars(R2(V ))



 . (6.I)

Let us consider FOV(T ) first. Since R1 is a refinement function, from the
condition (4.5) (C) for it we know that FOV(T ) (except for xi, but we do not
need to consider xi since they are not in Vars(R(Υ )) ) are all in BV(R1(β(Υ )))
and from the definition of BV and the Definition 4.6 (C) we know that an
application of a refinement function preserves all the first–order variables of
BV, so FOV(T ) ⊆ BV(R(β(Υ ))).

Now to cover the rest of (6.I) consider some V ∈ V such that V occurs in T .
From Definition 4.1 we know that β(V ) ⊆ CV(T ) ⊆ Vars(R1(Υ )). And since
R1 is a refinement function, Vars(R1(Υ )) ⊆ BV(R1(β(Υ ))), so

β(V ) ⊆ BV(R1(β(Υ ))) (6.II)

Now consider some C ∈ β(V ). We know from (6.II) that C ∈ BV(R1(β(Υ )))
and from the Definitions 4.4 and 4.6 (C) that if C ∈ BV(R1(β(Υ ))), then
BV(R2(C)) ⊆ BV(R2(R1(β(Υ )))). This means that ∀C ∈ β(V ).BV(R2(C)) ⊆
BV(R2(R1(β(Υ )))) and if we take the union over all C ∈ β(Υ ) and recall that
R = R2 ◦R1, we will get BV(R2(β(Υ ))) ⊆ BV(R(β(Υ ))). Since R2 is a refine-
ment function, condition (C) dictates that Vars(R2(V )) ⊆ BV(R2(β(V ))), so
Vars(R2(V )) ⊆ BV(R(β(Υ ))) which takes care of the remaining part of (6.I).

��
Note that there are two alternative ways of defining the value of R2 ◦ R1

on terms, hypothesis specifications, sequent schema and substitution functions.
The first is to define (R2 ◦ R1)(Υ ) = R2(R1(Υ )) and the second is to define
(R2 ◦R1) based on its value on C ∪ V using Definition 4.6.

Lemma 6.2. The two definitions above are equivalent.

Proof. This follows trivially from Definition 4.6 and the fact that

σ([T1/x1; · · · ;Tn/xn]T ) = [σ(T1)/x1; · · · ;σ(Tn)/xn](σ(T ))
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(again, we rely on the assumption that xi’s are automatically alpha–renamed as
needed to avoid capture).

Theorem 6.3. Every instance of an admissible rule is also an admissible rule.

Proof. If R is an admissible rule scheme and R′ is its instance, then from Theo-
rem 6.1 we know that every instance of R′ will also be an instance of R. Because
of that and by Definition 5.5, if R is admissible, R′ must be admissible too. ��

Lemma 6.4. Let us define Rtriv to be a function that always returns a trivial
substitution (see Definitions 4.3 and 4.4), namely

Rtriv(Υ ) =
{〈•;x1, · · · , xα(Υ )

〉
, when Υ ∈ V〈

;x1, · · · , xα(Υ )

〉
, when Υ ∈ C

Such Rtriv would be a refinement function.

Proof. The conditions of Definition 4.5 are obviously true for Rtriv — by con-
struction it returns substitutions of the right arity and condition (C) is satisfied
since Vars(Rtriv(Υ )) will always be an empty set.

Theorem 6.5. If R = S1 · · · Sm
S and R′ = S S′

1 · · · S′
n

S′ (m,n ≥ 0) are

admissible rules, then the rule S1 · · · Sm S′
1 · · · S′

n

S′ is also admissible.

Proof. Suppose that R is a refinement function,

R(S1) · · · R(Sm) R(S′
1) · · · R(S′

n)
R(S′)

is a plain instance of the rule in question and all R(Si) (1 ≤ i ≤ m) and R(S′
j)

(1 ≤ j ≤ n) are derivable. We need to establish that R(S′) is also derivable.
Let R′ be Rtriv ◦ R. We know that whenever R returns a plain sequent, R′

will return the same plain sequent (since an application of a refinement function
does not change plain terms and plain sequents). Also, Rtriv and hence R′ will
always turn every scheme into a plain sequent.

We know that R(Si) = R′(Si) are derivable plain sequents and we know
that R is an admissible rule, so by applying R′ to R we get that R′(S) is
also derivable. Similarly, we know that R(S′

j) = R′(S′
j) are derivable and by

applying R′ to admissible rule R′ we get that R′(S) = R(S) is derivable. ��

Corollary 6.6. Our procedure of extending a logical theory with derived rules
(as described at the end of Section 5) will produce a conservative extension of
the original theory.
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Proof. Theorems 6.3 and 6.5 tell us that every new derived rule that we add
to the system will be admissible. This means that any plain sequent we could
derive with the help of these new rules has already been derivable in the original
theory. ��

Remark 6.7. In Example 5.4 we saw that β can not always be deduced from
context. In fact it was the Cut example that illuminated the need for an explicit
β — without it we could construct a counterexample for Theorem 6.5 by taking
R′ to be the Cut.

7 Extending the Language of Sequent Schema

For simplicity in this paper we presented a minimal calculus necessary for adding
a derived rule mechanism to a type theory. However, by appropriately extending
the language of sequent schema we can apply our technique to other logical
theories (including more complicated versions of type theories). Of course, for
each of these extensions we need to make sure that the matching relation is still
transitive and that refinements can not turn a closed scheme into a non-closed
one. However these proofs are usually very similar to the ones presented in this
paper.

One obvious extension is an addition of meta-variables that would range
over some specific kind of constants. In particular, in MetaPRL formalization of
NuPRL type theory [4] we use meta-variables that range over integer constants,
meta-variables that range over string constants, etc. As usual, we consider all
these meta-variables to be universally quantified in every rule scheme.

Before we can present other extensions of the language of sequent schema,
we first need to better understand the way we are using sequent contexts to
describe sequents. If we introduce special “sequent” operators hyp and concl,
a sequent described in (2.I) can be rewritten as

hyp

(

A1; x1.hyp
(

A2; x2. · · ·hyp
(
An; xn. concl

(
C
)) · · ·

))

(7.I)

Notice that hyp is a binary operator that introduces a binding occurrence in
its second argument, so (7.I) has the same binding structure as (2.I). Now if
we rewrite C{··· }[T1; · · · ;Tn]; S in the same style, we get C{··· }[S′;T1; · · · ;Tn]
where S′ is a rewrite of S. In this notation, we can say that C acts like an
ordinary second–order variable on its 2-nd through n-th arguments, but on its
first argument it acts in a following way:

(A) C is bound in its first argument, but not in others. In other words, while a
second–order variable can not bind free variables of its arguments, a context
instance can bind free variables of its first argument.

(B) The substitution function R(C) has to use its first argument exactly once. In
other words, each instance of C{··· }[S′;T1; · · · ;Tn] would have exactly one
occurrence of S′ (while it may have arbitrary number of occurrences of each
Ti including 0 occurrences of it).
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(C) C stands for a chain of hyp operators with the S′ at the end of the chain.
In some instances of C{··· }[S′;T1; · · · ;Tn] parts of that chain may be repre-
sented by other context variables, but in a plain instance it will always be a
chain.

It can be easily shown that the language of sequent schema would still have
all necessary properties if we add some (or all) of the following:

– “General” contexts that do not have restriction (C) or even restriction (B).
– Contexts for operators that have the same binding structure as hyp (note

that we do not have to add a new kind of contexts for each operator — we
can just make the operator name be a parameter). In particular, in type
theory it might be useful to have contexts tied to the dependent product
operator and to the dependent intersection operator [8].

8 Related Work

Most modern proof assistants allow their users to prove some statement in ad-
vance and then reuse it in further proofs. However, most of those mechanisms
have substantial limitations.

NuPRL [1] allows its users to prove and reuse theorems (which must be closed
sentences). Unfortunately, many elimination and induction principles can not be
stated as theorems.

In addition to a NuPRL-like theorems mechanism, HOL [2] also has a derived
rules mechanism, but in reality HOL’s “derived rules” are essentially tactics
that apply an appropriate sequence of primitive axioms. While this approach
guarantees safety, it is extremely inefficient. According to [9], in a recent version
of HOL many of the basic derived rules were replaced with the primitive versions
(presumably to boost the efficiency of the system), and currently there is nothing
in the system that attempts to check whether these rules are still truly derivable.
In fact, the commented out tactic code that would “properly” implement those
derived rules is no longer compatible with the current version of the HOL system.

Logical frameworks (such as Isabelle [10] and LF [3] based systems, includ-
ing Elf [11]) use a rather complex meta-theory that can be used to allow its
users to prove and reuse derived rules. Still, we believe that by directly support-
ing sequents–based reasoning and directly supporting derived rules, the sequent
schema language can provide a greater ease of use (by being able to make more
things implicit) and can be implemented more efficiently (by optimizing the
logical engine for the refinement functions as defined in 4.5 and 4.6 - see [5]).
Additionally, sequent schema allow us to prove the conservativity result once
and for all the logical theories, while in a more general approach we might have
to make these kinds of arguments every time as a part of proving an adequacy
theorem for each logical theory being formalized.
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A Syntax Simplifications

Since a sequent scheme must be closed, for every instance of a context or a
second–order variable Υβ(Υ )[· · · ] we know that all the variables of β(Υ ) must be
bound in that scheme. This gives us an upper limit on β(Υ ). In cases that the
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actual β(Υ ) is equal to that upper limit, we may allow ourselves to omit the β(Υ )
subscript and deduce the value of β from the rest of the scheme. Out experience
shows that we can take this shortcut in almost all of the case, but not in all of
them — see Example 5.4, for instance.

When a context or a second–order variable has an arity of zero, then accord-
ing to Section 3 we have to write Υβ(Υ )[], but in this case it is natural to omit
the argument part [].

Remark A.1. When both of the omissions mentioned above are performed for
a second–order variable V of arity 0, it becomes possible to confuse it with a
first–order variable V . However, we can still distinguish them in a context of a
rule scheme — if a particular occurrence of V is bound, it must be a first–order
variable (since second–order variables can not be bound) and if it is free, it must
be a second–order variable (since sequent schema in a rule can not have free
first–order variables — see Definition 5.1).

Example A.2. See Example 5.3.

Remark A.3. Note that while these simplifications describe a way of reducing
redundancies of the language we use, our experience suggests that the simplified
language still contains enough redundancy to be able to successfully detect most
common typographical errors and other common mistakes. In particular, by
using the second–order variables to specify the substitutions indirectly and by
requiring sequent schema to be closed, we make it much harder to forget to
specify that a certain substitution needs to be performed or a certain variable
needs to be renamed — a mistake that may be easy to make in a system where
rule specification language contains an explicit substitution operator.

B MetaPRL Rule Specifications

In the MetaPRL system rule specifications have a dual purpose. First, they pro-
vide a rule scheme as described in Section 5 which specifies valid instances of
that rule (see Definitions 5.1 and 5.2). Second, they specify a way to point at a
particular instance of that rule (using the current goal the rule is being applied
to as part of the input). It is important to realize that the core of the MetaPRL
system expects the rule instance to be uniquely specified. Of course, users can
always write advanced tactics that would use, say, a higher–order unification (or
type inference, or heuristics, or something else) to find out the right rule instance
and than instruct the system to apply the appropriate instance. However such
a tactic would be outside of the kernel of the system. This approach gives users
the freedom of choosing whatever algorithms they want to come up with the
best rule instance. Additionally, this means that the core of the system does not
need to be able to find the right instance itself; it only needs to be able to check
whether a particular instance is applicable.
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In MetaPRL a rule specification contains a rule scheme S1 · · · Sn
S together

with a sequence of argument specifications As1, · · · , Asm (m ≥ 0) where each
Asi is either a closed term scheme or a context variable name7. MetaPRL requires
each context variable occurring in one of the Si or S to be one of the arguments.
It also restricts the arguments of the context variable occurrences to bound
first–order variables. MetaPRL also requires second–order and context variable
occurring in one of the Si, S or Asi has to occur in one of the Asi or S in the
following way:

(A) This occurrence should not be inside the argument of another context or
second–order variable occurrence.

(B) All arguments of this occurrence of our variable must be distinct bound
first–order variables.

When a user (or a higher–level tactic) needs to apply a particular instance
of a rule, it will pass arguments A1, . . . , Am to the rule (and the system itself
will provide a goal sequent scheme G that the rule is being applied to). For each
1 ≤ i ≤ m, if Asi is a context variable, Ai would be an address that would
specify which hypothesis specifications of G would be matched to that context
variable and is Asi is a term scheme, Ai would be a close term that is supposed
to match Asi. Because of the conditions (A)–(B) above and by knowing that
G must match S and every Ai must match Asi, the system can determine the
correct instance (if one exits) in a deterministic and straightforward manner
(see [5] for more information).

C Concrete Syntax of Sequent Schema

The following table describes the concrete syntax used by the MetaPRL system:

Description Abstract syntax Concrete syntax
Sequent turnstyle � >-
First–order variable a ’a
Second–order variable A{H;J}[x; y] ’A<H;J>[’x;’y]
Sequent context J{H}[x] ’J<H>[’x]
Sequent example H; x : A; J[x] � C[x] ’H; x:’A; ’J[’x] >- ’C[’x]

Rule S1 · · · Sn
S S1 --> · · · --> Sn --> S

7 This is a simplification. There are other kinds of arguments that are used to specify
the refinement of the parameter meta–variables described in Section 7.
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Abstract. In mathematics, algebraic structures are de�ned according
to a rather strict hierarchy: rings come up after groups, which rely them-
selves on monoids, and so on. In the Foc project, we represent these
structures by species. A species is made up of algorithms as well as proofs
that these algorithms meet their speci�cations, and it can be built from
existing species through inheritance and re�nement mechanisms.
To avoid inconsistencies, these mechanisms must be used carefully. In
this paper, we recall the conditions that must be ful�lled when going
from a species to another, as formalized by S. Boulmé in his PhD [3]. We
then show how these conditions can be checked through a static analysis
of the Foc code. Finally, we describe how to translate Foc declarations
into Coq.

1 Introduction

1.1 The Foc Project

Although computer algebra is based upon strong mathematical grounds, errors
are not so rare in current computer algebra systems. Indeed, algorithms may be
very complex and there is an abundance of corner cases. Moreover, precondi-
tions may be needed to apply a given algorithm and errors can occur if these
preconditions are not checked.

In the Foc language1, any implementation must come with a proof of its
correctness. This includes of course pre- and post- condition statements, but
also proofs of purely mathematical theorems. In a computer algebra library, a
single proof is of little use by itself. Indeed numerous algorithms, and thus their
proofs, can be reused in slightly di�erent contexts. For example a tool written
for groups can be used in rings, provided that the system knows every ring is
a group. Thus, we need a completely formalized representation of the relations
between the mathematical structures, which will serve as a common framework
for both proofs and implementations.

In his PhD thesis [3], S. Boulmé gives a formal speci�cation of both the hi-
erarchy of the library and the tools used to extend it. This formalization of the

1 http:www-spi.lip6.fr/~foc.

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 298�313, 2002.
c© Springer-Verlag Berlin Heidelberg 2002

http:www-spi.lip6.fr/~foc.
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speci�cation, brie�y presented below (Sec. 2), points out that some invariants
must be preserved when extending an existing structure. In particular, the de-

pendencies between the functions and the properties of a given structure must
be analyzed carefully, as well as dependencies between structures.

We have elaborated a syntax that allows the user to write programs, state-
ments and proofs. This syntax is restrictive enough to prevent some inconsis-
tencies, but not all. In this paper we describe the core features of this syntax
(Sec. 3), and present code analyses to detect remaining inconsistencies (Sec. 4).
Then, we show how to use the results of this analysis to translate Foc sources
into Coq, in order to have Foc proofs veri�ed by the Coq system (Sec 5).

1.2 Foc's Ground Concepts

Species. Species are the nodes of the hierarchy of structures that makes up the
library. They correspond to the algebraic structures in mathematics. A species
can be seen as a set of methods, which are identi�ed by their names. In par-
ticular, there is a special method, called the carrier, which is the type of the
representation of the underlying set of the algebraic structure.

Every method can be either declared or de�ned. Declared methods introduce
the constants and primitive operations. Moreover, axioms are also represented
by declared methods, as would be expected in view of the Curry-Howard iso-
morphism. De�ned methods represent implementations of operations and proofs
of theorems. The declaration of a method can use the carrier.

As an example, a monoid is built upon a set represented by its carrier. It has
some declared operations, (speci�ed by their signature), namely =, +, and zero.
These operations must satisfy the axioms of monoids, which are expressed in Foc
by properties. We can then de�ne a function, double, such that double(x) = x+x,
and prove some theorems about it, for instance that double(zero) = zero.

Interface. An interface is attached to each species: it is simply the list of all the
methods of the species considered as only declared. As S. Boulmé pointed out,
erasing the de�nitions of the methods may lead to inconsistencies. Indeed, some
properties may depend on previous de�nitions, and become ill-typed if these
de�nitions are erased. This is explained in more detail in section 2.2. Interfaces
correspond to the point of view of the end-user, who wants to know which
functions he can use, and which properties these functions have, but doesn't
care about the details of the implementation.

Collection. A collection is a completely de�ned species. This means that every
�eld must be de�ned, and every parameter instantiated. In addition, a collection
is �frozen�. Namely, it cannot be used as a parent of a species in the inheri-
tance graph, and its carrier is considered an abstract data type. A collection
represents an implementation of a particular mathematical structure, such as
(Z, +, ∗) implemented upon the GMP library.
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Parameters. We also distinguish between �atomic� species and �parameterized�
species. There are two kinds of parameters: entities and collections. For instance,
a species of matrices will take two integers (representing its dimensions) as pa-
rameters. These integers are entities of some collection. For its coe�cients, the
species of matrices will also take a collection as argument, which must have at
least the features speci�ed by the interface of ring. Of course, it can be a richer
structure, a field for instance.

A species s1 parameterized by an interface s2 can call any method declared
in s2. Thus, the parameter must be instantiated by a completely de�ned species,
i.e. a collection.

2 Constraints on Species De�nition

S. Boulmé, in [3], speci�ed di�erent conditions that must be ful�lled when build-
ing the species hierarchy. These conditions are required to de�ne a model of the
hierarchy in the calculus of inductive constructions. By building a categorical
model of the hierarchy, S. Boulmé also showed that they were necessary condi-
tions. One of the objectives of this paper is to show how the implementation of
Foc ful�lls these conditions.

2.1 Decl- and Def- Dependencies

We will now present these conditions through an example. We can take for
instance the species of setoid, a set with an equality relation. More precisely,
the species has the following methods: a carrier rep, an abstract equality eq, and
a property eq_refl stating that eq is re�exive. From eq, we de�ne its negation
neq, and prove by the theorem neq_nrefl that it is irre�exive. Using a Coq-like
syntax, we can represent setoid like this:






rep : Set
eq : rep −> rep −> Prop
neq : rep −> rep −> Prop := [x, y : rep](not (eq x y))
eq_refl : (x : rep)(eq x x)
neq_nrefl : (x : rep)(not (neq x x)) :=

[x : rep; H : (not (eq x x))](H (eq_refl x))






Thanks to the Curry-Howard isomorphism, functions and speci�cations are
treated the same way. We must �rst verify that the methods have well-formed
types. In addition, the body of every de�ned method must have the type given in
its declaration. We can remark that the order in which we introduce the methods
of the species is important: in order to write the type of eq, we must know that
there exists a Set called rep. Similarly, the body of neq refers to eq, as does the
property eq_refl. These three cases are very similar: a method m2 uses m1,
and in order to typecheck m2, we need m1 in the typing environment. In this
case, we speak of a decl-dependency of m2 upon m1.
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On the other hand, in order to typecheck neq_nrefl, it is not enough to have
the type of neq in the environment. Indeed, we must know that it is de�ned as
(not (eq x y)), because hypothesis H in the body of neq_nrefl must match
the de�nition of neq. Thus, neq must be unfolded during the typechecking of
neq_nrefl. We identify this case as a def-dependency. When dealing with in-
heritance, this new kind of dependency has a major drawback: if we want to
rede�ne neq in a species that inherits from setoid, then we will have to provide
a new proof for neq_nrefl. There is no such problem with decl-dependencies :
the de�nition of neq remains valid for any de�nition of eq, provided it has the
right type.

2.2 Purely Abstract Interface

Def-dependencies do not occur only in proofs. They can also appear at the level
of types. For instance, take the following species de�nition (again in a Coq-like
syntax, O being a constant of type nat).

{rep : Set := nat; p : (∃x : rep | x = O)}
Here, in order to accept the property p as well-typed, we have to know that rep
is an alias of nat. If we remove the de�nition of rep, then the resulting interface
is clearly inconsistent. Thus we cannot accept such a species de�nition, because
any species must receive a valid interface. In a correctly written species, the
type of a method cannot def-depend upon another method. This restriction was
identi�ed by S. Boulmé when representing species by records with dependent
�elds.

3 Syntax

In this section, we present the core syntax of Foc and an intuitive explanation
of its semantics. The complete syntax is built upon the core syntax by adding
syntactic sugar without changing its expressive power, so the properties of the
core language are easily extended to the full language. In the rest of the paper,
we will use the following conventions concerning variable names. Lambda-bound
variables, function names and method names are usually denoted by x or y.
Species names are denoted by s, and collection names by c. There is also a
keyword, self , which can be used only inside a species s. It represents the �cur-
rent� collection (thus self is a collection name), allowing to call its methods by
self !x (see 3.5).

3.1 Types

type ::= c | α | type −> type | type * type

A type can be a collection name c (representing the carrier of that collection),
a type variable α, or a function or a product type.
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3.2 Expressions and Properties

identi�er ::= x, y

declaration ::= x [ in type ]
expression ::= x | c!x | fun declaration −> expression

| expression(expression { ,expression }*)
| let [ rec ] declaration = expression in expression

An expression can be a variable (x, y), a method x of some collection c,
a functional abstraction, a function application, or a local de�nition with an
expression in its scope.

Properties are boolean expressions with �rst-order quanti�ers:

prop ::= expr | prop and prop | prop or prop | prop → prop | not prop
| all x in type, prop | ex x in type, prop

3.3 Fields of a Species

def_�eld ::= let declaration = expression

| let rec { declaration = expression; }+
| rep = type | theorem x : prop proof: [ deps ] proof

decl_�eld ::= sig x in type | rep | property x : prop
�eld ::= def_�eld | decl_�eld
deps ::= { (decl: | def:) { x }* }*

A �eld φ of a species is usually a declaration or a de�nition of a method
name. In the case of mutually recursive functions, a single �eld de�nes several
methods at once (using the let rec keyword).

The carrier is also a method, introduced by the rep keyword. Each species
must have exactly one rep �eld.

The proof language (the proof entry of the grammar) is currently under de-
velopment. For the time being, proofs can be done directly in Coq, although the
properties themselves are translated automatically. The dependencies (Sec. 2) of
a proof must be stated explicitely in the deps clause of a theorem de�nition.

3.4 Species and Collection De�nitions

species_def ::= species s [ (parameter { , parameter }*) ]
[ inherits species_expr { , species_expr }* ]
= { �eld ; }* end

collection_def ::= collection c implements species_expr

parameter ::= x in type

| c is species_expr

species_expr ::= s | s (expr_or_coll { , expr_or_coll }*)
expr_or_coll ::= c | expression
A species_expr is a species identi�er (for an atomic species), or a species

identi�er applied to some arguments (for a parameterized species). The argu-
ments can be collections or expressions. Accordingly, in the declaration of a
parameterized species, a formal parameter can be a variable (with its type) or
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a collection name (with its interface, which is a species_expr). A collection def-
inition is simply giving a name to a species_expr.

3.5 Method and Variable Names

As pointed out in [10], method names can not be α-converted, so that they must
be distinguished from variables. The notation self !x syntactically enforces this
distinction, as we can remark in the following example.

let y = 3;;
species a (x in int) = let y = 4; let z = x; let my y = self !y; end
collection a imp implements a(y)

Here, a imp!z returns 3, while a imp!my y returns 4.

3.6 A Complete Example

We will illustrate the main features of Foc with an example of species de�nition.
Assume that the species setoid and monoid have already been de�ned, and
that we have a collection integ that implements Z. We now de�ne the cartesian
products of two setoids and of two monoids.

species cartesian setoid(a is setoid, b is setoid)
inherits setoid =
rep = a * b;
let eq = fun x −> fun y −> and(a!eq(fst(x),fst(y)),b!eq(snd(x),snd(y)));
theorem refl : all x in self, self !eq(x,x)
proof :
def: eq;
{* (* A Coq script that can use the definition of self!eq *) *} ;

end

species cartesian monoid(a1 is monoid, b1 is monoid)
inherits monoid, cartesian setoid(a1,b1) =
let bin op = fun x −> fun y −>

let x1 = fst(x) in let x2 = snd(x) in

let y1 = fst(y) in let y2 = snd(y) in

create pair(a!bin op(x1,y1),b!bin op(x2,y2));
let neutral = create pair(a!neutral,b!neutral);

end

collection z square implements cartesian monoid(integ,integ)

4 Finding and Analyzing Dependencies

As said above, the syntax of Foc prevents some kinds of inconsistencies, but not
all. To eliminate the remaining ones, we perform a static analysis on the species
de�nitions.
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4.1 Informal Description of Static Analysis

Given a species de�nition, we must verify that it respects the following con-
straints.

� All expressions must be well-typed in an ML-like type system. Rede�nitions
of methods must not change their type.

� When creating a collection from a species, all the �elds of the species must
be de�ned (as opposed to simply declared).

� The rep �eld must be present or inherited in every species.
� Recursion between methods is forbidden, except within a let rec �eld.

4.2 Classifying Methods

As said in section 2, when de�ning a species s, it is important to �nd the de-
pendencies of a method x upon the other methods of s, in order to check the
correctness of s. It is syntactically impossible for some dependencies to occur in
Foc source. For instance, we can not write a type that depends upon a function
or a property, so that the carrier of s never depends upon another method. Thus,
while in the work of S. Boulmé there is only one sort of method, we distinguish
here three kinds of methods: the carrier, the functions, and the speci�cations.
Each of these can be declared or de�ned.

All the dependencies that can be found in a Foc de�nition are summed up in
Fig. 1. In particular, note that a def-dependency can occur between a statement

concrete type body

abstract type

proofdefined

declared

carrier function

signature

specification

decl−dependency def−dependency

statement

Fig. 1. Possible Dependencies between Methods

and the carrier. Indeed, the example of section 2.2 can be written in Foc:

species a =
rep = nat;
property p : ex x in self, base eq(x,0);

end

where base_eq is the built-in equality primitive.
Since we want to have a fully abstract interface for each species written in

Foc, such a species de�nition will be rejected by the dependency analysis.
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4.3 Identifying the Dependencies

The dependencies between the various kinds of methods cannot be computed
in a uniform way. For instance, the decl-dependencies of a function body b are
found by simply listing all sub-expressions of the form self !m in b. On the other
hand, to identify a def-dependency of b upon rep, we need to typecheck b. We
will now describe the computation of the dependencies.

Syntactic Criterion. We mention here all the dependencies that are found by
simply looking at the Abstract Syntax Tree (AST) of the method.

� m1 is a function body and m2 is a function (either declared or de�ned): m1

decl-depends upon m2 if self!m2 is a sub-expression of m1.
� m1 is a statement and m2 a function: m1 decl-depends upon m2 if self!m2

is a sub-expression of m1.
� m1 is a proof and m2 a function or a statement: m1 decl-depends upon m2 if

m2 appears in the decl clause of m1. It def-depends upon m2 if m2 appears
in the def clause of m1.

Typing Criterion. Some dependencies require a �ner analysis to be caught.
This is done in the typing phase (Sec. 4.7) and concerns the dependencies upon
rep.

� m1 decl-depends upon rep if the type of a subexpression of m1 contains self.
� m1 def-depends upon rep if rep is de�ned to τ , and when typing m1, a
uni�cation step uses the equality self = τ . In this case, the uni�cation returns
self.

Notations. �m1�s is the set of names upon which m1, considered as a method
of the species s, decl-depends. Similarly, ��m1��s is the set of names upon which
m1 def-depends. rep is considered as a name. Note that ��m1��s ⊆ �m1�s.

4.4 Name Unicity

A name can not belong to two distinct �elds of a species body. We take this con-
dition as an invariant, which is easy to check syntactically. From a programming
point of view, such situation would be an error, since one of the two declarations
(or de�nitions) would be ignored.

Notations. Let N (φ) be the names of methods introduced in a �eld φ (only one
name when no mutual recursion), and D (φ), the names that are introduced in
a �eld de�nition. In the following, we will consider this general form of a species
de�nition (defspec), which respects the invariant:

species s inherits s1, . . . sn = φ1 . . . φm,
such that ∀i, j ≤ m,N (φi) ∩ N (φj) = ∅.
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Then we de�ne the set of names of the species s by

N (s) =

(
n⋃

i=1

N (si)

)

∪



m⋃

j=1

N (φj)





4.5 Binding of a Method

Let x ∈ N (s). The binding Bs(x) of x is, roughly speaking, the body of the
de�nition of x, if any. But, in case of multiple inheritance, x may be associated
to several inherited de�nitions. Then Bs(x) is the last such de�nition in the order
speci�ed by the inherits clause.

De�nition 1 (Binding of a Method). Let s be a species de�ned by defspec,
and x ∈ N (s). Bs(x), Is(x) and D (s) are recursively de�ned as follows.

� if ∀i ≤ n, x /∈ D (si) ∧ ∀j ≤ m, x /∈ D (φj) then Bs(x) = ⊥.
� if ∃i ≤ m, φi is let x = expr then Bs(x) = expr, and Is(x) = n + 1.
� if ∃i ≤ m, φi is let rec {x1 = expr1 . . . xl = expr l}, and xj = x then

Bs(x) = expr j and Is(x) = n + 1
� if ∃i ≤ m, φi is theorem x : ...proof then Bs(x) = proof , and Is(x) = n + 1
� else let i0 be the greatest index such that x ∈ D (si0) then Bs(x) = Bsi0

(x),
and Is(x) = i0

D (s) = {x ∈ N (s),Bs(x) �= ⊥}

4.6 Normal Form of a Species

To ensure that a species s meets all the constraints, we compute its normal form

(def. 3), in which inheritance resolution, dependency analysis and typing are
performed. A species in normal form has no inherits clause, and all its �elds
are ordered in such a way that a �eld depends only upon the preceding ones.

Since rep has no dependencies, we choose rep as the �rst �eld of the nor-
mal form. Then, any other �eld may depend upon rep. To study dependencies
between functions, we distinguish between let and let rec de�nitions. If m1

and m2 are de�ned inside the same let rec �eld, they are allowed to mutually
depend upon each other � provided that a termination proof is given2. Thus, for
a let rec de�nition φ, the mutual dependencies between the methods mi of φ
are not recorded in �mi�s.

De�nition 2 (Well-Formedness).
A species s de�ned by defspecis said to be well-formed if:

� the si are well-formed.

� All the de�nitions are well-typed.

2 Note that this termination proof def-depends upon m1 and m2.
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� The di�erent �elds introduce di�erent names:

∀i, j, i �= j ⇒ N (φi) ∩ N (φj) = ∅

� A given de�nition decl-depends only upon previous �elds:

∀i ≤ n, ∀x ∈ N (φi), �x�s ⊂
i−1⋃

j=1

N (φj)

Requiring that de�nitions are well-typed implies that def-dependencies are
correctly handled. Indeed, typechecking will fail if the de�nition is missing.

De�nition 3 (Normal Form). A species s is said to be in normal form if it

is well-formed and it has no inherits clause.

De�nition 4. changed(y, x) is a relation over N (s), s being de�ned by

species s inherits s1 . . . sm = φ1 . . . φn end

changed(y, x) ⇐⇒ (∃j > Is(x), y ∈ D (sj) ∧ Bsj (y) �= BIs(x)(y)
)

∨ (∃k, y ∈ D (φk) ∧ Is(x) �= n + 1)

Theorem 1 (Normal Form ofWell-Formed Species). For each well-formed

species s, there exists a species nfs, which is in normal form and enjoys the fol-

lowing properties:

� names: N (nfs) = N (s)
� de�ned names: D (nfs) ⊆ D (s)
� de�nitions: ∀x ∈ D (nfs) ,Bs(x) = Bnfs(x)
� ∀x ∈ D (s) \D (nfs) , ∃y ∈ ��x��s s.t.

• y /∈ D (nfs) or

• y ∈ D (nfs) and changed(y, x).

The last clause ensures that we erase as few method bindings as possible,
namely only the ones that def-depend upon methods that have changed during
inheritance lookup, or upon a method that must itself be erased.

The proof gives all the steps of the static analysis performed on species
(inheritance lookup, dependency analysis and typing). In the proof, we assimilate
a species in normal form and the ordered sequence of all its methods. s1@s2

denotes the concatenation of two sequences.
Let norm(si) be a normal form of si. We �rst build the following sequence:

W1 = norm(s1)@...@norm(sn)@[φ1, ..., φm]. W1 may contain several occur-
rences of the same name, due to multiple inheritance or rede�nition. To solve
such con�icts, we introduce a function �, which merges two �elds sharing some
names.
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� If the two �elds φ1 and φ2 are declarations, φ1 � φ2 is a declaration too. If
only one of the �eld is de�ned, � takes this de�nition. If both φ1 and φ2 are
de�nitions, then � selects φ2.

� Two let rec �elds φ1 and φ2 can be merged even if they do not introduce
exactly the same sets of names, because you can inherit a let rec �eld and
then rede�ne only some of its methods (keeping the inherited de�nition for
the others), or even add some new methods to this recursion. Merging two
let rec �elds is not given for free, though. Indeed, it implies that the user
provides a new termination proof, that involves all the methods de�ned in
φ1 � φ2.

Our analysis builds a sequence W2 of de�nitions from W1 = φ1 . . . φn, start-
ing with W2 = ∅. This is done with a loop; each iteration examines the �rst �eld
remaining in W1 and updates W1 and W2. The loop ends when W1 is empty.
The loop body is the following:

Let W1 = φ1, X and W2 = ψ1 . . . ψm

� if N (φ1) ∩ (∪m
i=1N (ψi)) = ∅ then W1 ← X and W2 ← (ψ1 . . . ψn, φ1): if the

analyzed �eld does not have any name in common with the ones already
processed, we can safely add it at the end of W2.

� else let i0 be the smallest index such that N (φ1) ∩ N (ψi0 ) �= ∅, then we
do W1 ← ((φ1 � ψi0), X) and W2 ← (ψ1 . . . ψi0−1, ψi0+1 . . . ψm). In the case
of mutually recursive de�nitions, φ1 can have some names in common with
more than one ψi, so that φ1 �ψi0 is kept in W1. In addition, we abstract all
the �elds {ψi}i>i0 such that ∃x ∈ N (φ1), y ∈ N (ψi), y <def

s x, where <def
s

is the transitive closure of ��·��s.

The complete proof that this algorithm computes e�ectively a well-formed
normal form that satis�es the conditions of theorem 1 can be found in [14]. In
fact, the algorithm can be applied to any species, provided that �elds can be
reordered according to the last clause of def. 3. If it succeeds, then s is indeed
well-formed. If it fails, the de�nition of s is inconsistent, and thus rejected.

4.7 Typing a Normal Form

Once inheritance resolution and dependency analyses have been done, we have
to type the de�nitions of a species in normal form. The typing algorithm for
functions is basically the same as the Hindley-Milner type inference algorithm
used in the ML family of languages. We also check that speci�cations are well-
typed, but the veri�cation of proofs is left to Coq (Sec. 5).

The only trick here is that types must be preserved through inheritance so
that, if a method is rede�ned, we have to check that the inferred type for the
new de�nition is compatible with the old one. Moreover, we may detect a def-
dependency upon rep, as said in 4.3, while typing the statement of a property
or a theorem. In this case, we must reject the species de�nition, as explained in
Sec. 2.2, since such a species can not have a fully abstract interface.

The typing inference rules are given in [14].
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4.8 Parameterized Species

Let s be a parameterized species, written species s(c is a) . . . where c is a fresh
name. The typing environment of the body of s contains a binding (c,A(a, c)),
where A(a, c) is an interface de�ned as follows.

If a = {xi : τi = ei}i=1..n, then

A(a, c) = 〈xi : τi[self← c]〉i=1..n

A collection parameter may be instantiated by a richer structure than ex-
pected. For instance, polynomials must be de�ned over a ring, but may perfectly
be given a �eld instead. So we de�ne a sub-species relation � in order to instan-
tiate a collection parameter with arguments of the right interface.

De�nition 5 (Sub-species). Let Ts(x) be the type of x in s. Let s1, s2 be two

species.

s1 � s2 ⇐⇒ N (s2) ⊂ N (s1) ∧ ∀x ∈ N (s2), Ts1(x) = Ts2(x)

Thanks to the type constraints during inheritance lookup, if a inherits from
b, then a � b. Since only the types of the methods are concerned, the relation is
easily extended to interfaces.

5 Certi�cation: The Translation into Coq

5.1 Interfaces

As in [3] interfaces are represented by Coq's Records, and collections by in-
stances of the corresponding Records. In Coq, a Record is a n-uple in which
every component is explicitly named:

Record my record := { label 1 : type 1; label 2 : type 2; . . . }.

The main issue here is that we are dealing with dependent Records: type_2 can
use label_1, as in the following example:

Record comparable :=
{ my type : Set; less than : my type −> my type −> Prop }.

So the order in which the di�erent labels appear is important.

We de�ne a Record type in Coq, which denotes the interface of the species.
If the species is {xi : τi = ei}, then the Record is de�ned as

Record name_spec : Type := mk_spec{xi : τi}
We explicitly give all the �elds of the Record, including the inherited ones. They
have to be given in the order of the normal form because decl-dependencies can
be present even at the level of types.

We also provide coercions between the Record we have just built and
the Record(s) corresponding to the interface(s) of the father species. Such
coercions re�ect the inheritance relations of Foc.
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5.2 Species

Unlike [3], a species s is not represented by a MixDRec, that is a Record that
mix concrete and abstract �elds. For any method m de�ned in s, we introduce a
method generator, genm. If a method is inherited, the corresponding generator
has been de�ned in a preceding species, and does not need to be recompiled.
This o�ers a kind of modularity.

For instance, in the following species

species a =
sig eq in self −> self −> bool;
let neq = fun x −> fun y −> notb(self !eq(x,y));
end

The method generator for neq is

λabst_T : Set.λabst_eq : abst_T− > abst_T− > bool.

λx, y : abst_T.notb(abst_eq x y)

Then, each species that inherits from setoid can use this de�nition of neq,
instantiating abst_eq with its own de�nition of eq. This way, we can handle
late-binding.

More formally, Let Σ be a normal form of a species s, (sequence Σ = {xi :
τi = ei} of methods). Let e be an expression occuring in a �eld φ (e being a
declaration, a statement, a binding, or a proof). We de�ne below Σ � e, which is
the minimal environment needed to typecheck e (or φ). Due to def-dependencies,
� can not simply select the methods φ depends upon. Each time φ def-depends
upon ψ, we must also keep the methods upon which ψ itself decl-depends.

De�nition 6 (Minimal Environment). Let Σ = {xi : τi = ei} and e be an

expression. Σ � e is the environment needed to typecheck e, and is de�ned as

follows.

Σ ! e = {xj : τj = new_ej |xj ∈ �e� ∧ (xj : τj = ei) ∈ Σ}

where new_ej =
{

ej if xj ∈ ��e��
⊥ otherwise

U1 = Σ ! e

Uk+1 = Uk ∪
⋃

(xj:τj=ej)∈Uk

Σ ! ej

Σ � e =
⋃

k>0

Uk

where {x : τ = ⊥} ∪ {x : τ = e} = {x : τ = e}
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We turn now to the translation of the de�nition d of a method y in Coq,
according to the environment Σ � d. This is done by recursion on the structure
of the environment. [d]coq is the straightforward translation of d in Coq, each
call self!x being replaced by the introduced variable abst_s.

De�nition 7 (Method Generator).

�∅, d� = [d]coq

�{x : τ = e; l}, d� = Let abst_x : τ := (genx abst_x i)in �l, d�

�{x : τ = ⊥; l}, d� = λabst_x : τ. �l, d�

where genx = �Σ � Bs(x),Bs(x)� and abst_x is a fresh name.

The second case treats def-dependencies. The method x being de�ned in Σ as
{x : τ = e} has already been compiled to Coq. Thus its method generator
genx has been obtained by abstracting the names xi of Σ � Bs(x) (note that
Σ � Bs(x) ⊆ Σ � d). Here, genx is applied to the corresponding abst_xi.

The third case concerns �simple� decl-dependencies. We only abstract x.

5.3 Collections

Collections are de�ned using the method generators. Namely, if c implements
s = {xi : τi = ei}, the Coq translation is the following:

De�nition c_x1 := gen_x1.

. . .

De�nition c_xn := (gen_xn (�xn�s).

De�nition c := (mk_s c_x1 . . . c_xn).

where �x�s = {xi ∈ N (s)| (xi, τi,⊥) ∈ Σ�Bs(x)}. �x�s represents the de�nitions
that must be provided to the method generator in order to de�ne x. mk_s is
the function that generates the record corresponding to the interface of s.

5.4 Parameters

A natural way to handle parameters in Coq would be to create functions that
take Records as arguments and return Records. For instance, (the interface of)
a cartesian product can be de�ned like this:

Record cartesian [ A, B : basic object] : Type :=
{ T : Set; fst : T −> A . . .}

Another solution is to take the parameters as the �rst �elds of the Record:

Record cartesian : Type :=
{ A : basic object; B: basic object; . . .}
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These two translations are quite similar for Coq. In the �rst one, cartesian
will be a parameterized type, while it is not the case in the second one: A and B

are only the �rst two arguments of its unique constructor. The second solution
seems to have some practical advantages over the �rst one:

� Parameters can be accessed directly as �elds of the record
� Fields accesses (the equivalent of methods call) do not need extra arguments,
as it would be the case in the �rst solution.

� Coercions between parameterized records are easier to de�ne too.
� More important, it re�ects the fact that collections can not have parameters:
in an implementation of cartesian, the �elds A and B must be de�ned as
well as T and fst.

6 Related Work

Other projects use Coq's Records to represent algebraic structure. In partic-
ular, L. Pottier [13] has developed quite a large mathematical library, up to
�elds. H. Geuvers and the FTA project [9] have de�ned abstract and concrete
representations of reals and complex numbers. In addition, R. Pollack [12] and
G. Betarte [1] have given their own embedding of dependent records in Type
Theory. We can also mention Imps [8], a proof system which aims at providing
a computational support for mathematical proofs. However, none of these works
include a computational counterpart, similar to the Ocaml translation of Foc.
P. Jackson [11] implemented a speci�cation of multivariate polynomials in Nuprl.
His approach is quite di�erent from Foc, as in his formalism, a group can not
be directly considered as a monoid, for instance.

7 Conclusion and Future Work

To sum up, we can say that Foc has now achieved a quite good expressive
power. The static analyses that are discussed in Sec. 4 have been implemented
[14] in a compiler that generates Coq and Ocaml code. An important number
of mathematical structures have been implemented, and performances are good.

It seems to us that we provide a well-adapted framework to prove the prop-
erties needed for each species' implementation. It it is now necessary to de�ne
a proof language for Foc, dedicated to users of computer algebra systems. This
is currently under development.

Building mathematical structures requires the whole power of the Calculus
of Inductive Constructions, but higher-order features are mostly needed only to
handle dependencies. Once we have succeeded to build an appropriate environ-
ment, the proofs themselves stay in �rst order logic most of the time. This may
lead to a quite high level of automatization in the proof part of the project,
leading to proofs in deduction modulo [6,7]. We could then try to delegate some
part of the proofs to rewriting tools. Similarly, it would be interesting to o�er
powerful tools that allow the user of Foc to de�ne his own Foc proof tactics.
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D. Delahaye's PhD [5] presents very promising developments in this area and
may be of great help here. From the Curry-Howard point of view this future
work is the counterpart in the proof universe of the basic expressions of the Foc
language.
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Abstract. Recently, an embedding of the synchronous programming language
Quartz (an Esterel variant) in the theorem prover HOL has been presented. This
embedding is based on control flow predicates that refer to macrosteps of the pro-
grams. The original semantics of synchronous languages like Esterel is however
normally given at the more detailed microstep level. This paper describes how
a variant of the Esterel microstep semantics has been defined in HOL and how
its equivalence to the control flow predicate semantics has been proved. Beneath
proving the equivalence of the micro- and macrostep semantics, the work pre-
sented here is also an important extension of the existing embedding: While rea-
soning at the microstep level is not necessary for code generation, it is sometimes
advantageous for understanding programs, as some effects like schizophrenia or
causality problems become only visible at the microstep level.

1 Introduction

Reasoning about programming languages is one of the main applications of higher or-
der logic theorem provers [9, 10, 33, 13, 26]. This requires to formalize the program-
ming language in the theorem prover’s logic in advance. In general, one distinguishes
thereby between deep and shallow embeddings [3]: Using a deep embedding requires
to define constants for the statements of the programming language; hence programs
become higher order logic terms. In contrast, a shallow embedding simply translates
programs (outside the theorem prover) into formulas of its logic. In general, a deep
embedding is more complicated, but offers additional advantages like reasoning about
the programming language at a meta level. In particular, such a meta level reasoning is
of interest when functions on programs like program transformations or code genera-
tion are to be verified. This is mandatory for safety-critical applications. Synchronous
languages like Esterel [5, 7] or variants thereof [19, 18, 29] are more and more used
for designing safety-critical reactive real time systems [14]. As synchronous languages
have furthermore a formally well-grounded semantics, we have chosen Esterel-like syn-
chronous languages to reason about reactive systems in HOL.

The basic paradigm of synchronous languages is the perfect synchrony, which fol-
lows from the fact that most of the statements are executed as ‘microsteps’, i.e. without
taking time. Consumption of time must be explicitly programmed with special state-
ments like Esterel’s pause statement: The execution of a pause statement consumes
one logical unit of time, and therefore separates different macrosteps from each other.

V.A. Carreño, C. Muñoz, S. Tahar (Eds.): TPHOLs 2002, LNCS 2410, pp. 314–331, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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As the pause statement is the only (basic) statement that consumes time, all threads run
in lockstep: they execute the microsteps between two pause statements in zero time,
and automatically synchronize at their next pause statements. The distinction between
micro- and macrosteps is therefore the reason for the synchronous execution of threads.
As a result, the synchronous languages are the only programming languages that allow
both multi-threaded and deterministic programs.

The abstraction to macrosteps makes synchronous programming so attractive. It is
not only an ideal programmer’s model, it additionally allows the direct translation of
programs into synchronous hardware circuits, where macrosteps directly correspond
to clock cycles1. As the same translation is also used for software generation, many
optimizations known for hardware circuits can be used to optimize software as well [6,
15]. For this reason, synchronous programs are a good basis for HW/SW codesign [25].

However, the abstraction to macrosteps is not for free: Schizophrenia problems and
causality problems are the two major problems that must be solved by a compiler.
Causality cycles arise due to conflicts between enabling conditions and immediate data
manipulations of a statement (in a hardware circuit, this corresponds to combinatorial
loops). Algorithms for causality analysis, that check if such cycles yield stable values,
are already available [21, 17, 12, 31, 11, 6]. Schizophrenia problems are due to multiple
execution of the same statement at the same point of time (i.e. in the same macrostep).
In particular, this becomes problematic if a local declaration is multiply entered with
different values for the local variable. Schizophrenia problems are also well-known and
efficient solutions exist as well2 [24, 6, 30].

A lot of different ways have already been studied to define the semantics of im-
perative synchronous languages (see Section 2 for more details). At least, there are
(1) semantics based on process algebras [8, 6, 32], (2) semantics based on hardware
circuits or equations [1, 24, 6, 28], and (3) semantics based on control flow predicates
[29]. While the SOS semantics reflects microsteps of the program, the other two men-
tioned semantics do only consider macrosteps. Hence, the SOS semantics has a finer
granularity and is therefore able to explain the behavior of a program in a more detailed
manner. While this is neither necessary for code generation nor for verification, it is
sometimes helpful for understanding programs, in particular those that have causality
or schizophrenia problems. For this reason, both the microstep and the macrostep se-
mantics are important for different reasons. Using different semantics raises however
the question whether both were equivalent, which is the topic of this paper.

Before the equivalence of two semantics can be proved with a theorem prover, we
have to first embed the language into the theorem prover. A crucial problem for embed-
ding languages (or more general theories) in already existing logics is to avoid incon-
sistencies: Simply postulating a set of axioms may lead to inconsistent theories so that
everything could be derived. State-of-the-art theorem provers like HOL [16] therefore
use certain definition principles to preserve the consistency. One main definition princi-
ple that guarantees such a conservative extension is primitive recursion [22]. Primitive

1 As the hardware circuit is a synchronous one, all macrosteps require then the same amount of
physical time. This is normally not the case for a software implementation.

2 We must however admit that the transformation given in [30] is not correct in any case.
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recursive definitions have moreover the advantage that the theorem prover can automat-
ically derive suitable induction rules.

However, it is not straightforward to define the semantics of a language by means of
primitive recursion only. In particular, the SOS semantics of Esterel can not be directly
defined by primitive recursion, since the rule for loops recursively calls itself without
‘decreasing’ the program (see Section 2.4). Therefore, the control flow predicate se-
mantics has been prefered in [29] to embed the Esterel variant Quartz in HOL. This
embedding has been used so far for various purposes like formal synthesis [28], rea-
soning about schizophrenia problems [30], and of course, for the formal verification of
program properties. The difficulty to define a SOS semantics is due to the fact that the
SOS rules follow the potentially nonterminating execution of the program. Therefore,
primitive recursive definitions are not adequate (since they always terminate). There is
however a simple trick to circumvent this problem: Instead of using directly the SOS
rules, one may use a haltset encoding of them [8] (see Section 3 for our version).

In this paper, we define a haltset encoding of the SOS rules of our Esterel variant
Quartz in HOL. Some intrinsic technical problems have to be solved for such a defini-
tion (see Section 4). Having solved them, we have then proved the equivalence of (1)
the SOS semantics defined in this paper, (2) the previous semantics based on control
flow predicates [29], and (3) the semantics based on circuits/equations [28]. As a result,
we can now also reason about microsteps of programs which is sometimes necessary
for understanding programs with causality or schizophrenia problems. We do however
not consider these issues in this paper (the presented semantics does not yet consider
causality and is therefore equivalent to the logical semantics defined in [6]). Moreover,
we do neither consider local declarations nor schizophrenia problems in this paper.

The paper is organized as follows: in the next section, we define the syntax and
semantics of Quartz. We will also briefly consider the different kinds of semantics that
have been developed so far. In Section 3, we then define our haltset encoding of the
SOS semantics. The results of the paper are given in Section 4: After discussing some
technical problems for the embedding of the haltset encoding in HOL, we will list there
the proved theorems that show the equivalence to the other semantics.

2 Syntax and Semantics

Quartz [28, 29] is a variant of Esterel [5, 7, 14] that extends Esterel by delayed assign-
ments and emissions, asynchronous concurrency, nondeterministic choice, and inline
assertions. Asynchronous concurrency is important to model distributed systems, or to
allow the compiler to schedule the threads in an optimal way. The same holds for non-
deterministic choice. Delayed assignments and emissions are often convenient, since
they follow the traditional sequential programming style and therefore allow simpler
translations from conventional programming languages like C. In the following, we
briefly describe the syntax and semantics of Quartz. For more details, the reader is re-
ferred to [29, 28, 30, 20] or to the Esterel primer, which is an excellent introduction to
synchronous programming [7].
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2.1 Syntax and Informal Semantics

Logical time is modeled by the natural numbersN, so that the semantics of a data type
expression is a function of typeN→ α for some type α. Quartz distinguishes between
two kinds of variables, namely event variables and state variables. The semantics of an
event variable is a function of typeN→ B, while the semantics of a state variable may
have the more general typeN→ α. The main difference between event and state vari-
ables is however the data flow: the value of a state variable y is ‘sticky’, i.e. if no data
operation has been applied to y, then its value does not change. On the other hand, the
value of an event variable x is not sticky: its value is reset to false (we denote Boolean
values as true and false) in the next macrostep, if it is not explicitly made true there.
Hence, the value of an event variable is true at a point of time if and only if there is
a thread that emits this variable at this point of time. Event variables are made present
with the emit statement, while state variables are manipulated with assignments (:=).
Of course, any event or state variable may also be an input, so that the values are deter-
mined by the environment only. Emissions and assignments are all data manipulating
statements. The remaining basic statements of Quartz are given below:

Definition 1. (Basic Statements of Quartz) The set of basic statements of Quartz is
the smallest set that satisfies the following rules, provided that S, S1, and S2 are also
basic statements of Quartz, � is a location variable, x is an event variable, y is a state
variable of type α, σ is a Boolean expression, and τ an expression of type α:

– nothing (empty statement)
– emit x and emit next(x) (emissions)
– y := τ and y := next(τ) (assignments)
– � : pause (consumption of time)
– if σ then S1 else S2 end (conditional)
– S1;S2 (sequential composition)
– S1 ‖ S2 (synchronous parallel composition)
– S1 � S2 (asynchronous parallel composition)
– choose S1 � S2 end (nondeterministic choice)
– do S while σ (iteration)
– suspend S when σ (suspension)
– weak suspend S when σ (weak suspension)
– abort S when σ (abortion)
– weak abort S when σ (weak abortion)
– local x in S end (local event variable)
– local y : α in S end (local state variable)
– now σ (instantaneous assertion)
– during S holds σ (invariant assertion)

In general, a statement S may be started at a certain point of time t 1, and may terminate
at time t2 ≥ t1, but it may also never terminate. If S immediately terminates when it
is started (t2 = t1), it is called instantaneous, otherwise we say that the execution of S
takes time, or simply that S consumes time.

Let us now discuss the above basic statements: nothing simply does nothing, i.e., it
neither consumes time, nor does it affect any data values. Executing emit x makes the
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event variable x present for the current macrostep, i.e., the value of x at that point of
time is true. Executing an assignment y := τ means that y and τ have the same values
in the current macrostep. The variants emit next(x) and y := next(τ) are similarly
defined as emit x and y := τ , respectively, but with a delay of one macrostep. In the
latter statement, τ is evaluated at the current point of time, and its value is passed to y
at the next point of time. We emphasize that none of these statements consumes time,
although the delayed versions affect values of variables at the next point of time.

There is only one basic statement that consumes time, namely the pause statement.
It does not affect any data values. We endow pause statements with unique location
variables � that we will use as state variables to encode the control flow automaton. The
location variables are HOL variables of typeN → B, which yields some problems for
the definition of the haltset encoded SOS rules. The uniqueness is not guaranteed by the
embedding and must therefore be checked separately.

Depending on the value of σ in the current macrostep, the conditional statement
if σ then S1 else S2 end either S1 or S2 is immediately executed. S1;S2 is the sequen-
tial execution of S1 and S2, i.e., we first enter S1 and execute it. If S1 never terminates,
then S2 is never executed at all. If, on the other hand, S1 terminates, we immediately
start S2 and proceed with its execution.

S1 ‖ S2 denotes the synchronous parallel execution of S1 and S2: If S1 ‖ S2 is
entered, we enter both S1 and S2, and proceed with the execution of both statements.
As long as both S1 and S2 are active, both threads are executed in lockstep. If S1

terminates, but S2 does not, then S1 ‖ S2 behaves further as S2 does (and vice versa).
If finally S2 terminates, then S1 ‖ S2 terminates.

Beneath the synchronous concurrency, Quartz additionally has asynchronous con-
currency S1 � S2. The difference is that one of the threads may execute more than
one macrostep while the other one executes a single one or even none. One may ar-
gue that the presence of asynchronous parallel execution contradicts the definition of a
synchronous language. However, it is not too difficult to replace S 1 � S2 by standard
Esterel statements using additional inputs [29] (that are called control variables). An-
other Quartz statement that does not belong to Esterel is the nondeterministic choice:
choose S1 � S2 end will nondeterministically execute either S1 or S2. Again, using
additional input (control) variables, nondeterministic choice can be reduced to other
statements [29], so that we neither consider nondeterministic choice nor asynchronous
concurrency in the following.

do S while σ implements iteration: if this statement is entered, S is executed until
it terminates. If then σ holds, S is once more executed, otherwise the loop terminates.
It is required that for any input, the loop body S must not be instantaneous.

suspend S when σ implements process suspension: S is entered when the execu-
tion of this statement starts (regardless of the current value of σ). For the following
points of time, however, the execution of S only proceeds if σ evaluates to false, other-
wise its execution is ‘frozen’ until σ releases the further execution. Beneath suspension,
abortion of processes is an important means for the process management. This is real-
ized with the abort statements: abort S when σ immediately enters S at starting time
(regardless of the current value of σ). Then, S is executed as long as σ is false. If σ
becomes true during the execution of S, then S is immediately aborted. The ‘weak’
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variants of suspension and abortion differ on the data manipulations at suspension or
abortion time: While the strong variants ignore all data manipulations at abortion or sus-
pension time, all of them are performed by the weak variants. There are also immediate
variants of suspension and abortion that consider the condition σ additionally at starting
time. These can be defined in terms of the other variants [29].

The statements local x in S end and local y : α in S end are used to define local
event and local state variables, respectively. Their meaning is that they behave like S,
but the scope of the variable x or y is limited to S. This means that the local variable is
not seen outside the local statement. We do not consider local declarations in this paper
to avoid the difficulties with schizophrenia problems.

Quartz allows us to demand assertions that must hold when the control flow reaches
certain locations: now σ demands that σ must hold in the current macrostep. during
S holds σ behaves like S, but additionally demands that whenever the control flow is
inside S, then σ must hold. There is no further execution if the condition σ does not
hold; the behavior is not defined in this case.

2.2 Semantics Based on Control Flow Predicates

The separation between control and data flow is a well-known technique for hardware
designers. The semantics of Quartz has been defined using such a separation, where
the definition of the control flow is based on the control flow predicates enter (S),
move (S), and term (S), that describe entering conditions, conditions for internal
moves, and termination conditions of a statement S, respectively. The data flow of a
statement is defined by its guarded commands. Some more details are given below:

in (S) is the disjunction of the pause labels occurring in S. Therefore, in (S) holds at
some point of time iff at this point of time, the control flow is at some location
inside S.

inst (S) holds iff the control flow can not stay in S when S would now be started. This
means that the execution of S would be instantaneous at this point of time.

enter (S) describes where the control flow will be at the next point of time, when S
would now be started.

term (S) describes all conditions where the control flow is currently somewhere inside
S and wants to leave S. Note however, that the control flow might still be in S at
the next point of time since S may be entered at the same time, for example, by a
surrounding loop statement.

move (S) describes all internal moves, i.e., all possible transitions from somewhere
inside S to another location inside S.

guardcmd (ϕ, S) is a set of pairs of the form (γ, C), where C is a data manipulating
statement, i.e., either an emission or an assignment. The meaning of (γ, C) is that
C is immediately executed whenever the guard γ holds.

Note that the above control flow predicates depend on time, i.e. are of type N → B.
Detailed definitions of the above predicates and the set of guarded commands are given
in [29], the important thing to notice here is that all of them can be defined by simple
primitive recursive definitions of the set of Quartz statements.
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2.3 Semantics Based on Hardware Circuits

The translation of synchronous programs to equation systems, which may directly be
interpreted as hardware circuits, is the essential means of the currently dominating com-
pilation techniques (both for software and hardware). The idea is quite old [4, 27] and
many other variants have been defined since then [24, 1, 15, 6, 28, 30]. Similar to the
control flow predicates, only macrosteps are considered in this kind of semantics. The
generated hardware circuit is a synchronous one that executes in each clock cycle a
macrostep of the program. Clearly, pause statements correspond to flipflops, and mi-
crosteps are implemented with combinatorial logic gates. If software is to be generated,
then the software is more or less a simulator of the particular hardware circuit: the soft-
ware simply holds local variables for the flipflops, and computes the current outputs as
well as the next values of the flipflops from the current inputs and the current values of
the flipflops. Clearly, arbitrary data types including pointer structures can be manipu-
lated in software, which is however not possible in a pure hardware design.

2.4 Semantics Based on Process Algebraic Rules

The original semantics of Esterel [8, 5, 6, 32] is given by a structural operational seman-

tics (SOS) [23, 2] which can be written as rules of the form S
D, b−−−−→E S′, where S and

S′ are statements, D are actions (emissions or assignments), b is a Boolean value3 (the
completion flag), and E is the current environment. The rules describe executions of
microsteps, and indicate with the completion flag b the beginning/end of a macrostep.
The values of the inputs and outputs during that macrostep are thereby known by the
environmentE and can be asked for the definition of the rules. For example, the rules for
starting a conditional are as follows, which means that depending on whether σ holds
in the current environment E , we either execute the ‘then’ or the ‘else’ branch:

S1
D1, b1−−−−−→E S′

1 E |= σ

if σ then S1 else S2 end
D1, b1−−−−−→E S′

1

S2
D2, b2−−−−−→E S′

2 E �|= σ

if σ then S1 else S2 end
D2, b2−−−−−→E S′

2

The flag b indicates whether the execution completes the macrostep. If this is not the
case, further microsteps can be executed in that macrostep. For example, this is used in
the following rules to capture the semantics of sequences:

S1
D1, false−−−−−−−→E S′

1 S2
D2, b2−−−−−→E S′

2

S1;S2
D1 ∪ D2, b2−−−−−−−−−→E S′

2

S1
D1, true−−−−−−−→E nothing

S1;S2
D1, true−−−−−−−→E S2

S1
D1, true−−−−−−−→E S′

1 S′
1 �= nothing

S1;S2
D1, true−−−−−−−→E S′

1;S2

3 As we do not consider trap statements, Boolean values are sufficient. Although not trivial, trap
statements can always be replaced with corresponding immediate weak abortion statements
whose abortion conditions respect the priority rules of the trap statements.
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The first rule means that we first execute a part of S1 so that the further execution has to
proceed with statement S ′

1. If this partial execution does not complete a macrostep (b =
false, which implies S ′

1 = nothing), then we immediately start S2 to further execute
microsteps of that macrostep. On the other hand, if the execution of S 1 completes a
macrostep (b = true), then S2 is not started in that macrostep. Instead, we either start
S2 in the next macrostep or resume the execution of S1 by starting S ′

1.

The actions D of a rule S
D, b−−−−→E S′ are the emissions and assignments that are

executed during the execution from S to S ′. Clearly, this must be consistent with the
environment E : output event variables that are emitted must be present, and all present
output event variables must be emitted somewhere in the macrostep. Similar conditions
have to hold for state variables: Changes are only allowed with corresponding assign-
ments, and write conflicts are forbidden.

The problem with the SOS rules is that they describe the potentially infinite execu-
tion of the program by recursive definitions. This leads to the following problem with
the rules for loops (we consider here while-do loops instead of the do-while loops to
keep the paper more concise):

E �|= σ

while σ do S end
{}, false−−−−−−−→E nothing

E |= σ S
D, true−−−−−−→E S′ S′ �= nothing

while σ do S end
D, true−−−−−−→E S′; while σ do S end

Note that bodies of loop statements must not be instantaneous, i.e. for all possible in-
puts they must consume time. Otherwise, the program would have to execute infinitely
many microsteps in one macrostep, which is never the case for synchronous programs.
This property makes synchronous programs well-suited for worst-case execution time
analysis.

As can be seen, the second rule for loops refers to itself, since in the last rule the
entire while-statement still appears on the right hand side. For this reason, the SOS rules
do not allow a simple definition by primitive recursion and can therefore not be directly
used for an embedding of the language. We will however describe in the next section a
simple trick to circumvent this problem that goes back to [8].

3 The Haltset Encoding of SOS Rules

The SOS rules discussed in the previous section were of the form S
D, b−−−−→E S′, i.e., the

transitions connect statements S and S ′. These statements are often called derivatives
of an original statement and are used to formalize where the control flow currently rests,
or more precisely from which locations it will proceed with the execution.

Instead, one could also encode the current control flow position simply by collecting
the labels of those pause statements that currently hold the control flow. Then, rules
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of the form (S, E) � H
D−−→H ′ can be defined in the same manner as before. The

meaning is as follows: if the control flow is currently located at the pause statements
whose labels are contained in H , then the execution in the macrostep with environment
E will invoke the data manipulating actions collected in D, and will then stop at the
pause statements whose labels are contained in H ′. Note that the execution completes
a macrostep iff H ′ will be empty. For this reason, there is no longer the need for using
a completion flag in the haltset encoded SOS rules.

As a result, the SOS rules that are encoded with haltsets are now defined by recur-
sion over the haltsets which turns them now into primitive recursive rules. For example,
the rules for loops now look as follows:

E |= σ (S, E) � {} D−−→H

(while σ do S end, E) � {} D−−→H
(enter loop)

E �|= σ

(while σ do S end, E) � {} {}−−→{} (bypas loop)

(S, E) � H D−−→H ′ H �= {} H ′ �= {}
(while σ do S end, E) � H D−−→H ′

(start loop)

H �= {} (S, E) � H D−−→{} E |= σ (S, E) � {} D
′−−−→H ′

(while σ do S end, E) � H D ∪ D′−−−−−−→H ′
(reenter loop)

H �= {} (S, E) � H D−−→{} E �|= σ

(while σ do S end, E) � H D−−→{}
(exit loop)

As a result, a transition system is obtained whose nodes are labeled with haltsets, i.e.,
subsets of the set of labels of the program. Clearly, a program with n pause statements
will have at most 2n reachable states in the transition system. The important matter of
fact is that this will always be a finite number of states and therefore the recursion of
the SOS rules will always terminate.

4 Technical Problems Concerning the Implementation

In principle, SOS rules with the haltset encoding could be used to define the semantics
of Quartz in HOL. However, the already available embedding does not use metavari-
ables, i.e., event and state variables as well as location variables and all other expres-
sions that appear in a Quartz program are directly taken from HOL, i.e. these are al-
ready available HOL variables and expressions. This is very convenient for defining
the control flow predicate semantics and also very convenient for the definition of the
hardware circuit semantics. However, it makes it impossible to use haltsets as given in
the previous section, because the labels of pause statements are just HOL variables of
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typeN→ B (i.e. anonymous functions). If two labels of different pause statements are
active at the same points of time, then we can not distinguish them.

To solve this problem, we assign to each pause statement a unique number (its in-
dex) by a simple left-to-right traversal over the program. The haltsets consist then of the
corresponding indices instead of the anonymous labels. The price to pay is however that
when we proceed from one substatement to another one, we often have to add or sub-
tract an offset from the corresponding index set. We furthermore found it simpler to use
lists of indices instead of sets of indices. This added no further problems, but allowed
to use simple induction over the lengths of the lists. To be concise in the following, we
use the following abbreviations4:

– H ↑p:= MAP (λx.x+ p) H
– H ↓p:= MAP (λx.x− p) H
– H |ba:= FILTER (λx.a ≤ x ∧ x ≤ b) H

The variables and data expressions that appear in the program are still taken from HOL,
i.e. data expressions in the program of type α are HOL terms of type N → α (the
natural numbers are used to model time). Therefore, there is no need to consider the
environment E in an explicit manner. Instead, the environment E of a point of time t is
simply replaced with t. Assumptions like E |= σ are then simply replaced with σ(t).

Finally, we need the number NP(P ) of pause statements of a program P , and de-
fine furthermore a predicate InHS(H,P ) so that InHS(H,P ) holds5 iff the haltset H
contains an index that corresponds to a pause statement of program P . Given a point
of time t, a haltset H of a program P , we now define a haltset NextHS(H, t, P ) so that

(P, t) � H D−−→NextHS(H, t, P ) holds for some setD (recall that E has been replaced
with the point of time t). NextHS(H, t, P ) represents the control flow part of the SOS
rules and is defined as follows by primitive recursion over the set of statements:

– NextHS(H, t, nothing) = []

– NextHS(H, t, emit x) = []
– NextHS(H, t, emit next(x)) = []

– NextHS(H, t, y := τ) = []
– NextHS(H, t, y := next(τ)) = []

– NextHS(H, t, � : pause) = if MEM(1, H) then [] else [1]

4 We use the constants MAP, MEM, APPEND, and FILTER that are defined in the HOL theory
for lists with the intended meaning.

5 The definition of InHS(H,P ) has been given by primitive recursion over P . Then, we have

proved that InHS(H,S)⇔
(
H |NP(S)

1 
= []
)

holds.
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– NextHS(H, t, if σ then P else Q end) =














let HP = H |NP(P )
1 in

let HQ = H ↓NP(P )|NP(Q)
1 in

let H ′
P = NextHS(HP , t, P ) in

let H ′
Q = NextHS(HQ, t, Q) ↑NP(P ) in

if InHS(HP , P ) then H ′
P

elseif InHS(HQ, Q) then H ′
Q

elseif σ(t) then H ′
P

else H ′
Q
















– NextHS(H, t, P ;Q) =












let HP = H |NP(P )
1 in

let HQ = H ↓NP(P )|NP(Q)
1 in

let H ′
P = NextHS(HP , t, P ) in

let H ′
Q = NextHS(HQ, t, Q) ↑NP(P ) in

if InHS(HQ, Q) then H ′
Q

elseif H ′
P = [] then H ′

Q

else H ′
P














– NextHS(H, t, P ‖ Q) =












let HP = H |NP(P )
1 in

let HQ = H ↓NP(P )|NP(Q)
1 in

let H ′
P = NextHS(HP , t, P ) in

let H ′
Q = NextHS(HQ, t, Q) ↑NP(P ) in

if InHS(HP , P ) = InHS(HQ, Q) then APPEND H ′
P H ′

Q

elseif InHS(HP , P ) then H ′
P

else H ′
Q














– NextHS(H, t, do P while σ) =





let HP = H |NP(P )
1 in

let H ′
P = NextHS(HP , t, P ) in

if InHS(HP , P ) ∧ (H ′
P = []) ∧ σ(t) then NextHS([], t, P )

else H ′
P







– NextHS(H, t, [weak] suspend P when σ) =





let HP = H |NP(P )
1 in

let H ′
P = NextHS(HP , t, P ) in

if InHS(HP , P ) ∧ σ(t) then HP

else H ′
P







– NextHS(H, t, [weak] abort P when σ) =





let HP = H |NP(P )
1 in

let H ′
P = NextHS(HP , t, P ) in

if InHS(HP , P ) ∧ σ(t) then []
else H ′

P







– NextHS(H, t, now σ) = []
– NextHS(H, t, during P holds σ) = NextHS(H, t, P )

The above definition of NextHS(H, t, S) for all haltsets H and all statements S is di-
rectly one part of our HOL definition of the haltset encoded SOS rules. To be precise,
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it reflects the control flow part of the SOS semantics. Adding the data part, i.e. the set
of actions D that have to be executed is rather simple. We omit that definition here
due to lack of space (see however the appendix). Note furthermore that the next haltset
NextHS(H, t, S) is deterministically computed from the current haltset and the vari-
able’s values, which shows the determinism of the control flow.

Using the above definition of NextHS(H, t, P ), we have proved the desired relation-
ship to the control flow predicate semantics. To this end, we have to translate haltsets to
control flow conditions which is done with the following definition, where labels (P ) is
the set of labels that occur in P 6:

HSLoc(H,P, t) :=
∧

�∈H∩labels(P )

�(t) ∧
∧

�∈labels(P )\H

¬�(t)

Note that only the indices between 1 and NP(P ) are relevant for HSLoc(H,P, t), i.e.
we have HSLoc(H,P, t) = HSLoc(H |NP(P )

1 , P, t). This was in important property
that was used in many lemmas. Analogously, NextHS(H, t, P ) also depends only on

the relevant indices of H , i.e. we have NextHS(H, t, P ) = NextHS(H |NP(P )
1 , t, P ),

that was also a helpful lemma.
We need further properties for establishing the desired equivalence between the

semantics. In particular, we need the disjointness property DisjointHS(H,S) as an as-
sumption. DisjointHS(H,S) means that the haltset H does not contain indices of both
direct substatements of conditionals or sequences that occur as substatements of S,
since the control flow can never be in both substatements of a conditional or a sequence.
We have proved that this property is an invariant of the SOS rules. Finally, the predicate
NoInstantLoop(S) states that S does not contain loops with instantaneous body. Using
these definitions, the desired theorems that we have proved are the following ones:

Theorem 1 (Correctness of Control Flow Predicates). Given a Quartz statement S,
the following facts are valid and therefore prove the correctness of the control flow
predicates defined in [29].

1. inst (S) (t)⇔ (NextHS([], t, S) = [])
2. ¬inst (S) (t) � (enter (S) (t)⇔ HSLoc(NextHS([], t, S), S, t+ 1))

3.




NoInstantLoop(S),
DisjointHS(H,S),
HSLoc(H,S, t)



 � term (S) (t)⇔ InHS(H,S) ∧ (NextHS(H, t, S) = [])

4.




NoInstantLoop(S),
DisjointHS(H,S),
HSLoc(H,S, t)



 � move (S) (t)⇔



InHS(H,S)∧
InHS(NextHS(H, t, S), S)∧
HSLoc(NextHS(H, t, S), S, t+ 1)





The first fact says that a statement will be executed in zero time (it is instantaneous)
at a point of time t iff the SOS rules started with the empty haltset yields the empty
haltset as the next haltset. The second one says that the entering predicate covers those
haltsets that are not empty and are reached from the empty haltset. The termination

6 The HOL definition is rather different (it is again defined recursively along P ), but the intuitive
meaning is better understood with the listed ‘definition’.
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predicate describes all conditions where the SOS rules yield an empty haltset from a
nonempty one, and the predicate for internal moves covers the conditions where the
SOS rules yield an nonempty haltset from a nonempty one. Note that in the latter two
facts, we used InHS(H,S) as assumption instead of H �= []. This is a subtle difference

concerning only the relevant indices, since InHS(H,S)⇔ (H |NP(S)
1 �= []) holds.

The proofs of the above theorems were not too difficult, but produced large num-
bers of subgoals. Receiving about 150 subgoals after the application of the induction
tactic for the programs and expansion of definitions was not unusual. It was therefore
necessary to apply tactics in such a manner so that the number of subgoals was reduced
as fast as possible. To this end, using tactics of the following form was convenient:

(tac THEN NO_TAC) ORELSE ALL_TAC

The meaning is that we apply tactic tac which is assumed to solve some of the sub-
goals. The predefined HOL tactic NO_TAC is therefore applied only to those subgoals
that are not solved by tac, which has the effect that an exception is raised. Applying
the predefined HOL tactic ALL_TAC will catch the exception so that all subgoals that
are solved by tac disappear, and the other ones remain unchanged.

Beneath good strategies to handle large sets of subgoals, it was also a necessary to
prove a set of lemmas to deal with technical problems like adding/ subtracting offsets
or slicing haltsets.

5 Conclusions

In this paper, we have presented how the already existing deep embedding of our
Esterel-variant Quartz has been extended by a definition of a process algebraic seman-
tics. We have proved the equivalence between the three major classes of semantics, i.e.
a control flow predicate semantics, a hardware circuit semantics, and the SOS seman-
tics. Technical difficulties have been circumvented by using haltsets (or more precisely
lists of indices that correspond to pause statements).

Beneath the satisfactory feeling that all given semantics are indeed equivalent to
each other, and hence, define the same language, the newly added SOS semantics has
its own advantages, since it is the only semantics that considers microsteps. Some appli-
cations like the investigation of causality analysis or schizophrenia detection are much
better understood with a microstep semantics, although the semantics of synchronous
programs can be solely explained with macrosteps.
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A SOS Rules Based on a Haltset Encoding

As described in Sections 3 and 4, the rules below are of the form (S, Φ) � H
D−−→H ′

with the meaning that statement S has a transition from haltset H to haltset H ′ that is
enabled by condition Φ and that transition will execute the data actions contained in D.

Atomic Statements:

(nothing, true) � H
{}−−→{}

(� : pause, true) � H
{}−−→ ( � ∈ H ⇒ {}| {�})

(emit x, true) � H
{emit x}−−−−−−−→{}

(emit next(x), true) � H
{emit next(x)}−−−−−−−−−−−−→{}

(y := τ, true) � H
{y := τ}−−−−−−−→{}

(next(y) := τ, true) � H
{next(y) := τ}−−−−−−−−−−−−→{}
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Conditional:

(S1, Φ) � H
D−−→H1

(if σ then S1 else S2 end, Φ ∧ σ ∧ ¬ (InHS(H,S1) ∨ InHS(H,S2))) � H
D−−→H1

(S2, Φ) � H
D−−→H2

(if σ then S1 else S2 end, Φ ∧ ¬σ ∧ ¬ (InHS(H, S1) ∨ InHS(H, S2))) � H
D−−→H2

(S1, Φ) � H
D−−→H1

(if σ then S1 else S2 end, Φ ∧ InHS(H, S1)) � H
D−−→H1

(S2, Φ) � H
D−−→H2

(if σ then S1 else S2 end, Φ ∧ InHS(H, S2)) � H
D−−→H2

Sequence:

(S1, Φ1) � H
D1−−−→H1

(S1; S2, Φ1 ∧ ¬InHS(H, S2) ∧ InHS(H1, S1)) � H
D1−−−→H1

(S1, Φ1) � H
D1−−−→H1 (S2, Φ2) � {} D2−−−→H2

(S1; S2, Φ1 ∧ Φ2 ∧ ¬InHS(H,S2) ∧ ¬InHS(H1, S1)) � H
D1 ∪ D2−−−−−−−→H2

(S2, Φ2) � H
D2−−−→H2

(S1; S2, Φ2 ∧ InHS(H,S2)) � H
D2−−−→H2

Synchronous Concurrency:

(S1, Φ1) � H
D1−−−→H1

(S1 ‖ S2, Φ1 ∧ InHS(H,S1) ∧ ¬InHS(H, S2)) � H
D1−−−→H1

(S2, Φ2) � H
D2−−−→H2

(S1 ‖ S2, Φ2 ∧ ¬InHS(H, S1) ∧ InHS(H, S2)) � H
D2−−−→H2

(S1, Φ1) � H
D1−−−→H1 (S2, Φ2) � H

D2−−−→H2

(S1 ‖ S2, Φ1 ∧ Φ2 ∧ (InHS(H,S1) = InHS(H,S2))) � H
D1 ∪ D2−−−−−−−→H1 ∪H2
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Loop:

(S, Φ) � H
D−−→H ′

(do S while σ, Φ ∧ (H ′ 
= {})) � H
D−−→H ′

(S, Φ1) � H
D−−→{} (S, Φ2) � {} D

′
−−−→H ′

(do S while σ, Φ1 ∧ σ ∧ Φ2) � H
D ∪D′
−−−−−−→H ′

(S, Φ) � H
D−−→{}

(do S while σ, Φ ∧ ¬σ) � H
D−−→{}

Suspension:

(S, Φ) � H
D−−→H ′

([weak] suspend S when σ, Φ ∧ ¬InHS(H, S)) � H
D−−→H ′

(S, Φ) � H
D−−→H ′

([weak] suspend S when σ, Φ ∧ ¬σ ∧ InHS(H, S)) � H
D−−→H ′

(suspend S when σ, σ ∧ InHS(H,S)) � H
{}−−→H

(S, Φ) � H
D−−→H ′

(weak suspend S when σ, Φ ∧ σ ∧ InHS(H, S)) � H
D−−→H

Abortion:

(S, Φ) � H
D−−→H ′

([weak] abort S when σ, Φ ∧ ¬InHS(H,S)) � H
D−−→H ′

(S, Φ) � H
D−−→H ′

([weak] abort S when σ, Φ ∧ ¬σ ∧ InHS(H,S)) � H
D−−→H ′

(abort S when σ, σ ∧ InHS(H, S)) � H
{}−−→{}

(S, Φ) � H
D−−→H ′

(weak abort S when σ, Φ ∧ σ ∧ InHS(H,S)) � H
D−−→{}
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Choice:

(S1, Φ) � H
D−−→H1

(choose S1 � S2 end, Φ ∧ ¬(InHS(H, S1) ∨ InHS(H, S2))) � H
D−−→H1

(S2, Φ) � H
D−−→H2

(choose S1 � S2 end, Φ ∧ ¬(InHS(H, S1) ∨ InHS(H, S2))) � H
D−−→H2

(S1, Φ) � H
D−−→H1

(choose S1 � S2 end, Φ ∧ InHS(H, S1)) � H
D−−→H1

(S2, Φ) � H
D−−→H2

(choose S1 � S2 end, Φ ∧ InHS(H, S2)) � H
D−−→H2

Asynchronous Concurrency:

(S1, Φ1) � H
D1−−−→H1

(S1 � S2, Φ1 ∧ InHS(H,S1) ∧ ¬InHS(H,S2)) � H
D1−−−→H1

(S2, Φ2) � H
D2−−−→H2

(S1 � S2, Φ2 ∧ ¬InHS(H,S1) ∧ InHS(H,S2)) � H
D2−−−→H2

(S1, Φ1) � H
D1−−−→H1 (S2, Φ2) � H

D2−−−→H2

(S1 � S2, Φ1 ∧ Φ2 ∧ ¬InHS(H,S1) ∧ ¬InHS(H,S2)) � H
D1 ∪ D2−−−−−−−→H1 ∪H2

(S1, Φ1) � H
D1−−−→H1 (S2, Φ2) � H

D2−−−→H2

(S1 � S2, Φ1 ∧ Φ2 ∧ InHS(H,S1) ∧ InHS(H,S2)) � H
D1 ∪ D2−−−−−−−→H1 ∪H2

(S1, Φ1) � H
D1−−−→H1

(S1 � S2, Φ1 ∧ InHS(H,S1) ∧ InHS(H,S2)) � H
D1−−−→H1 ∪ (H ∩ labels (S2))

(S2, Φ2) � H
D2−−−→H2

(S1 � S2, Φ2 ∧ InHS(H,S1) ∧ InHS(H,S2)) � H
D2−−−→ (H ∩ labels (S1)) ∪H2
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Abstract. This paper describes a formalization of the weakest precondi-
tion, wp, for general recursive programs using the type-theoretical proof
assistant Coq. The formalization is a deep embedding using the computa-
tional power intrinsic to type theory. Since Coq accepts only structural
recursive functions, the computational embedding of general recursive
programs is non-trivial. To justify the embedding, an operational se-
mantics is defined and the equivalence between wp and the operational
semantics is proved. Three major healthiness conditions, namely: Strict-
ness, Monotonicity and Conjunctivity are proved as well.
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1 Introduction

The weakest precondition, wp, proposed by E. W. Dijkstra [5] proved to be useful
in various areas of software development and has been investigated extensively
[1, 13, 12]. There have been a number of attempts to support wp and refinement
calculus with computer assisted reasoning systems such as HOL [16, 19, 9], Is-
abelle [14, 17, 18], Ergo [3], PVS [8] and Alf [10]. Unfortunately, among these
works, only Laibinis and Wright [9] deals with general recursion.

In this paper, an embedding of wp is given for general recursive programs
using the intentional type theory supported by Coq [2]. Since the computational
mechanism peculiar to type theory is used, we name such a style of embedding
‘computational embedding’. The importance of computational embedding is that
it can be seen as a bridge between deep and shallow embedding. Since wp is
defined as a function from statement terms to predicate transformers, before
the definition of wp in wp (c) is expanded, by accessing the syntax structure of
c, we enjoy the benefit of deep embedding, so that meta-level operations such
as program transformations (usually expressed as functions on program terms)
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can be verified. On the other hand, after expanding wp, wp (c) becomes the
semantics of c. With the computational mechanism taking care of the expanding
process, we can focus on the semantics without worrying about syntax details,
a benefit traditionally enjoyed by shallow embedding. Therefore, computational
embedding enables us to switch between deep and shallow embedding with ease.

The language investigated in this paper is general recursive in the sense
that it contains a statement which takes the form of a parameter-less recursive
procedure : proc p ≡ c, the execution of which starts with the execution of
the procedure body c. When a recursive call pcall p is encountered during the
execution, the pcall p is replaced by the procedure body c and the execution
continues from the beginning of c.

A näıve definition of wp (proc p ≡ c) could be:

wp (proc p ≡ c) def=⇒
∨

n<ω

wp
(

proc p ≡ c
n
)

(1)

where the expansion operation proc p ≡ c
n is defined as:






proc p ≡ c
0 def=⇒ assert(false)

proc p ≡ c
n+1 def=⇒ c

{
p/ proc p ≡ c

n
} (2)

where in each round of expansion, p in c is substituted by proc p ≡ c
n.

The problem with this definition is that: in (1), the recursive call of wp:

wp
(

proc p ≡ c
n
)

is not structural recursive, since the argument proc p ≡ c
n is structurally

larger than the argument proc p ≡ c on the left. Therefore, (1) is rejected by
the function definition mechanism of Coq, which only accepts structural recursive
functions.

This paper proposes a formulation of wp which solves this problem. To justify
such a formulation, an operational semantics is defined and the equivalence of
wp and the operational semantics is proved. Three major healthiness conditions
are proved for wp as well, namely: Strictness, Monotonicity and Conjunctivity.
For brevity, in this paper, only the equivalence proof is discussed in full detail.

The rest of the paper is arranged as follows: Section 2 defines the notions
of predicate, predicate transformer, transformer of predicate transformers to-
gether with various partial orders and monotonicity predicates. Section 3 gives
the definition wp. Section 4 presents the operational semantics. Section 5 relates
operational semantics to wp. Section 6 relates wp to operational semantics. Sec-
tion 7 concludes the whole paper. Additional technical detail can be found in
Appendices. The technical development of this paper has been fully formalized
and checked by Coq. The Coq scripts are available from

http://www.dur.ac.uk/xingyuan.zhang/tphol
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Conventions. Because type theory [4, 15, 11] was first proposed to formalize
constructive mathematics, we are able to present the work in standard mathe-
matical notation. For brevity, we use the name of a variable to suggest its type.
For example, s, s′, s, . . . in this paper always represent program stores.

Type theory has a notion of computation, which is used as a definition mech-
anism, where the equation a

def=⇒ b represents a ‘computational rule’ used to
expand the definition of a to b.

Free variables in formulæ are assumed to be universally quantified, for ex-
ample, n1 + n2 = n2 + n1 is an abbreviation of ∀n1, n2. n1 + n2 = n2 + n1.

For A : Set, the exceptional set M(A) is defined as:

A : Set
M(A) : Set

M formation

A : Set
⊥ :M(A)

bottom value
A : Set a : A
unit (a) :M(A)

normal value
(3)

Intuitively, M(A) represents the type obtained from A by adding a special
element ⊥ to represent undefined value. A normal element a of the original type
A is represented as unit (a) in exceptional setM(A). However, the unit is usually
omitted, unless there is possibility of confusion.

2 Predicates and Predicate Transformers

We take the view that the predicates transformed by wp are predicates on pro-
gram stores. Therefore, the type of predicates PD is defined as:

PD def=⇒ PS → Prop (4)

where Prop is the type of propositions, PS is the type of program stores. For
simplicity, this paper is abstract about program stores and denotable values.
However, there is a comprehensive treatment of program stores, denotable values
and expression evaluation in the Coq scripts.

The type of predicate transformers PT is defined as:

PT def=⇒ PD → PD (5)

The type of transformers of predicate transformers PT T is defined as:

PT T def=⇒ PT → PT (6)

The partial order �P between predicates is defined as:

P1 �P P2
def=⇒ ∀ s . P1 (s)⇒ P2 (s) (7)

The partial order �pt between predicate transformers is defined as:

pt1 �pt pt2
def=⇒ ∀P . pt1 (P ) �P pt2 (P ) (8)
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The monotonicity predicate on PT is defined as:

mono(pt) def=⇒ ∀P1, P2. P1 �P P2 ⇒ pt (P1) �P pt (P2) (9)

The partial order on �σ between environments is defined as:

σ1 �σ σ2
def=⇒ ∀ p . σ1 (p) �pt σ2 (p) (10)

The partial order �ptt between transformers of predicate transformers is defined
as:

ptt1 �ptt ptt2
def=⇒ ∀ pt . mono(pt)⇒ ptt1 (pt) �pt ptt2 (pt) (11)

The corresponding derived equivalence relations are defined as:





P1 ≈P P2
def=⇒ P1 �P P2 ∧ P2 �P P1

pt1 ≈pt pt2
def=⇒ pt1 �pt pt2 ∧ pt2 �pt pt1

ptt1 ≈ptt ptt2
def=⇒ ptt1 �ptt ptt2 ∧ ptt2 �ptt ptt1

(12)

The monotonicity predicate on environments is defined as:

mono(σ) def=⇒ ∀ p . mono(σ (p)) (13)

3 Formalization of wp

In order to overcome the problem mentioned in the Introduction, a notion of
environment is introduced, which is represented by the type Σ:

Σ
def=⇒ ID → PT (14)

which is a function from identifiers to predicate transformers. In this paper,
procedure names are represented as identifiers.

The empty environment ε : Σ, which maps all procedure names to the false
predicate transformer λP.F, is defined as:

ε
def=⇒ λ p. λP.F (15)

where p is procedure name, P is predicate and F is the false predicate, which is
defined as:

F
def=⇒ λ s.False (16)

where s is program store, False is the false proposition in Coq. Therefore, F does
not hold on any program store.

The operation σ [p �→ pt] is defined, to add the mapping p �→ pt to environ-
ment σ: 





σ [p �→ pt] (p) def=⇒ pt if p = p

σ [p �→ pt] (p) def=⇒ σ (p) if p �= p
(17)
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C : Set
C fmt

i : ID e : E
i := e : C s asgn

e : E
assert(e) : C s assert

c1 : C c2 : C
c1; c2 : C s seq

e : E c1 : C c2 : C
if e then c1 else c2 : C s ifs

p : ID c : C
proc p ≡ c : C s proc

p : ID
pcall p : C s pcall

Fig. 1. The Definition of C






wpc (σ, i := e)
def
=⇒ λ P, s. ∃ v . [[e]]s = v ∧ P

(
s
[
v i
])

(18a)

wpc (σ, assert(e))
def
=⇒ λ P, s. [[e]]s = true ∧ P (s) (18b)

wpc (σ, c1; c2)
def
=⇒ λ P, s. wpc (σ, c1) (wpc (σ, c2) (P )) (s) (18c)

wpc (σ, if e then c1 else c2)
def
=⇒ λ P, s .([[e]]s = true ∧ wpc (σ, c1) (P ) (s))∨

([[e]]s = false ∧ wpc (σ, c2) (P ) (s)) (18d)

wpc (σ, proc p ≡ c)
def
=⇒ λ P, s.∃n . λ pt. wpc

(
σ
[
p �→ pt

]
, c
) n

(P ) (s) (18e)

wpc (σ, pcall p)
def
=⇒ λP, s. σ (p) (P ) (s) (18f)

Fig. 2. The Definition of wpc

Instead of defining wp directly, an operation wpc (σ, c) is defined to compute
a predicate transformer for command c under the environment σ. By using the
environment σ, wpc (σ, c) can be defined using structural recursion. With wpc,
the normal wp is now defined as: wp (c) def=⇒ wpc (ε, c).

The syntax of the programming language formalized in this paper is given
in Figure 1 as the inductive type C. The type of expressions is formalized as
an abstract type E . The evaluation of expressions is formalized as the operation
[[e]]s, where the expression [[e]]s = v means that expression e evaluate to value v
under program store s and the expression [[e]]s = ⊥means there is no valuation of
expression e under program store s. The definition of wpc (σ, c) is given in Figure
2, where each command corresponds to an equation. The right-hand-side of each
equation is a lambda abstraction λP, s. (. . .), where P is the predicate required
to hold after execution of the corresponding command, and s is the program
store before execution. The operation s

[
v i
]

is the program store obtained from
program store s by setting the value of variable i to v.

Equations (18a) – (18d) are quite standard. Only (18e) and (18f) need more
explanation. Equation (18e) is for wpc (σ, proc p ≡ c), the originally problem-
atic case. The recursive call on the right-hand-side is wpc

(
σ
[
p �→ pt

]
, c
)
, which

is structural recursive with respect to the second argument. The key idea is that:
a mapping p �→ pt is added to the environment σ, which maps p to the formal
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parameter pt. By abstracting on pt, a ‘transformer of predicate transformers’:

λ pt.wpc
(
σ
[
p �→ pt

]
, c
)

: PT → PT

is obtained. Notice that the term λ pt.wpc
(
σ
[
p �→ pt

]
, c
) n

in (18e) is no

longer the expansion operation defined in (2), but a folding operation defined
as: 





ptt
0 def=⇒ λP .F

ptt
n+1 def=⇒ ptt

(
ptt

n
) (19)

In place of
∨

n<ω wp
(

proc p ≡ c
n
)
, we write

∃n . λ pt.wpc
(
σ
[
p �→ pt

]
, c
) n

(P ) (s)

which is semantically identical, but expressible in Coq.
The equation (18f) defines wpc for pcall p, which is the predicate transformer

assigned to p by σ.
As a sanity checking, three healthiness conditions, namely: Strictness, Mono-

tonicity and Conjunctivity, are proved. For brevity, only the one, which is used
in this paper, is listed here:

Lemma 1 (Generalized Monotonicity Lemma).

∀c.
(σ1 �σ σ2 ⇒ mono(σ1)⇒ mono(σ2)⇒

wpc (σ1, c) �pt wpc (σ2, c))∧ (20a)
(mono(σ)⇒ mono(wpc (σ, c))) (20b)

The proof for other healthiness conditions can be found in the Coq scripts.

4 The Operational Semantics

To strengthen the justification of wp, an operational semantics is defined and
a formal relationship between the operational semantics and wp is established.
The operational semantics is given in Figure 3 as an inductively defined relation
s

c−→
cs

s′, which means that: the execution of command c transforms program

store from s to s′. The cs is the ‘call stack’ under which c is executed. The type
of call stack CS is defined as:

CS : Set
CS form

ϑ : CS nil cs
p : ID c : C cs, cs : CS

cs[p� (c, cs)] : CS cons cs

(21)
where ϑ is the empty call stack, and cs[p � (c, cs)] is the call stack obtained

from cs by pushing (p, c, cs).
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In the rule e proc, when a recursive procedure proc p ≡ c is executed, the
operation cs[p � (c, cs)] pushes procedure body c together with the call stack
cs, under which the c is going to be executed onto the call stack, and then the
procedure body c is executed.

In the rule e pcall, when a recursive call pcall p is executed, the operation
lookup(cs, p) is used to look up the procedure body being called and the call
stack under which it is going to be executed. Suppose (c, cs) is found, then c is
executed under the call stack cs.

The definition of lookup is:





lookup(cs[p� (c, cs)], p) def=⇒ (c, cs) if p = p

lookup(cs[p� (c, cs)], p) def=⇒ lookup(cs, p) if p �= p

lookup(ϑ, p) def=⇒ ⊥
(22)

[[e]]s = true

s
assert(e)−−−−−→

cs
s

e asrt
[[e]]s = v

s
i:=e−−−→
cs

s
[
v i
] e asgn

[[e]]s = true s
c1−→
cs

s′

s
if e then c1 else c2−−−−−−−−−−−→

cs
s′

e ifs t
[[e]]s = false s

c2−→
cs

s′

s
if e then c1 else c2−−−−−−−−−−−→

cs
s′

e ifs f

s
c1−→
cs

s′ s′
c2−→
cs

s′′

s
c1; c2−−−−→

cs
s′′

e seq

s
c−−−−−−−−→

cs[p�(c,cs)]
s′

s
proc p ≡ c−−−−−−→

cs
s′

e proc

lookup(cs, p) = (c, cs) s
c−−−−−−−−→

cs[p�(c,cs)]
s′

s
pcall p−−−−→

cs
s′

e pcall

Fig. 3. Definition of the operational semantics

5 Relating Operational Semantics to wp

The operational semantics can be related to wp by the following lemma:

Lemma 2 (Operational Demantics to wp).

s
c−→
ϑ
s′ ⇒ P (s′)⇒ wp (c) (P ) (s)

which says: if the execution of c under the empty call stack yields program store
s′, then for any predicate P , if P holds on s′, then the predicate wp (c) (P ) (the
predicate P transformed by wp (c)) holds on the initial program store s.
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Instead of proving Lemma 2 directly, the following generalized lemma is
proved first, and Lemma 2 is treated as a corollary of Lemma 3.

Lemma 3 (‘Operational Semantics to wp’ Generalized).

s
c−→
cs

s′ ⇒ (23a)

can(cs)⇒ (23b)
∃n .

(∀P . P (s′)⇒ wpc ({|cs|}n, c) (P ) (s)) (23c)

where the predicate can is used to constrain the form of cs, so that it can be
guaranteed that the execution s c−→

cs
s′ is a sub-execution of some top level exe-

cution s
c−→
ϑ
s′. Therefore, can is formalized as the following inductively defined

predicate:

can(ϑ)
can nil

can(cs)
can(cs[p� (c, cs)])

can cons (24)

The operation {|cs|}n is used to transform a call stack to environment. It is
defined as:






{|ϑ|}n def=⇒ ε

{|cs[p� (c, cs)]|}n def=⇒
{|cs|}n

[
p �→ λ pt.wpc

({|cs|}n [p �→ pt
]
, c
) n]

(25)

The idea behind can and {|cs|}n is explained in detail in Section 5.1. The proof
of Lemma 3 is given in Appendix A. The preliminary lemmas used in the proof
are given in Appendix C.1.

Since can(ϑ) is trivially true, by instantiating cs to ϑ, Lemma 2 follows di-
rectly from Lemma 3.

5.1 Informal Explanation of Lemma 3

In (18e), the n is determined by the number of recursive calls to p during the exe-
cution of c. n can be any natural number larger than this number. By expanding
wpc in wpc (σ, proc p ≡ c) (P ) (s), we have:

∃ n . λ pt.wpc
(
σ
[
p �→ pt

]
, c
) n

(P ) (s)

If n = n+ 1, then by expanding the definition of · · · n+1, we have:

wpc

(

σ

[

p �→ λ pt.wpc
(
σ
[
p �→ pt

]
, c
) n

]

, c

)

(P ) (s) (26)
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The natural number n is the number of recursive calls of p during the execution
of c starting from program store s.

An analysis of the operational semantics in Figure 3 may reveal that: if the
execution s

c−→
cs

s′ is a sub-execution of some ‘top level execution’ s c−→
ϑ
s′, then

cs must be of the form:

ϑ[p0 � (c0, cs0)][p1 � (c1, cs1)] . . . [pm � (cm, csm)] (27)

where the [pi � (ci, csi)] (i ∈ {0, . . . ,m}) are pushed onto cs through the
execution of proc pi ≡ ci (i ∈ {0, . . . ,m}). During the execution of c, there
must be a number of recursive calls on each of the procedures pi (i ∈ {0, . . . ,m}).
Let these numbers be np0 , np1 , . . . , npm .

In the design of {|cs|}n, inspired by the analysis in (26), we first intended to
transform cs into:

ε [p0 �→ fd({|cs0|}, np0 , p0, c0)] [p1 �→ fd({|cs1|}, np1 , p1, c1)] . . .
[pm �→ fd({|csm|}, npm , pm, cm)] (28)

where fd(σ, n, p, c) is the abbreviation defined as:

fd(σ, n, p, c) def=⇒ λ pt.wpc
(
σ
[
p �→ pt

]
, c
) n

(29)

However, it is quite inconvenient to find the values for all the natural numbers
np0 , np1 , . . . , npm . Fortunately, since fd(σ, n, p, c) is monotonous with respect to
n, it is sufficient to deal only with the upper bound of them. It is usually easier
to deal with one natural number than a group of natural numbers. Therefore,
the cs is finally transformed into:

ε [p0 �→ fd({|cs0|}nmax , nmax, p0, c0)] [p1 �→ fd({|cs1|}nmax , nmax, p1, c1)] . . .
[pm �→ fd({|csm|}nmax , nmax, pm, cm)] (30)

where nmax is a natural number larger than any npi (i ∈ {0, . . . ,m}). The n
in Lemma 3 is actually the nmax in (30). The equation (30) also explains the
definition of {|cs|}n in (25).

6 Relating wp to Operational Semantics

wp can be related to the operational semantics by the following lemma:

Lemma 4 (wp to Operational Semantics).

wp (c) (P ) (s)⇒ ∃ s′ .
(

s
c−→
ϑ
s′ ∧ P (s′)

)
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which says: for any predicate P , if the transformation of any predicate P by
wp (c) holds on s, then the execution of c under the empty call stack terminates
and transforms program store from s to s′, and P holds on s′.

Instead of proving Lemma 4 directly, the following generalized lemma is
proved first and Lemma 4 follows as a corollary of Lemma 5.

Lemma 5 (‘wp to Operational Semantics’ Generalized).

wpc (envof(ecs), c) (P ) (s)⇒ (31a)
ecan(ecs)⇒ (31b)
∃ s′ .

(s c−−−−−→
csof(ecs)

s′ ∧ (31c)

P (s′)) (31d)

where, ecs is an ‘extended call stack’, the type of which – ECS is defined as:

ECS : Type
ECS form

θ : ECS nil ecs

p : ID c : C ecs : ECS pt : PT ecs : ECS
ecs[p ↪→ (c, ecs, pt)] : ECS cons ecs

(32)

where θ is the ‘empty extended call stack’ and ecs[p ↪→ (c, ecs, pt)] is the ex-
tended call stack obtained by adding (p, c, ecs, pt) to the head of ecs. It is obvious
from the definition of ECS that an extended call stack is a combination of call
stack and environment, with each procedure name p being mapped to a triple
(c, ecs, pt). Therefore, by forgetting pt in the triple, a normal call stack is ob-
tained. This is implemented by the operation csof(ecs):






csof(θ) def=⇒ ϑ

csof(ecs[p ↪→ (c, ecs, pt)]) def=⇒ csof(ecs)[p� (c, csof(ecs))]
(33)

By forgetting c, ecs in the triple, a normal environment is obtained. This is
implemented by the operation envof(ecs):






envof(θ) def=⇒ ε

envof(ecs[p ↪→ (c, ecs, pt)]) def=⇒ envof(ecs) [p �→ pt]
(34)

The operation lookup ecs(p, ecs) is defined to lookup (in ecs) the triple (c, ecs, pt)
mapped to p:





lookup ecs(p, ecs[p ↪→ (c, ecs, pt)]) def=⇒ (p, c, ecs, pt) if p = p

lookup ecs(p, ecs[p ↪→ (c, ecs, pt)]) def=⇒ lookup ecs(p, ecs) if p �= p

lookup ecs(p, θ) def=⇒ ⊥
(35)



342 Xingyuan Zhang et al.

The notation ⊥ is overloaded here, it is an undefined value in exceptional type,
instead of exceptional set.

The predicate ecan(ecs) is defined to constrain the form of ecs, so that in
each triple (c, ecs, pt), pt can be related to the (c, ecs) in the following sense:

ecan(ecs) def=⇒ lookup ecs(p, ecs) = (c, ecs, pt)⇒

pt (P ) (s)⇒ ∃ s′ .
(

s
proc p ≡ c−−−−−−−→
csof(ecs)

s′ ∧ P (s′)
)

(36)

Since lookup ecs(p, θ) = ⊥, it clear that ecan(θ) holds. Therefore, by instan-
tiating ecs to θ, Lemma 4 can be proved as a corollary of Lemma 5.

The proof of Lemma 5 is given in Appendix B. The preliminary lemmas used
in the proof are given in Appendix C.2.

7 Conclusion

We have given a computational embedding of wp in Coq. The definition is verified
by relating it to an operational semantics. Since such a style of embedding has
the benefits of both deep and shallow embedding, it can be used to verify both
program transformations and concrete programs.

Laibinis and Wright [9] treats general recursion in HOL. But that is a shallow
embedding and there is no relation between wp and operational semantics.

There have been some efforts to verification imperative programs using type
theory. Fillitre [6] implemented an extension of Coq to generate proof obligations
from annotated imperative programs. The proof of these proof obligations in
Coq will guarantee the correctness of the annotated imperative programs. Since
it uses shallow embedding, meta programming (such as program transformation)
can not be verified in Fillitre’s setting.

Kleymann [7] derived Hoare logic directly from operational semantics. Since
Kleymann’s treatment is a deep embedding, program transformations can be
verified. However, because the operational semantics is formalized as an induc-
tive relation (rather than using computation), verifying concrete programs in
Kleymann’s setting is not very convenient. This paper can be seen as an effort
to overcome this problem through a computational treatment of wp. In our set-
ting, computation mechanism can be used to simplify proof obligations when
verifying concrete programs. Hoare triple can be defined as:

{P1} c {P2} def=⇒ P1 (s)⇒ wp (c) (P2) (s) (37)

From this, Hoare logic rules for structure statements can be derived. For example,
the rule for if e then c1 else c2 is:

Lemma 6 (The Proof Rule for if e then c1 else c2).

{λ s. ([[e]]s = true ∧ P1 (s))} c1 {P2} ⇒
{λ s. ([[e]]s = false ∧ P1 (s))} c2 {P2} ⇒

{P1} if e then c1 else c2 {P2}
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Hoare logic rules can be used to propagate proof obligations from parent state-
ments to its sub-statements. When the propagation process reaches atomic state-
ments (such as i := e), by expanding the definition of wp, the proof obligation
can be simplified by the computation mechanism. Since users have access to
the definition of wp all the time, they can choose whatever convenient for their
purpose, either Hoare logic rules (such as Lemma 6) or the direct definition of
wp.

We have gone as far as the verification of insertion sorting program. Admit-
tedly, verification of concrete program in our setting is slightly complex than
in Fillitre’s. However, the ability to verify both program transformations and
concrete programs makes our approach unique. The treatment of program veri-
fication in our setting will be detailed in a separate paper.
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A Proof of Lemma 3

The proof is by induction on the structure of the s c−→
cs

s′ in (23a). Some pre-
liminary lemmas used in the proof are listed in Appendix C.1. There is one
case corresponding to each execution rule. For brevity, only two of the more
interesting cases are discussed here:

1. When the execution is constructed using e proc, we have c = (proc p ≡ c)
and s

c−−−−−−−−→
cs[p�(c,cs)]

s′. From the induction hypothesis for this execution and

(23b), it can be derived that:

∃n . ∀P . P (s′)⇒ wpc
({|cs[p� (c, cs)]|}n, c) (P ) (s) (38)

By assigning n to n and expanding the definition of wpc, the goal (23c)
becomes:

∀P . P (s′)⇒ ∃n . λ pt.wpc
({|cs|}n [p �→ pt

]
, c
) n

(P ) (s) (39)

By assigning n+1 to n and expanding the definition of · · · n+1, it becomes:

∀P . P
(
s′
) ⇒ wpc

(

{|cs|}n

[

p �→ λ pt. wpc
({|cs|}n

[
p �→ pt

]
, c
) n

]

, c

)

(P ) (s) (40)

which is exactly (38) with the definition of {| · · · |}n expanded.
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2. When the execution is constructed using e proc, we have c = (pcall p) and

lookup(cs, p) = (c, cs) (41a)

s
c−−−−−−−−→

cs[p�(c,cs)]
s′ (41b)

By applying Lemma 7 to (23b) and (41a), it can be deduced that can(cs),
from which, can(cs[p � (c, cs)]) can be deduced. By applying induction
hypothesis for (41b) to this, it can be deduced that:

∃n .∀P . P
(
s′
)⇒ wpc

(

{|cs|}n

[

p �→ λ pt. wpc
({|cs|}n

[
p �→ pt

]
, c
) n

]

, c

)

(P ) (s)

(42)

By assigning n+ 1 to n, the goal (23c) is specialized to:

P (s′)⇒ {|cs|}n+1 (p)
(
P
)

(s) (43)

By applying Lemma 8 to (41a) and expanding the definition of · · · n+1, it
can be deduced that:

{|cs|}n+1 (p) = wpc

(

{|cs|}n+1

[

p �→ λ pt. wpc
({|cs|}n+1

[
p �→ pt

]
, c
) n

]

, c

)

(44)

After rewritten using (44), the goal (43) becomes:

P
(
s′
) ⇒ wpc

(

{|cs|}n+1

[

p �→ λ pt. wpc
({|cs|}n+1

[
p �→ pt

]
, c
) n

]

, c

)
(
P
)
(s) (45)

By applying (42) to the P (s′) in (45), we have:

wpc

(

{|cs|}n
[

p �→ λ pt.wpc
({|cs|}n [p �→ pt

]
, c
) n

]

, c

)
(
P
)

(s) (46)

By applying Lemma 9 to the fact that n ≤ n+1 and (23b), it can be deduced
that {|cs|}n �σ {|cs|}n+1. By applying Lemma 10 to this, it can be deduced
that:

λ pt. wpc
({|cs|}n

[
p �→ pt

]
, c
) n

�pt λpt. wpc
({|cs|}n+1

[
p �→ pt

]
, c
) n

(47)

By combining {|cs|}n �σ {|cs|}n+1 and (47), it can be deduced that:

{|cs|}n
[

p �→ λ pt.wpc
({|cs|}n [p �→ pt

]
, c
) n

]

�σ

{|cs|}n+1

[

p �→ λ pt.wpc
({|cs|}n+1

[
p �→ pt

]
, c
) n

]

(48)

By applying (20a) to this, it can be deduced that:

wpc

(

{|cs|}n
[

p �→ λ pt.wpc
({|cs|}n [p �→ pt

]
, c
) n

]

, c

)

�pt

wpc

(

{|cs|}n+1

[

p �→ λ pt.wpc
({|cs|}n+1

[
p �→ pt

]
, c
) n

]

, c

)

(49)

From this and (46), the goal (45) can be proved.
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B Proof of Lemma 5

The proof is by induction on the structure of c. Some preliminary lemmas used in
the proof are listed in Appendix C.2. There is one case for each type of command.
For brevity, only two of the more interesting cases are discussed here:

1. When c = (proc p ≡ c), after expanding the definition of wpc, the premise
(31a) becomes:

∃n . ∀P . λ pt.wpc
(
envof(ecs)

[
p �→ pt

]
, c
) n

(P ) (s) (50)

A nested induction on n is used to prove the goal, which gives rise to two
cases:
(a) When n = 0, this case can be refuted. Since

λ pt.wpc
(
envof(ecs)

[
p �→ pt

]
, c
) n

reduces to λP .F, it can not hold on P and s. And this is in contradiction
with (50).

(b) When n = n+1, after expanding the definition of · · · n+1, (50) becomes:

wpc

(

envof(ecs)

[

p �→ λ pt. wpc
(
envof(ecs)

[
p �→ pt

]
, c
) n

]

, c

)

(P ) (s) (51)

which is exactly

wpc

(

envof(ecs[p ↪→ (c, ecs, λ pt. wpc
(
envof(ecs)

[
p �→ pt

]
, c
) n

)]), c

)

(P ) (s)

(52)

with the definition of envof(· · · ) expanded. From the nested induction
hypothesis for n, it can be proved that:

ecan(ecs[p ↪→ (c, ecs, λ pt.wpc
(
envof(ecs)

[
p �→ pt

]
, c
) n

)])

By applying the main induction hypothesis to this and (52), after ex-
panding the definition of csof, it can be deduced that:

∃ s . s c−−−−−−−−−−−−−−−−→
csof(ecs)[p�(c,csof(ecs))]

s ∧ P (s) (53)

By assigning s to s′, the goal (31d) can be proved directly from the
P (s) in (53). Also the goal (31c) can be proved by applying e proc to
the s c−−−−−−−−−−−−−−−−→

csof(ecs)[p�(c,csof(ecs))]
s in (53).

2. When c = (pcall p), after expanding the definition of wpc, the premise (31a)
becomes envof(ecs) (p) (P ) (s). By applying Lemma 11 to this, we have:

∃ c, ecs . lookup ecs(p, ecs) = (c, ecs, envof(ecs) (p)) (54)
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After expanding the definition of ecan in (31b), it can be applied to (54) and
the envof(ecs) (p) (P ) (s) at the beginning to yield:

∃ s . s proc p ≡ c−−−−−−−→
csof(ecs)

s ∧ P (s) (55)

By assigning s to s′, the goal (31d) can be proved directly from the P (s) in

(55). By inversion on the s
proc p ≡ c−−−−−−−→
csof(ecs)

s in (55), we have:

s
c−−−−−−−−−−−−−−−−→

csof(ecs)[p�(c,csof(ecs))]
s. By applying Lemma 12 to (54), we have:

lookup(p, csof(ecs)) = (c, csof(ecs)). Therefore, the goal (31c) can be proved
by applying e pcall to these two results.

C Preliminary Lemmas

C.1 Lemmas Used in the Proof of Lemma 3

Lemma 7. can(cs)⇒ lookup(p, cs) = (c, cs)⇒ can(cs)

Lemma 8. lookup(p, cs) = (c, cs)⇒ {|cs|}n (p) = λ pt. wpc
({|cs|}n [p �→ pt

]
, c
) n

Lemma 9. n1 ≤ n2 ⇒ can(cs)⇒ {|cs|}n1 �σ {|cs|}n2

Lemma 10.

σ1 �σ σ2 ⇒ mono(σ1)⇒ mono(σ2)⇒
λ pt.wpc

(
σ1

[
p �→ pt

]
, c
) n

�pt λ pt.wpc
(
σ2

[
p �→ pt

]
, c
) n

C.2 Lemmas Used in the Proof of Lemma 5

Lemma 11.

envof(ecs) (p) (P ) (s)⇒ ∃ c, ecs .
lookup ecs(p, ecs) = (c, ecs, envof(ecs) (p))

Lemma 12. lookup ecs(p, ecs) = (c, ecs, pt)⇒ lookup(p, csof(ecs)) = (c, csof(ecs))
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